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lattice Dirac operators can be derived in a similar fashibhis renormalization group transfor-
mation modifies the gauge action and adds a number of irrelésams to the lattice action. The
procedure is not valid for lattice Dirac operators which dbexactly satisfy the Ginsparg-Wilson
relation, for example the Wilson operator.
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1. Introduction

Since chiral symmetry determines many of the low energy gns of QCD, lattice simu-
lations should ideally respect chiral symmetry to a highuaacy. The Ginsparg-Wilson frame-
work [1, 2] offers a method of constructing lattice Dirac ogers with an exact ‘chiral symmetry.’
Examples of Ginsparg-Wilson lattice Dirac operators hagerbknown for some time, and the
overlap operator, which exactly satisfies the Ginspargdtilchiral symmetry, is currently being
used in lattice simulations of two flavour [3] and 2+1 flavody Iattice QCD.

However, it is long been known that the overlap [5] and peréetion [6, 7] fermions are not
the only possible Ginsparg-Wilson Dirac operators, andetiiesome theoretical interest in trying
to describe the connection between the various possihléiaos to the Ginsparg-Wilson equation.
In [8], | described the derivation of a group of valid chirattice Dirac operators, based on the
overlap operator, all of which satisfy a Ginsparg-Wilsotatien. The general form for massless
Dirac operators of this type was given as

. 1 J1 1 1

N= %t [E(ygeqt eyg)] h (q {E(ygeqt eyg)] <1+r [E(ygeqt eyg)] yge)) , (1.1
wheres, t, h, g andr are analytic functions, only constrained by the need togmuesthe correct
continuum limit and give the doublers an infinite mass, ardsign(ysDw ), whereDy is a kernel
operator, and, as with overlap fermions, can be any valtitéaDirac operator at a negative mass
(for example the Wilson operator).

It remains unlikely that any of these operators offer adsges over standard overlap fermions.
However, there is one intriguing case, whepg = 1/|x| (neglecting that proof of the locality of
the Dirac operator given in [8] depends on the analyticityroflthough that the proof breaks
down does not necessarily mean that the operator itselfnslotwal), with q arbitrary, and the
other functions equal to one. This Dirac operator has anne&jee spectrum on two parallel
lines, the physical modes along the imaginary axis, and thubldrs at infinite mass: mirroring
the properties of the continuum operator. With the abilityise the functiom to arbitrarily place
the eigenvalues along the imaginary axis (except for the mewdes), this offers the tantalising
possibility to construct a lattice Dirac operator whoseeaiglue spectrum precisely matches that
of the continuum (provided that the lattice spacing is sigfitty fine that the lattice topological
index matches the continuum topological charge). Sincestiravery observable in lattice QCD
can be expressed in terms of the overlap operator [9], andehiés eigenvalue spectrum, this
operator would provide an intriguing possibility to reduhe artefacts of a continuum simulation:
it could be a candidate perfect action. Of course, findingdheial functiong remained and
remains elusive; and until it is found the hypothesis thahsauperfect action can be constructed in
this way remains questionable.

Assuming that such a perfect action exists, a questionsacmecerning whether there is a con-
nection between this purported ‘perfect action’ and thgleatablished perfect action derived from
renormalization group considerations [6]. This naturédigds to an examination of the place of
overlap fermions within the language of the renormalizatiooup. In this very preliminary study;, |
start an investigation of the place of overlap-style latfiirac operators within the renormalization
group, in the hope of better understanding their theorefiwandation. These proceedings should
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thus only be percieved as a few brief ruminations while | éeaunore detailed construction to a
future work [10]. In section 2, | outline the required renalipation group tools; in section 3 |
apply these to the case of overlap fermions on the latticgjrasection 4 | use these results to give
an alternative derivation of equation (1.1).

2. Block renormalization transfor mations

| can define a block transformation, used to transform a splig@nd Dirac operatobDg to a
spinory; and Dirac operatoD; in terms of three functiona, B, andBg:

—woDol,Uo—g%Fﬁv
o

z— [dpoduce =N(a,B) [ dyscp, [ dpduoe
e (W10~ Wo(X)B (X X)) a (xy) (W (y)~B~ Ly ) o(y)) — / d wldwle*%(X)Dl*“l(X)*gl%Fﬁv7 2.1)

L

whereN is a normalisation factor, and | will always assume intdgra{in the continuum) or
summation (on the lattice) over repeated indices. | wilbassume thaB, By and a are all
analytic and invertible (in some sense; precisely what Inrta‘invertible’ lies beyond the scope
of this work). The derivation of the last equality only recps tha'nglorB‘l is positive-definite,
that BglorB—l + Dy is invertible and that the ‘inverse’ blockindggsandBy exist.

Suppose that the original fermion actiofigDop is invariant under an infinitesimal chiral
rotation:

o — T, Wo —€% . (2.2)

Following the methods of Ginsparg and Wilson [1] and Lus¢Bgrit can easily be shown that this
implies a symmetry of the transformed action, where the néadoperator obeys the modified
Ginsparg-Wilson relation

D1B 5B + BqysBy 'D1 = D1(a *BaysBy ' + B 1ysBa 1Dy, (2.3)
and the corresponding ‘chiral symmetry’ transformatiohthe spinor fields are

W — @168 1B-16B 1ysBa D) T —ee(BaysBy ¥~ D1a *BaysBy 1) (2.4)
while the topological charge is

1
Qr = Tr(B B+ BaysB; ' ~ B 'ysBa "D — Da~'ByysBy ™) (2.5)

If B andBy commute withys, which both Ginsparg and Wilson’s original work [1] and thene
struction of the standard forms of the fixed point action [§$wame then, unsurprisingly, equa-
tion (2.3) reduces to the canonical Ginsparg-Wilson reteti Here | consider the different case
wherea is proportional to the unit matrix and has a valuex&ndB does not commute withs.
Whena = o, the integral ovewy in equation (2.1) can be performed explicitly, giving a ‘dac
bian’ e’ = det(By 1B-1) (together with an unimportant constant factor) and a newa®aperator
D1 = B4DgB. Of course, on the lattice, for this chiral symmetry to reslte the correct contin-
uum expressionysByB~ and a should exist, be local, invertible, and reduce to O(a) andoo
respectively.



Block renormalization group transformations and overlemfions Nigel Cundy

It is possible to construct a blocking transformation frdma igenvectors of the Dirac opera-
tor. I introduce a large negative ma&swhich will act as a momentum cut-off. For the continuum
Dirac operator, the eigenvalue equations (for each paippfzero eigenvalues) can be written as

(Do+ N)@s (% A) =(A+iA) gy (xA) (2.6)
(Do+A)@-(xA) =(A—iA)@-(x ) 2.7)
9. (6A) = 1@ (x.A) (2.8)

From these eigenvalues and eigenfunctions, we can coniieieigenfunctions and eigenvalues
of the Hermitian Dirac operatges(Do+ /). The eigenfunctions are

1 .
= (0 (x1) £V (x1)), (2.9)
with eigenvaluest-u where
—+/AN21 )2 in(A.n _M
pU=vN2+A e = (2.10)

We can use this formulation to construct a renormalizati@up blocking, witha = « and

1
2
)+
1
n(-an)] 2
/\%l )] (2.11)

wherep is the density of eigenvalues ahtlis an otherwise arbitrary analytic function satisfying
O(H[Z?) > 0 for O[Z > 0, which, given thafl((1+€7)/A) > 0 ensures that the condition that
the real part of the eigenvalues Bf B! must be positive is satisfied. For example, takihg- 1
gives a new continuum Dirac operator

in(AN)
AL+

B=By= % ([b(X/,O)([g—i-/.dAp(A) {(p_F(X,A)(pI(%,A)H ( =

zero modes

- (xA)9! (X, A)H (

D1 = 1+ yssign(ys(Do +A)), (2.12)

where the eigenvalues of this continuum Dirac oper&plie on a semi-circle of radius 1 in the
complex plane. The Jacobian for this blocking is

2/\2] . (2.13)

: A\
J:/ Mlog |1+ ——=—5

A?éop( ) g[ NI A2
Assuming that we can regulate the Dirac operator so that weneglect those eigenvalues which
are not significantly smaller thak, we can expand in powers oﬂDgD//\, which gives

3 29 5 29 5 _6
J="Tr {EDLDH—W(DLD“) ] —WZFW(X)—FO(/\ ). (2.14)

When | apply these methods to the lattice, assuming Epats an ultra-local Dirac operator,
Tr(DLD“) will be a constant (independent of the gauge field), and thoian just gives a
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B—shift, as implied in equation (2.1). In the continuum, thésee terms can be re-expressed
in terms of a bosonic field.

Of course D1 is only exponentially local, with a rate of decay controll®dA, and if we insist
that in the continuum the Dirac operator must be ‘ultradptiaen this transformation would only
be valid in the limit thatA — o, where we recover the original operaf@s. On the lattice, this
situation is tolerable and controlable as longhas inversely proportional to the lattice spacing.
This exponential locality will always be seerHfis analytic and\ negative [10]. This implies that
the eigenvalues of the new Dirac operator will lie on a cloegh in the complex plane. In the
general case, it is clear thatl, By andB are local, therD, = ByDoB will also be local.

3. Therenormalization group and overlap fermions

To move from the continuum to the lattice, one needs a redaatian group blocking which
averages (in some respect) over the continuum fields. Idaote a blocking procedurlq_c(l,x),
a function of the continuum gauge fields, so that the lat@renfon fieldsyy (1) can be generated
from the continuum fieldgic(x) by the relationy (1) = [d*xPE(1,x)¢c(x). Itis also desirable to
have an inverse blockingic(x) = 5 PE(x, 1)y (1), so that the continuum theory can be extracted
from the lattice theory by a continuous renormalizationugraransformation. These blockings
have to be local, and include a means of removing the douibl¢ine corresponding Dirac operator;
but otherwise we are very free in our choice of the blockingdmg a blocking to move from the
continuum to a particular lattice discretization is sthafprward. Finding a suitable inverse, to
reach the continuum from the lattice, is not. For examplis,‘ftossible’ to generate a Wilson-type
fermion action from continuum fermions using the blocking

dely)=> 116 (uB —Yg| — g) <1+ > Yah(la —ya)> e*if)lAu(y')dyqu(l) = Bw(y.Hy(l)
X B a

_ vl A (1 _ 3 Au(y)dy), _
Wol) =Y B[] (s 351 3) (2= vanta—ya) ) €65% = 5 7 (DBua1y)
(3.1)
wheren is the function

1 x> (1-l¢g)a/2
n(x) = 0 X<(1—lg)ha/2 (3.2)
-1 x<(1-|¢g)a/2

in the limit thate — 0. Inserting (3.1) into the continuum actio@i=(Y )Dc(Y,y)Yc(y), gives

an actiong, (I")Dw(I’,)¢p (). The only difference between this action and the standaldowi
fermion action is how the linkJ is constructed from the the gauge fiédg: rather than a single
parallel transporter, this new ‘link’ is a sum of paralledtisporters. These blockings can be used
as a basis for the transformations needed to generate p¥ertaions. As an example,

Bo.d =Bw.; Bo =Dyt (1 + ys@w @ysign(Aw))Buw, (3.3)

where@y andAy are the eigenvectors and eigenvalueg@Dw +/\), generates the overlap action.
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However, the Wilson-fermion ‘blocking’ given in equatioB.{) is not valid, because although
ByDcB gives an object similar to the Wilson operator, the mﬁmB\;} is not positive definite;
therefore, as mentioned earlier, the last equality of egudt.1) is invalid. However, for overlap
fermionsBaij 861 is positive definite (provided that the lattice spacing iisiently fine); thus this
is a valid renormalization group transformation. | shadie the formal proof of this statement
to the subsequent publication [10]; for now | will simply stnat it is strongly suggested by the
well-known fact that overlap fermions satisfy the Ginsp#figson relation while Wilson fermions
do not.

There are alternative formalisms which can be used to amtdtrea andB blocking functions
to obtain a particular lattice Dirac operatDy, given some transformatioﬁf which averages
over the continuum fields in a suitable manner to obtain ttteedafields. One possibility is the

symmetric choicéBy = Dl/ZPCDgl/2 B=D. ~1/2pC Dl/z, anda = o, which leads to a Ginsparg-
Wilson relation
0=Dyys¥s¥s+ D1, (3.4)
where
=Py, (3.5)

\/DiDL

It is easy to demonstrate that equation 3.4 is satisfied ifeptaceD, with the overlap operator.
The Jacobian of the blocking is

J="Tr|log(Dc) — log(D.) — |og(PLCF>E)] - 4;2 a*F2,+ ..., (3.6)
and again this transformation preserves the action, jusigya shift in the coupling constant. This
choice ofB is not unique [11]; but the work here suggests that the diffewvays of expressing
the chiral symmetry on the lattice are related to differattide regularisations (since each of these
possible blockings will give a different shift to the gaugmupling). For example, if we choose
By = |3f B= DglPLCDL, we recover the canonical Ginsparg-Wilson relation. lbibé stressed
that unlike Ginsparg and Wilson’s original chiral fermipasid perfect action fermions which use
a different blocking with a finitex, the lattice chiral fermions discussed here are generaittd w
o = o and a blocking field which does not commute wity.

4. New Solutionsto the Ginsparg-Wilson oper ator

Once we have found one chiral lattice Dirac operator, it &/d¢a generate more by construct-
ing blockings from the eigenvalues of the operator. For gianby witing the overlap eigenvalues
as 1+ €9 with eigenvector®, we can construct a blocking

V=3 3FO ©(6,y)0" (6, (X)
:zwLng )0'(8,0(8.y)
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wheres, t, h, g andr are analytic functions (chosen to ensure the correct camtmlimit and that
the fermion doublers have infinite mass in the continuumgtvban be achieved by ensuring that

is analytic, positive, and th& = 1 at@ = 0, 1T, 27), which leads to the generalised overlap operator
given in equation (1.1). That this operator is exponertilital is clear from the analyticity of the
momentum representation of the renormalization groupstormation, the exponential locality of
the overlap operator and that the overlap operator commaitlsts Hermitian conjugate.

5. Conclusions

| have tentatively suggested that there is, in an infiniteived, a renormalization group trans-
formation linking the continuum fermion action with a Girsg-Wilson lattice fermion action, and
I have shown how such a blocking can be constructed for nssseleerlap fermions. However, a
different style of block transformation is used comparethtt in fixed point fermions or original
construction of the Ginsparg-Wilson relation. The Jacolfram the block transformation corre-
sponds to a shift in the gauge coupling, together with sone¢eirant terms; thus the lattice QCD
Lagrangian is preserved by this transformation.

Clearly there is one crucial step missing in the argumenuésed here, namely a proof that
for the overlap operator the matrix, defined hereBgéB*l, is positive definite. | shall attempt
to provide that proof in a future publication [10]. Howevérthis conclusion is correct, then it
could have implications in the analysis of discretizatiomes, and in the theoretical description of
a perfect action derived from overlap fermions.
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