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1. Introduction

Experimental measurements of the mass differences betivedreavy and light mass eigen-
states of th& andBs systemsAMy andAM;s respectively, have uncertainties of less than 1% [1][2].
The Standard Model expressions for the mass differencendeprethe CKM matrix element¥iq|
and|V;s|, and hadronic matrix elements which describe the nondetive QCD corrections to this
process. Hence, the experimental measurements togetieiheoretical predictions of the matrix
elements can help test the unitarity of the CKM matrix andvig® constraints on the possible
contributions to new physics.

TheBq-By, g = d,s, meson system’s mass differendd,, is parametrized as

G2 -
AMq = 6—;2%'75(115)80(% mw) [ViqVeh | (Bq Qg (Ls) [By), (1.1)

whereng is a Wilson coefficientS(m, my) is known as the Inami-Lim function, and the scale
Us ~ mg. The hadronic matrix element is conventionally paramettias

(Bq|Qg|Bs) = (Bqlbyu(1— ys)aby* (1 y)a[Bq) = gn@ 3 By (1.2)

where fg, is the decay constant of thig meson, andBg, is the bag parameter. The ratio of CKM

matrix elementsMq /M| = & % :::5 , IS an important input into unitarity triangle fits, whereth
S d

dominant source of uncertainty is contained in the hadrquantityé = fg,/Bg,/ fg,1/Bg,- This
uncertainty can only be reduced using lattice QCD techrsigiifis report presents our preliminary
calculation of the3U (3) breaking ratio of the hadronic matrix elemer§susing 2+1 lattice QCD,
including a careful analysis of the systematic errors.

2. Simulation Details

We perform the calculation on the MILC 2+1 flavor lattices.eTWILC gauge action used in
the generation of these lattices has discretization estarting ato(a?as,a*) [3, 4]. The staggered
Asgtad action is used for the sea quarks and has errorsigtatty (aas, a*) [5]. The Asqtad action
is also used for the light valence quark propagators, wlneretiggered propagator is converted to
a naive propagator before construction of the correlatimttions. The Fermilab action is used to
construct thé quark propagator, with discretization errors starting’érs\qco/M, (Agcp/M)?)

[6]. To improveQ}1 to the same order as the Fermilab action we rotatd tipgark.

We calculate the matrix elements at two lattice spaciags,0.12 and 0.09 fm, and at 6 light
sea quark masses and 6 light valence quark masses for aft8fath@mss combinations, summarized
in Table 1. The lightest sea pion massrigsa ~ 250 MeV and the lightest valence pion mass is
Mrva ~ 240 MeV. To improve our statistics we calculate the coroetaibn each ensemble and
mass combination at 4 time sources and average them.

3. Corrdators

The operatoQ(l1 is fixed at the origin with the positions of tlﬁfz1 andBy mesons varied. The
matrix elements are extracted from the three-point caoedat spatial momentuim= 0 by fitting
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Table 1: The masses and lattice spacings used in the calculatiore@embles are labeled by the sea quark
mass content in lattice units, wharg refers to the mass of the 2 degenerate light sea quarksanefers

to the mass of the heavier strange sea quark. The mass ofthedilence quark isy andNeonfigs is the
number of configurations on which the calculations are peréal.

am_/am, amy Neonfigs

a=0.12 fm

0.005/0.050 0.005, 0.007, 0.01, 0.02, 0.03, 0.0415 529

0.007/0.050 0.005, 0.007, 0.01, 0.02, 0.03, 0.0415 833

0.010/0.050 0.005, 0.007, 0.01, 0.02, 0.03, 0.0415 580

0.020/0.050 0.005, 0.007, 0.01, 0.02, 0.03, 0.0415 460
a=0.09 fm

0.0062/0.031 0.0031, 0.0044, 0.0062, 0.0124, 0.027210.03553

0.0124/0.031 0.0031, 0.0042, 0.0062, 0.0124, 0.027210.03534

to the expression

_ - 770

Coi(t,t2) = S (Bq(ty, X )|Bq(t2, %) 1)uthyi((—1)etl)] 22U _o-Bu-Eit

ity t2) XﬂZ< q(t1, X1)|Q5(0)[Bq(t2,%2)) =>((= )2 2525 ,
1,X2 1)

(3.1)
wherei, j number the states ar@qo = (By|Q5/Bqy) = §M§q f§qBBq. We smear the interpolatiny
guark using a 1S wave-function to improve overlap with theugd state. In order to isolat@yg
and extract the quantitg, = fg,,/Mg,Bg,, we simultaneously fit the two-point pseudoscdigr

correlator to the following function,

CH0) = 3 (Bt IAON6D(0)) — ¥ ((~1 Al g, (3.2)
X 1 {

Bayesian fitting techniques are used [7]. The states asedlan Euclidean time are due to the
temporal doublers from the naive light quark in the operatat are straightforward to remove [8].

The lattice data fof3; are shown in Fig. (1). Some characteristics of the data aeteto the
chiral fits are the following: mild sea quark mass dependentkl lattice spacing dependence,
and statistical errors that vary between 2-5%.

4. Chiral Fitsand Extrapolations

We fit our numerical lattice data for the parametggsnd their ratioé to expressions derived
in heavy meson staggered Chiral Perturbation Theory (KRB [9]. We work to lowest-order in
the heavy quark masgj(1/m,), and next-to-leading order (NLO) in the light quark masses a
lattice spacing. We determine the light quark mass deperdand then extrapolate to the physical
u- andd-quark masses and interpolate to the physsegliark mass. Because we have data at two
lattice spacings, we can also determine the siz€ @) taste-breaking light quark discretization
effects and largely remove them. The NLO HIIST expression for théaq-B_q mixing matrix
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Figure 1: The fit results forBq. The results are plotted versus the mass of a pion constirficis the
light valence quarks. The data from different ensemblesatieled by their sea quark contemt, /my. The
circular data points are from ensembles with lattice sgpit2 fm and the square data points are from
ensembles with lattice spacingd® fm. The results are converted from lattice units;tonits [11].

element is [10],
_ 8 _
<BQ\Q5\BQ>QCD = §m§q féqu = Mg, <Bq‘Qg‘Bq>HQET = (4.1)
Mg, B [1+ (2q+ ¥4+ Tg) + Lumg + Ls(2mL + my) + Lad?] .

The low-energy constans, Ly, Ls, andL, are determined from the lattice data, angl m_, and
my, denote the light valence, light sea, and strange sea quesgsctively. The light sea quarks are
treated as degenerate, so the isospin average ism@e@lw.

The chiral logs, 7, #4, 2q, due to the tadpole, wavefunction renormalization, andssun
diagrams respectively, each have a similar structure,

303 1 h
% _ B«Bmr ) — hg
16122 ) 16 E:Lp.%AA,GT -

= —_—— —_ = I:
7 16m*f2 {16 L_LP,%AA.GT =T
. 39%*87‘( 1 19 1 d
= AT IO R

==1,P4V,4A 6T
The labeldl, P, V, A, andT refer to the taste of the meson in the chiral logarithm. Faggered
quarks the taste-nonsinglet pseudoscalar meson massgditire

+%hﬁ+a2(5(,h3+5;\h§\)}, (4.2)

2
+§hﬁ+a2<aoh3+am>},

MZ = = p(m +my) + a®Az, (4.3)
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wherem;, m; are quark masses and the sixteen meson masses are labelegirttpdte repre-
sentation= = P, A, T,V,|. The parameterg andA= are determined from lattice calculations for
pions and kaons [11]. ThB-B*-1 coupling, g3, iS constrained by the CLEO measurement,
03.p; = 0.35+0.14, since heavy-quark symmetry implig&.g,, ~ 03.p,; [12]. For the parame-
ter f we use the PDG value for the pion decay constant, f; ~ 130 MeV. In the actual fits all
dimensionful parameters are made dimensionless by mioétjgn of appropriate powers of as
explained in Ref. [11]. The prior values and widths &randJ, are also determined from lattice
calculations for pions and kaons [11].

Next-to-next-to-leading ordeN(NLO) analytic terms are also included in our fits, with priors
and constraints estimated by power counting in HNWS. TheNNLO analytic terms are included
because thes quark mass breaks the chiral symmetry to a large enough eléggeNNLO terms
may be important. The error associated with leaving outNhe&.O chiral logs and higher order
terms is estimated by including and excluding all comboragiof theNNLO analytic terms, using
the extremes of the range in fit results as our light quarkreiisation and chiral extrapolation
Ansatz error.

In the continuum limit the chiral Iogarithnﬁg—, I=, andh, combine to form the continuum chi-
ral expression, and the taste violating chiral logarithingsandha, are set to 0. When extrapolating
to the physical results we sét = 5/’*\, =a=0,m_— (my+my)/2, andm, — ms. We then obtain
(B31Q4|BY) and (B2|QL|BY) by settingmg — myorms. We fit the data simultaneously to all 6 sea
and 6 valence quark masses (36 lattice data points) to deethe low energy constants.

The fits and extrapolations fdf’ = fg,,/Mg,Bs,/ fs,1/Mg,Bg, are shown in Figs. (2)-(3).
The perturbative matching corrections have not yet bedanded in these results. At one-loop the
operator(l'ggya(l— y5)qb(1— yg)q\Bg> mixes WithQé. The one-loop correction td is expected to
be at the less than 1% level, which is much smaller than mbst oincertainties in our calculation.

5. Results

Our preliminary results fo€’ are shown in Table 2. This table also lists the error budget fo

Ba andBs. We find foré§ = &’+/Mg, /Mg,
& =1.20552). (5.1)

Our largest sources of uncertainty §h are from statistical errors in the chiral extrapolationg an
the light quark discretization and Ansatz errors in the alhiit and extrapolation. The smaller
higher-order matching and heavy quark discretizationrgrane estimated using power counting.
The uncertainties due to the chiral fits’ input parametersgss-, and light quark masses, are
estimated by individually varying the input parameterdnmitheir range of uncertainty determined
in Ref. [11]. The largest sources of uncertainty8jnand s are due to statistical errors in the chiral
extrapolations, higher-order matching terms, and therghetation of the scale. The uncertainties
due to these parameters are estimated in the same way a®ft{dse

We find no significant uncertainty due to the determinatiorygah our preliminary estimates.
As a conservative estimate we quote the same uncertainty the iFermilab Lattice and MILC
collaborations’ calculation ofg and fg, [13]. The negligible finite volume errors were estimated
using the procedure described in Ref. [9].
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Figure 2: The fit and extrapolation is presented in the sea mass plar&evdata is plotted versus the sea
quark mass ration_/ms. The blue circles correspond to the coarse lattice datattendreen circles to the
fine lattice data. The same colored lines are the fits to thee ddte red line is the continuum extrapolation
with the red diamond and error bars corresponding to theipalysass point. The errors are 68% confidence
intervals and statistical only.
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Figure 3: This is the same fit as above shown in the valence quark masgtabe. The different colors
and fit lines correspond to the different ensembles and fifseim. The red line and diamond correspond to
the continuum and mass extrapolations.
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Table 2: The total systematic error budget for tBenixing matrix elements calculation. We do not include
central values fof3y andBs. The uncertainty due tey, is negligible in our preliminary estimates, and the
same uncertainty as in the Fermilab Lattice and MILC coltabions’ calculation offg and fg, is used.

Parameter &' Bary? | Bor?
Central Value 1.215| N/A N/A
Source of Uncertainty % Error
Statistical 3.1 4.0 2.7
Higher Order Matching ~05| ~40 | ~40

Heavy Quark Discretization 0.2 1.8 1.8
Light Quark Discretization + Ansatz 2.8 2.5 0.4

N

scale uncertaintyr{) 0.2 3.1 3.0

OBB* 1w 0.3 0.6 0.3

input parametersn,,my,ms 0.7 0.5 0.3
finite volume <01l| <01 | <01

Kb <01 1.1 1.1

Total Systematic 3.0 6.1 5.4

Total % Error 4.3 7.3 6.1
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