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1. Introduction

In the Lattice2007 symposium we showed [1] that the infrared QCD running coupling of
ghost-gluon vertices of lattice Coulomb gauge fits better than those of lattice Landau gauge with
the experimental running coupling data extracted from the quark-gluon vertices [2]. The gauge con-
figurations of Kogut-Susskind (KS) fermions of the MILC collaboration [4] and those of Domain
Wall Fermion (DWF) of RBC/UKQCD collaboration [5] were used in these simulations.

Recently | found that the quark propagator of DWF can be calculated by an extension of the
conjugate gradient method that we adopted in the calculation of the quark propagator of KS fermion
or Wilson fermion [6]. | calculate the Coulomb gauge quark propagator near the cylinder cut and
small momentum transfer using the DWF gauge configurations and extract the quark-gluon vertex,
which is written as

T'u(p,a) = SH(P)Gs(p.a)S *(p,q)
= 8%®[g1(p,q) 1 +ig2(p,a)0u + G3(P, ) Pud (1.1)

as scalar, vector and tensor form factor, respectively. A general method for non-perturbative renor-
malization of lattice operators was presented by Martinelli et al.[7] and | adopt their method to
extract the Coulomb gauge form factors. The lattice simulation of DWF is given in [8]. In the
mass-less limit, the wave function possesses exact chiral symmetry and its non-perturbative renor-
malization is investigated [9, 10].

2. Thelattice Coulomb gauge

The minimizing function of the Coulomb gauge(d;A = 0) in the Log-U version [13] is Fy[g] =
||A9]|2 = 3y;tr (Agx’iTAii). Remnant gauge fixing is not done although the gauge field Ap(x) can
be further fixed by the following minimizing function via the gauge transformation g(xo).

The gauge configurations that | adopted are summarized in Table 1. In the process of conjugate

B Nt m 1/a(GeV) Ls L; alLg(fm)
DWFg; 2.13(3)) 2+1 0.01/0.04 1.743(20) 16 32 181
DWFg, 2.13(3)) 2+1 0.02/0.04 1.703(16) 16 32  1.85
DWFg3 2.13(B)) 2+1 0.03/0.04 1.662(20) 16 32  1.90

Table 1: The parameters of the lattice configurations.

gradient iteration, | search the shift parameter o;- for ¢ and off for ¢ as follows. In the first 50
steps | choose o = Min(ay, ) and shift ¢, , = ¢F — owg and R | = ¢F — T and in the last
25 steps | choose oy = Max(ocl'(-, oclf*), so that the stable solution is selected for both ¢, and ¢r.
The convergence condition attained in this method is about 0.5 x 10~*. One can improve the
condition by increasing the number of iteration, but the overlap of the solution and the plane wave
do not change significantly.
In our Lagrangian there is a freedom of choosing global chiral angle in the 5th direction,

y—elby, g ye My (2.1)



A study of quark-gluon vertices using the lattice Coulomb gauge DWF Sadataka Furui

myg/a ms/a ¢ A(GeV) «
DWFo1 0.01 0.04 049 0.76(2) 1.25
DWFp, 002 004 048 0.803) 125
DWFop3 003 004 061 0.66(2) 125
MILC¢; 0.006 0.031 0.45 0.82(2) 1.00
MILCs, 0.012 0.031 0.43 0.89(2) 1.00

Table 2: The fitted parameters of mass function of DWF(RBC/UKQCD) and KS fermion (MILC).

On the lattice, the expectation value of the quark propagator S(p) consists of spin dependent
</ p part and spin independent % part. | specify the propagator of the left-handed quark by the
suffix L and the right-handed quark by the suffix R. With use of the renormalization factor Z, they
are defined as

Tr(x(p, 9P R (P:S)) = Z(p)(2Ne) ZL/r(P, S),

and
Tr(x(p,9)ipPR¥(P,9)) = Z(p)/(2Ne)ipo /r(P,S),

where p;j = gsin@ (pi =0,1,2,---,n;/4). The fifth coordinate of the DWF is specified by
s=01,---,15.
We parametrize the mass function .# = %/ as

CAZ(X+1 ms

AP = e a e

(2.2)
I tried o = 1,1.25 and 1.5, compared y? and found that o = 1.25 gives the best global fit. Since
the pole mass Q™ is not included in these plots, my is set to be 0 here.

In the case of KS fermion of m; = 0.0136GeV and 0.027GeV data [12, 13], we fixed o = 2
and obtained A = 0.82GeV and 0.89GeV, respectively. In general A becomes larger for larger o,
but A of DWF seems larger than that of KS fermion. In the case of KS fermion, A becomes smaller
for smaller mass mz, but in the case of DWF, it is opposite.

3. Thevector current quark-gluon vertex

Near the cylinder cut and when the momentum transfer g is small, the quark gluon vertex in
momentum space is calculated from

Cipt 1
[dix [ diye NG, (xy) = XS (PO + %+ 1)POSS(PIO) ) (3D
i=1
where S is a DWF propagator of the i’th sample among altogether N samples.
| specify the spin part of o3 as +— which corresponds to spin up for o and spin down for
B. In the case of T = quyq;, | choose ™t~ or Y%~ as an example and .« (p|0)~* as the
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Figure 2. The running coupling osg, (q) of
Figure 1: The mass function of the domain wall MILC+1 (blue disks) and DWFq; (green points).
fermion as a function of the modulus of Euclidean The dash-dotted line is the pQCD result and the
four momentum p. DWFq;. (149 samples). Blue dashed line is the pQCD with the (A%) condensate
disks are m_ (left handed quark) and red boxes are contribution. The red points are the experimental
mg (right handed quark). data of the JLab group.

incoming wave <% (p|0)**T contributes as the outgoing wave. When .« (p|0)~~ is the incoming
wave o7 (p|0)~* T contributes as the outgoing wave. O
The quark propagator is given as

S(p) = —idp+#B  —ldp+ B

AP+ MM AP+ MB
I evaluate vector current matrix elements by diagonalizing the matrices in the eq.(3.1) and getting
the -5 of the trace.

(3.2)

3.1 Thescalar form factor and the running coupling

The vector current Ward identity allows us to extract the running coupling osg, (q) from the
difference of S1(p+ %) and S (p— %) [7]

—i[SH(p+2)310) S (P 2)10)] = 2¥ Ao(P)ey /4. (33)

When a crossing is performed and a quark is transformed to anti-quark, p can be treated as the
momentum transfer g, to be compared with the experiment. The green points above q = 1.4 GeV
in Fig.2 are the result of DWF. The error bars are taken from the Bootstrap method after 5000 re-
samplings [14, 15], which are smaller by about a factor of 10 as compared to the standard deviation
of the bare samples. The data are comparable with the pQCD results with a phenomenological
(A?) condensates effect observed in the ghost-gluon coupling of the MILC¢; Landau gauge fixed
configuration [13]. Although statistics is not large, | observe that the running coupling osg, (q)
of Landau gauge fixed configuration of MILC+1 is not infrared suppressed in contrast to os(q)
measured from the ghost-gluon vertex [13].

I compare the lattice results with experimental results extracted by the JLab group [2, 3]. The

JLab group analyzed the difference of the spin-dependent proton structure function and the spin-
2

dependent neutron structure function as a function of x = & where Q? is the four-momentum
squared, v is the energy transfer and M is the nucleon mass. The difference reduces the contri-
bution of A(1232) and at infinite momentum transfer squared the Bjorken sum rule [16], and at O
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Figure 3: The tensor form factor A2(p)p4q/p4|q| Figure 4: The vector form factor A1(p)q/|q| at
at |q| = 2.6GeV. (DWFy;, 52 samples) |g) = 2.6GeV. (DWFgz, 52 samples)

momentum transfer the Gerasimov-Drell-Hearn sum rule [17, 18] allows to fix the renormalization
[19]. They extracted the running coupling in the infrared from

P = %[1 - % +o(02)]. (3.4)
In a confining theory where gluon have an effective mass, all vacuum polarization corrections to
the gluon self-energy decouple at long wave length and one expects an infrared fixed point. A
closeness of I‘f and I'! implies a presence of infrared fixed point o g, (0) = 7. When the coupling
is constant in the infrared and the quark masses can be ignored, one expects conformal symmetry
or ADS/CFT correspondence to be applied in non-perturbative region [20, 21]. Analytical Dyson-

Schwinger approach also suggests the presence of infrared fixed point[22].

3.2 Thetensor form factor

I specify the spin of quarks that sandwich y171, 727 and Y495 and pick up the quark propagator
S(p|0) whose spin of the final state matches with that of y;%. | assume propagators are color
diagonal. The vertices 1471 and v, are spin off-diagonal and the vertex y,793 is spin diagonal.
There is a relative phase factor i in 472 as compared to the other ;7.

The tensor term is evaluated from the difference of

(P W21 (P4 2)Pa(pt ) — (AP Xy (B papy (35)
J J
| sample-wise diagonalize

= (@ /Ra(pl0) pa (164 (pI0)* 115) 0 pa) 1
(/R4 (pl0) pa (157 R (pl0) P 1 5) 05 p2) 0
+(//Ra(p|0) (357 -/ Ri(pI0) P 16) 05 p3) 03]
(3.6)

for each a, B that specify the color and the spin, and take the sum of the real part of the positive
eigenvalues. The corresponding momentum shifted matrix elements are

"= M= 10pas,  (p+ 510 )0 (p+ ) on

(R (p— 210) P (P4 210) P T o5 (p+ D2 o
R (P 10pelrs 4 (p+ 51007 )05 (+ 2)a) ]
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| approximate the denominator of the propagator for I'a and T'a by those of the quark propagator in
the cylinder cut and evaluate the tensor term as

1. (F5+TR) — (Ta" +TaR)

127 (A P2+ M B) (A P2+ M B

=7 A2(p) psq; /47 (3.7)
A simulation result of DWFq; is shown in Fig.3.

3.3 Thevector form factor

I define the matrix elements between spin ++ as I'c and between spin —— as I'p.
q; q;
Tcj = Rel(#" (p— 2 [0)n(152™ (p+(0) ")
q; q;
~ AR (p= 0B (p+ 510) )
and

4 4
Io,j = Re[(#" (p—flo)m’s%a (IO+EJ!0)T?’5)

B (- OB (p+ D(0)' )] (38)
1 Toj| + [T, _ v .
621-‘ T RT AR S R - M

A simulation result of the vector form factor of DWFq; is shown in Fig.4.

4. Discussion

I showed that nonperturbative renormalization of lattice Coulomb gauge quark-gluon vertices
is feasible. In addition to the running coupling, | measured the tensor term gs(p, d)72ps¢ and the
vector term gz(p, q)q of the Coulomb gauge quark-gluon vertex.

The running coupling o4 (q) and asg, () of DWF are consistent with the JLab extraction. The
running coupling of Landau gauge asg, () is not infrared suppressed in contrast to o(q) of triple
gluon vertex [23] and ghost-glion vertex [1, 13]. The infrared suppression of os(q) in Landau gauge
was attributed to an instanton effect [23]. However, as shown by ’t Hooft [24], in the instanton
calculus extended to the infrared region, there is a divergence from zero modes. In supersymmetric
case, however, the divergence from fermionic zero mode and bosonic zero mode cancel [25] and
a finite infrared fixed point appears. It is plausible that the search of a stable solution in Coulomb
gauge with use of the conjugate gradient method leads to a solution in which zero mode divergences
of gluons and those of quarks cancel.

When DWF configurations of larger lattices are available, the o g, (0) data can be extended to
lower energies. | expect that osg, (q) of DWF in Coulomb gauge show the same behavior as o (Q).
The difference of the infrared features of Landau gauge and Coulomb gauge running coupling casts
guestions on the Kugo-Ojima confinement criterion [26, 27] which is derived in Landau gauge but
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effects of instantons are not considered. Simulations with momenta far from the cylinder cut and a
calculation of the form factor of three quark systems are also left in the future.
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