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1. Introduction

Recent calculations in both the mesh[[1, 2] and barypn [3] sectors withitwtisted mass
formulation of lattice QCD [[4] have yielded accurate results on a wide rahgbservables of
immediate relevance to experiment and phenomenolfgy [5]. This is a carsmxof the fact
that the simulations of the European Twisted Mass Collaboration (ETMC) @wveell chosen
range of parameters, allowing controlled continuum and chiral extrapotatad thus making a
reliable connection to the physical regime possible. In the present wodpplg the twisted mass
framework to the calculation of nucleon form factors.

Electromagnetic and axial form factors of the proton and the neutroruadafmental quan-
tities that yield information on their internal structure such as their size, magtietizand axial
charge. They have been studied experimentally for a long time with steadiBaisiog precision,
the latest generation of experiments reaching relative precisions of tmahout 1% [[6]. The
first lattice calculations using dynamical fermions appeared only recéhfly[i] and the available
pion masses were rather large, often above 400 MeV.

Our goal is to calculate matrix elements of the fofN( pr,st)|0,|N(pi,s)), where|N(p,s))
is the nucleon ground state, with the nucleon having momemiwand spins. &, is either the
electromagnetic or the axial current. Using, in addition, the pseudoscatant will enable us to
check phenomenological consequences of chiral symmetry such asltiiee@er-Treiman rela-
tion [[[Q]. The electromagnetic matrix element can be expressed in terms ofdreatlz invariant
form factors that depend on the momentum transfer squared only. llidEai space-time the
decomposition is

quv

(N(pr,st)[Vu(0)IN(pi,s)) = U(ps,Sr) | VuF1(Q%) + R(Q%)|u(p,s), (1.1

whereQ = ps — pi, Ouy =1i[Yu, W|/2, mis the proton mass angdp, s) is a solution to the free Dirac
equation with masm. Instead of the Dirac and Pauli form factdts andF, the matrix element
can be expressed in terms of the electric and magnetic Sachs form factors

2
Ge =F(@) ~ R (). Gu =F(@) + (). (12)
Similarly the axial current matrix element can be written in terms of the form faGarandGy,
(N(pr.50) Au(O)IN(prS)) = Tpr.sr) [YoiGa(@) + Gy (@) [ ulpis).  (L3)

2. Calculation details

2.1 Wilson twisted mass QCD

For our calculation we use a Wilson twisted mass fermion action (tmQCD) at maxinsal tw
angle together with a tree-level Symanzik improved gauge action. Morésphgcthe fermion
action is given by

a'y X Vu (O +0) —abu0p) + Mo +iysTal | X, (2.1)

X
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with lattice spacing, the covariant forward and backward lattice derivatizeand[1* and mass
parametersne; and u. The Pauli matrixrs acts on a doubley " = (u,d) of two light quarks.
AutomaticO(a) improvement occurs at maximal twigt [11], which here is realized by tuning the
value ofmg;; so that the PCAC mass vanishes. The gauge action is

TR TRz

@:gg(g S (1-ReTULL) -~ 3 <1—Rewux%z?v}>)v (22)

whereUy %, denotes the plaquette teridy;;3, the rectangular k 2 Wilson loops angs is the
inverse bare coupling. Further details concerning the simulation and in ydartibe tuning to
maximal twist can be found in Ref.J12].

2.2 Correlation functions

On the lattice the form factors are extracted from dimensionless ratiosmefabon functions.
We measure the two- and three- point functions

G(qvt) = ; e—iirq r%a <‘]U (tfvxf )jﬁ (0)> ) (23)
Gu<rvvq7t> = z ei%qr;/;a <Ja(tf7?f)ﬁu(t>2)j[3(o)>> (24)
X, X¢

wherelY = 1/4[1 + | if v=0andl'’ = 1/4[1 + yo]ysw if v=1,2 or 3. andJ is the proton
interpolating field. In tmQCD at maximal twist the standard interpolating field reads

1
J(X) = —=[1 +iy|e® | BT (X)EysdP(x) | T°(x), 25
(9 = 51 +ive)e |07 ()% (9| () (2.5)
with ¥ denoting the charge conjugation matrix. To enhance the overlawith the proton ground
state, the quark fields entering Ef. [2.5) are smeared,

(%) = S FPRFU1) W(L,Y),
gy

3
Fo (ol HEPEU) = 3 (U008 Ul Do)
1=
In addition, the spatial gauge links entering the hopping matracte APE-smeared. Good choices
for the parametera andN were determined in Ref[][3].
In this work, we restrict ourselves to the axial-vector and vector ctsriem the operatorg,
inserted into the three point functions. We use the local currents

Au(x) = LTy,lygu—d_y“ygd (2.6)
Vy(X) = uy,u—dy,ysd, (2.7)
as well as the symmetrized, conserved vector current
1. . N 1. . N
Vi (¢) = SR + = 0] = S[1a () + p(x— )] where (2.8)
. _ .1 _ _ 1 N
JAO) = QU+ )5 v + 1V (0009 + G005 v — U (x)a(x+ 1) (2.9)
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While the two-point functions can be calculated using a forward propadeim a fixed
source, the evaluation of three-point functions is more involved. Inetators containing the
isovector operators, disconnected diagrams are zero up to lattice artdadi€an be safely ne-
glected as we approach the continuum limit. The connected diagrams aratadausing sequen-
tial inversions through the sinklL3]. This means that at a fixed sounsessparation we are able
to obtain results for all possible momentum transfers and insertion times assvietlany operator
Oy, with a two sequential inversions per choice of the sink. In this work wewselifferent sinks,
one optimized for the electric and one for the magnetic form fagtor [7]. Tterls also suitable
for the axial form factors.

2.3 Ratios

In ratios of three- and two- point functions normalization factors and thaingeexponential
dependencies on the insertion time cancel. From fits to the resulting plateafs;thfactors can
be extracted. Different ratios can be considered and we here givexaraples:

GH(T,a,t)

RA(T,Gt) = —— (2.10)
/6.2t —1))G(d. 2t 1)
or
" - = =
ri(r g - SCaY \/G(g,tf 060,060t 2.1
G(07tf) G<07tf _t)G(qvt)G(qvtf)
As shown in Fig[]L, both lead to compatible plateaus but to different statisticake We use
1.4} "o p=(00,0) 2riL] 12} o =1’
¥* p=(1,0,0) 2L t-t =14a
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Figure 1. Left panel: Comparison of the ratios given in Egs. (2.10)gdilsymbols) and (2.11) (open
symbols) for source type given in Eq. (2.13) and a few repriedie momentum combinations. Right
panel: Electric Sachs form factor extracted with a sink sewweparation of Zand 14.

the ratio of Eq. [[2.71) for the final analysis, which turns out to be sup&eécause it does not
contain potentially noisy two point functions at large separations and becaurelations between
its different factors reduce the statistical noise. This being most evidex@ra momentum with
the conserved current, where noise cancels completely.
Once the plateau values
nr,g)=_Ilim lim R(I,q,t) (2.12)

ti—t—o t—tj—o
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are estimated, the form factors are obtained from the following combinations

MH(ro,q) = %[(m E)dou +Ziqk@,u] Ge(Q?) (2.13)
n'(rt,g) +n'(r2,q)+n'(rs,q) = ;n%qqujd,i Gm (@) (2.14)
n3(rt,q) +n%(r2,0)+N%(3,4) = [(CI1+Q2+Q3) Gp(Q°) — (E+m) Ga(Q?)].(2.15)

E is the energy of a proton with momentugn mits mass and the constant= (ZE”fm) arises
from the normalization of lattice hadron states that we use. Note that therdgegseurce needed
in the calculations of the magnetic Sachs form factor is the same as the dBg dodGp,.

3. Results

We perform the calculation at three pion masses with a fixed lattice spacimgsoltiice and
sink time slices are taken ft= 0 andt; = 12 and a check with; —t; = 14 on 96 configurations
at the highest mass gave compatible results, as shown in the right pargl! fif Fhe remaining
parameters of the calculation together with the most important results are surdnarizable[]L.

mz[GeV]  number of confs my [GeV] \/(r?) [fm] \/(r3) [fm] v [Un] ga

0.447012) 346 1287(13) 048925 055861) 2.83(21) 1.171(41)
0.39039) 184 12459) 0527(34) 0.607(79) 2.90(36) 1.096(47)
0.3131(16) 419 114311) 064938  0.63(11) 2.8546) 1.23(10)

Table 1: The form factors are extracted using a lattice of siz&:248 at = 3.9 with a lattice spacing of
a=0.088912). This table summarizes the main results at the three diffgr®n masses.

3.1 Electric and magnetic Sachs form factors

The dependence &bz and Gy on the euclidean momentum transfer squared is shown in
Fig.[2. A dipole form

o 1 ) _Gu(0) |
Ge(Q) (1+%>27 Gm(Q) <1+%>2 (3.1)

describes our data very well and the solid lines in Fjg. 2 are the correspplehst squares fits.
From the slope at zero momentum transfer, an electric and magnetic radibs defined

6 dGem (@) 12
2N E.M = ) 3.2
Em) Gem(Q?) d@  |xo m%,M (32
These can easily be translated into the more common Dirac and Pauli radii
12 3Gm(0)-3 6 2Gu(0) 2 3
) =5 - 2M T2 rs < — 3.3
< 1> n,% 2m < 2> GM m%/l n,% ( )
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Figure 2: Q?-dependence dbe (left) andGy (right). The dashed curve is a dipole fit to experimental data
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Figure 3: Comparison of results ofr?), (r2) anduy betweerNg = 2 twisted mass and Wilson fermions.

Using the value of the lattice spacing determined from an analysis of the nutiass within
the twisted mass QCD framework we convert our lattice quantities to physidalamd give the
results in Tablg]1. The magnetic form factor at zero momentum transfer igtlglirelated to the
magnetic momenGy, (O)% = Wy . In Table[] we give the isovector magnetic moment converted
to nuclear magnetons using the physical nucleon mass. We show the deperd(r?), (r3) and
tv on the pion mass in Fig] 3. For comparison we include the correspondinigsres&ef. [7],
which were obtained with two degenerate dynamical Wilson fermions in a simtiajp.sés can
be seen, the results in the two formulations are in good agreement. With thetmogarrent,
the corresponding physical observable is the magnetic moment of the pnitas the one of the
neutron. This is the experimental point shown in the right panel of [Fig. 8.can be seen, the
experimental values in all cases are higher than lattice results. A chiralpekition of our data
to the physical point will be carried out once we obtain results at an additligiter pion mass.
This additional input is needed in order to obtain reliable results at the @iysnt.

3.2 Axial form factors

The axial form factors are shown in F[g. 4 wiBjy, showing the larger statistical errors. We get
a good signal for the axial chargg = Zx Ga(0), with the renormalization constadg = 0.76(1)
that has been computed inJ14]. We give our values in Tdble. 1.
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Figure 4. Q?-dependence oGa (left) and Gp (right). The dashed green curve (left) is a dipole fit to
experimental data o, yielding my = 1.1 GeV. In the right figure it derives from the fit to experimdnta
results onGp together with the assumption of pion pole dominance.

4. Conclusions

The isovector electromagnetic and axial nucleon form factors are egdluaing two dynam-
ical degenerate twisted mass fermions for pion masses down to about 300 Meresults are in
agreement with previous lattice studigs [7]. Like in Rfff. [7], we find bettee@ment with experi-
ment in the case of the electric form factor than for the magnetic one. Althouigtesults on the
axial charge are in good agreement with experiment, we find a weaker nhamelependence for
Ga. At low Q?, Gp shows a steep increase as expected from pion pole dominance andcigso
the theoretical prediction as the pion mass decreases. In the future wi @laalyze configura-
tions at a lighter pion mass and larger volume. This will enable us to reliably catra chiral
extrapolation of the magnetic moment, radii and axial charge to the physiicel po
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