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1. Introduction

In this talk, we present the main idea in [1] and provide a damgf the numerical results.

The Wilson loop operatokV, is a unitary operator for SU(N) gauge theories and can beé use
as a probe of the transition from strong coupling to weak togpLarge (area) Wilson loops are
non-perturbative and correspond to strong coupling. S(aadla) Wilson loops are perturbative
and correspond to weak coupling.

The probe is defined as

#N(z,b,L) = (det(z—W)) (1.1)
and is the characteristic polynomial associated with theratpr. W is the Wilson loop operator,
zis a complex numbei is the number of colord) = gziN is the lattice gauge coupling arndis
the linear size of the square loop: -) is the average over all gauge fields with the standard gauge
action.

The eigenvalues oV are gauge invariant and so is the characteristic polynoriia eigen-
values lie on the unit circle and all of them will be close tatymor small loops. The eigenvalues
will spread uniformly over the unit circle for large loopshé& characteristic polynomial exhibits a
transition atN = oo whenL — L¢(b). This is a physical transition sindg(b) will scale properly
with the coupling b, as one approaches the continuum limit.

The scaling function in the double scaling limit can be dedifor two dimensional larghl
QCD [1]. We have numerically shown that three dimensionaDQJ&lls into the same universality
class [1].

2. Two dimensional QCD and a multiplicative matrix model

Two dimensional gauge theory on an infinite lattice can beygdixed so that the only vari-
ables are the individual plaguettes and these will be inuiépatly and identically distributed.
W = H?:]_Uj whereUjs are the transporters around the individual plaquetteisntia&e up the
loop andn = L2 is equal to the area of the loop. The measure associatedJyitdan be set to
PUj) = e 2TH whereU; = €M ande plays the role of gauge coupling. The dimensionless
area is given by = £2n which is kept fixed as one takes the limit- « ande — 0. This is called
the multiplicative matrix model [2]. In the continuum limthe parametens andL get replaced by
one parameter, which is denotedthbin the model, and the characteristic polynomial becomes

WN (Z, b, L) — QN(Z,t)

3. Average characteristic polynomial

Using a fermionic representation of the determinant, omepeaform the integration ovés;.
One can then perform the integration over the fermionicaldes to obtain the following result for
the characteristic polynomial:

Nt e dve 2TV [Z—e—TV—g}N .
On(zt) = N

1N
M dve BV [z—evE T U
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Integrating outv gives exact continuum polynomial expressions,

TK(N—k)

oy )2 K- wm

Qn(zt) = (3.2)
o} )2 K- 5 U
1
4. Heat-kernel measure
The result forQn(z,t) is consistent with the heat-kernel measurevior
P(W,T)dW = ZdRXR(W)e’TCZ(R)dW. (4.1)

R denotes the representatialy is the dimension of the representatiBrandC;,(R) is the second
order Casimir in the representati& To see this, note that

N _ N
Qu(zt) = ([ (- €)=y K1) M(t). (4.2)
= k=0
If we now take the averagé,- -) over the heat-kernel measure, we get
Mk(t) — < ei(9j1+9j2+m+91k)> — <Xk(W)> — dkefrcz(k) _ <l:> o rk(glN—k) (43)
1<j1<j2<]3....<jk<N

5. Zeros ofQn(z t)

SinceW is a unitary operator, the zeros of et W) will lie in the unit circle. One can show
this remains true foQy(zt) when the gauge group 8J(N). To see this, we rewrit®y(zt) for
J(N) as

Zu(zt) = Quzt)(~DNe s (—2)

_ > dN(=2)3i0i gy 3i> 00] (5.1)
0170'27...O'N::|:%

This is the partition function for a spin model with a ferragnatic interaction for positiver.

In(—2z) is a complex external magnetic field. Therefore, the comulitifor Lee-Yang theorem [3]

are fulfilled and all roots oQy(z t) lie on the unit circle for SU(N). This is not the case for U(N).

6. Weak couplingvsstrong coupling

The transition from weak coupling to strong coupling canriigitively seen using the charac-
teristic polynomialQn(zt). In the weak coupling (small area) limit we have- 0 andQy(zt) =
(z— DN, Therefore, all roots are at= 1 on the unit circle. In the strong coupling (large area)timi
we havet = o andQn(z t) = 2V + (—1)N. Therefore, all roots are uniformly distributed on the unit
circle.

Qn(zt) is analytic inzfor all t at finiteN. But, this is not the case & — o and this leads to
a transition from weak to strong coupling in tNe— oo limit.



Universal properties of W Ison loop operatorsin large N QCD Rajamani Narayanan

7. Phase transition in an observable — Durhuus-Olesen traitson

There is a critical ared,= 4, such that the distribution of zeros Qf,(zt) on the unit circle
has a gap around= —1 fort < 4 and has no gap fdar> 4 [2, 4]. To see this, we note that the
integral representation (3.1) is dominated by the saddlet,po= A (t,z), given by

1
Zet()‘Jr%) -1
With z= €% andw = 2A + 1, p(6) = —;=Rew gives the distribution of the eigenvaluesWfon
the unit circle.

The saddle point equationa&= —1 is

A=A(t,2) = (7.1)

w= tanh%w (7.2)

showing thatv admits non-zero real solutions for- 4.

8. Double scaling limit

As N — oo, one can define a scaling region arourd4 andz= —1 by
_ 4
1+ 55
a andé are the scaling variables that blow up the region nead andz= —1. We can show that

4

7= —el®)*é (8.1)

N—oo 3

which is the scaling function in the double scaling limit@sated with the characteristic polyno-
mial.

We hypothesize that this behavior in the double scaling literived for two dimensional large
N QCD is universal and should be seen in the laxgkimit of 3D QCD, 4D QCD, 2D PCM and
other related models. The modified Airy functiaf(,, o), is the universal scaling function.

jim (ﬂ) et g oy = [ aet g ) 62)

9. Large N universality hypothesis

We can now precisely state the continuum laxgeniversality hypothesis that can be numeri-
cally tested in relevant models.

Let ¢ be a closed non-intersecting loop;(s),s < [0,1]. Let ¢’ (m) be a whole family of loops
obtained by dilationx, (s,m) = n%x,l(s),with m> 0. LetW(m, % (%)) =W(%'(m)) be the family of
operators associated with the family of loops denote&y) wherem labels one member in the
family. Define

On(Y,M % (%)) = (det(e? + e BW(m,%(x))) (9.1)

Then our hypothesis is

. 4 \* 3 a
BN (y: () ay ™= 1+—\/_3Na2(‘€(*))D e
9.2)
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Figure 1: Extrapolation to the continuum limit of the critical area.

10. Numerical test of the universality hypothesis — 3D larg®l QCD

We use standard Wilson gauge action. The lattice couﬂﬂiﬁggziN has dimensions of length.
We use square Wilson loops of linear lengithWe changé to generate a family of square loops
labeled byL. While doing this, we need to keepd2 < b < b(V) whereV is the lattice volume
assumed large enough for larijecontinuum reduction to hold in the confined phase [5, 6]. We
use smeared links in the construction of the Wilson loop ajperto avoid corner and perimeter
divergences.

We obtainb(L), a1 (L) anday(L) such that

lim ¥ (b.N)Ox (y: (%)Z ¢ b he(L) [1+

- D ~7(E.@)  (10.0)

a
vV 3Na2(L)
This is done by fixindN andL and obtaining estimates fog(L,N), a;(L,N) anday(L,N). We then
take the limit adN — o and we check thai(L), a;(L) anday(L) have proper continuum limits as
L — c. The extrapolation to the continuum limit are shown in FigFih. 2 and Fig. 3.
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Figure 2: Extrapolation to the continuum limit of the parameter matgho the scaled variable,
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Figure 3: Extrapolation to the continuum limit of the parameter matgho the scaled variablég,.
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