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We present a method for exploritigdependence in two-dimension&(1) gauge theories which

is based on the calculation of fractionally charged Wilsoopis in thef = 0 theory. Including a
Wilson loop with charge; = 6/2m in the path integral of & (1) gauge theory in two spacetime
dimensions is equivalent to includingfaterm in the two-volume enclosed by the loop. We study
the 6-dependence of the free energy densit@) for the CPt, CP> andCP?° sigma models by
extractinge(6) from the area law of a fractionally charged Wilson loop. E&, £(8) is smooth

in the regionf = m and well-described by a dilute instanton gas approximatiwoughout the
range 0< 6 < 2. For CP® and CP® the energy density exhibits a clear cusp and evidence
for discrete degenerate vacuaét= 11, as expected from largd arguments. FoEP® the 6-
dependence is in good gquantitative agreement with therigaalider largeN predictiong(6) =

3 x:62 throughout the range @ 6 < .
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1. Background

The structure of topological charge in the QCD vacuum is central to aeratahding of
low-energy hadron dynamics. Lattice calculations have provided quaveitadnfirmation of the
relation between topological susceptibility and the mass ofittreeson [[L[R]. The recent observa-
tion of extended, coherent, co-dimension 1 sheets of topological chekdente-Carlo generated
SU(3) gauge configuration§] [3] points to a new paradigm for the QCDurac Contrary to the
standard instanton liquid picture, the vacuum is apparently a “topologindirsaeh” consisting of
alternating sign membranes of topological charge. Longstanding argunfenisten [4] based
on large N chiral dynamics show that, at least at large N, instantons sdmaldpear from the
vacuum and be replaced by codimension-1 membranes which are in facirdavalls between
discrete “k-vacua” where the effective local valueSofliffers from that of the true ground state by
27k, with k an integer. The topological sandwich picture which has emerged from dmeeVCarlo
calculations is quite compatible with these large N arguments. This picture is in sayseamv-
dimensional analog of Coleman’s picture@flependence in the massive Schwinger mddel [5]. In
this model,@ can be interpreted as a background electric field and the domain walls echguged
particles whose world lines have codimension 1. These world lines sepegidas in which the
electric flux differs by one unit, i.eA8 = +271. A similar interpretation oB-dependence applies
to the two-dimensionalPN~! sigma models, which also have a U(1) gauge invariance. Liischer
[A] clarified the analogy between 2D(1) theories and 4D Yang-Mills theory by pointing out the
similar role played by the Chern-Simons tensors in the 2D and 4D theoriesWilben loop in
theCPN—! model is analogous to a “Wilson bag” in QCD, which is an integral of the CStesfs
the Yang-Mills field over a three-dimensional surface. Monte Carlo stuafiise CPN~1 models
[, B] have shown that foN > 3 these models exhibit a topological structure quite analogous to
that observed in lattice QCD, with the vacuum occupied by extended guhepmlogical charge
structures of codimension {][7]. In striking contrast, the topological genalistributions in the
CP! andCP? models are found to be dominated by small instantfns [8]. P& models thus
provide a detailed example of Witten’s arguments that instantons should “mdi€came irrele-
vant at large N. For these models, the instanton melting point is found to e ldbe 4 [F]. (As
discussed by Lusche [9], the valueMfat which instantons become irrelevant may depend on the
lattice formulation, but for any latticization, at least tBB* model is expected to be dominated by
small instantons.)

Although the value of thé@ parameter in real-world QCD is zero to high accuracy, a deeper
understanding of topological charge structure can by obtained bydssimg) gauge theories with
nonzeroB terms. Monte Carlo studies of QCD at nonzérare hampered by the fact that tBe
term contributes an imaginary part to the Eucidean action. As a result, thaexpated action in
the path integral cannot be interpreted as a probabilility, precluding thet diraulation of such
theories by Monte Carlo techniques. Reweighting methods in whicle #efactor in the path
integral is introduced in the ensemble average @ver0 configurations are sufficient for probing
small values oB. But some of the most interesting issues associated with multi-phase strueture a
most directly addressed by studying the regtbr 11, where such methods are ineffective. More
sophisticated techniques for extending the reach of Monte Carlo teclsrigjlerged have shown
promise, but definitive results neéir~ rt are still difficult to obtain by these methods.
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2. Freeenergy of the 8-vacuum

We present a method for explorir@rdependence in two-dimensiondl1) gauge theories
which is based on the calculation of fractionally charged Wilson loops irBthe0 theory. The
results for the free energy(6) = E(0)/V in theCPN~1 models exhibit the power of this method,
providing for the first time direct numerical evidence for a first ordeag#htransition aé = i
for the N > 4 models. By contrast, the instanton domina®®t model exhibits much smoother
behavior in thed = mTregion, as expected from a dilute instanton gas calculation. (Our results do
not rule out a second order phase transitio at 77 in the CP* model, which is expected from
theoretical argument§ JLO]).

The central observation which we exploit here is that, in the path integral2® U(1) gauge
theory, including a closed Wilson loop with charge= 6/2m is equivalent to including & term
in the two-volume enclosed by the loop. If the Wilson loop goes around thedaowodV of a
two-volumeV,

2]
2 _ — .
G/Vd XQ(X) = n}évA dx (2.2)

where
1

QX) = 5 _ewFH” (2.2)
is the topological charge density. Since @RN~! models have nonzero topological susceptibility,
the free energy per unit volumeg 6) = E(8)/V inside the loop is greater thai0) outside. This
gives rise to a linear confining potential between fractional chargegwvaently, an area law for
large Wilson loops. The coefficient of the area law determines the differenvacuum energy

inside and outside the loop:

(W (9)) ~ exp[— (¢(2mq) — £(0)) V] (2.3)

where% = dV. Note that since (0 + 2m) = £(0), the coefficient of the area law is periodic in the
chargeg. At integer values of charge, the confining force is completely screanédhe area term
in the Wilson loop vanishes. The behavior observed in the regionl/2 distinguishes between
an instanton-dominated model and a large N domain wall model. For an instastow, ta dilute
gas approximation gives

£(0)—¢€(0) = xt(1—cosh) (2.4)

where x; is the topological susceptibility. On the other hand, large N consideratjfjrzrédict
quadratic behavior, with periodicity leading to cusps at odd multiples, of

1 .
€(0) —€(0) = Xt Mine 2 (6 — 21k)? (2.5)
Physically, these cusps represent “string-breaking” which occheit is energetically favorable

to screen the background electric flux by one unit frém doto —% + &. For large loops, this can
be interpreted as a first order phase transition taking place inside the loop.
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3. Monte Carlo Results

We study fractionally charged Wilson loops for 881, CP°, andCP® models. As discussed
in Ref. [8], CP! is instanton-dominated, whilgP® andCP® are both above the instanton “melting
point”. It was found that the topological charge distribution @' is dominated, at largg, by
small instantons, while foEP°> andCP? instantons do not appear but topological charge instead
appears in the form of coherent one-dimensional domain wall-like stegtun Ref. [[B] results
for the topological suscepibility were compared with the leading-order lldrgeediction,

3m?

Xt =N (3.1)

whereM is half the nonsinglet meson mass. Lattice calculatio;aising both the overlap and
log-plaquette definitions of topological charde][11] show good agreewigm (B.3) for CP°. For
each of theCPN~! models the value of the coupling const@nivas adjusted to give a correlation
length of~ 5 to 7. [TheCP!, CP° andCP® data were obtained @& =1.2, 0.9 and 0.8 respectively,
for which the meson masses are=0.179(3), 0.186(3) and 0.212(2).]

The calculations were done on %®%0 and 100« 100 lattices and the effect of finite volume
was found to be negligible. By studying these three models, we cover the eanige of topolog-
ical charge dynamics froif8P! which is instanton-dominated, @P° where topological structure
is described with reasonable accuracy by the large N approximation. 3$estin is further sup-
ported by the results fof dependence of the vacuum energy presented in this paper. One of the
most striking features of the Monte Carlo results for fractionally chargdddv loops is the dif-
ference between the behavior@®* versus that ir€P® andCP® in the regionrt < 8 < 271, Since
€(0) is periodic and an even function € its value in this region should be determined by its
value in the range & 6 < by reflection aroundt, (0) = €(2rm— 6). As seen in Figure 1, the
measured value af(8) for CP! (x's) is nicely periodic and symmetric arourt= 71, and in fact
fits well to the dilute instanton gas predictidn {2.4) On the other han@R8r('s) andCP® (o’s),
the coefficient extracted from a simple area-law fit to the Wilson loops caggitm rise beyond
6 = m, violating the expected symmetry. We will argue that the behavi@R3fandCP® for 6 > 1
is an effect of having two nearly degenerate ground states.

This behavior can be easily understood in terms of the large N picflre [4}hich there
are two nearly degenerate quasi-vacua wlean 1. One vacuum has a background electric field
0/2n~ +%. The other is the one in which a unit of flux has been screened sé fRat~ —%. A
Wilson loop with lengttR in the spatial direction and@ in the time direction can be interpreted as
theT-dependent propagator of a “string” operator consisting-efjand a—q charge separated by
Rwith an amount) = 6 /2 of electric flux between them. This state has a large overlap with the
vacuum state containing background flux@f2rm. But for 6 > m, the true ground state is the one
where the flux has been screened by one un&@mr— 1. In order for the Wilson line to couple
to this screened vacuum, the flux string must break via vacuum polarizdtiemthus expected
that, for6 > 1, the Wilson line will have a much larger overlap with the false (unscreeramj)um
than with the true (screened) vacuum. The Wilson loop area law thus tendsleidrmined by the
energy of the unscreened vacuum, evendar 17 where the screened vacuum has lower energy.
Since the Wilson line couples preferentially to the unscreened vacuum, peetetkat our results
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Figure 1: The free energy densitg(8) for CP! (x's), CP® (('s) andCP?® (o’s) extracted from fractionally
charged Wilson loops. The lower and upper curves are thantmh gas and large N predictions, normalized
to the same topological susceptibility. Note that, g2 > % the large N curve is interpreted as the energy
of the false (unscreened) vacuum.

for £(0) are measuring the true ground state energy throughout the rarge @ 1, where the
unscreened vacuum is the true vacuum. By invoking the reflection symnieint @ we obtain a
complete determination @f(9).

The results fore(8) for CP! are plotted in Figure 2. With the topological susceptibility fixed
to the value obtained from the fluctuation of the integer-valued global topalboghargev, x; =
(v2) )V, the solid line is a zero-parameter fit to the dilute instanton gas forrhula (2.4).pisted
(dotted line) is the leading order large N predictieff) — £(0) = %Xtez. The corresponding results
for CP> andCP® are shown in Figures 3 and 4. The solid curve is again the instanton glistjoe
with normalization fixed to the measurggdand the dotted line is the normalized large N prediction.
Unlike theCP?! case, the data shows a clear departure from the instanton gas modeliirettiewnl
of the large N prediction.

In particular, there is convincing evidence tl&#8) has a positive slope & = 71, and since
£(0) = €(2r— 0), this implies a cusp with discontinuous derivative@at 1. Moreover, the
results fore(8) for theCP® model are in good agreement with the large N predictjor] (2.5) in both
the magnitude of; and in the shape of the functi@f). In all of the models sudied, the value of
Xt obtained from fractionally charged Wilson loops usjg= €”(0) is in excellent agreement with
that obtained from the fluctuations of the integer-valued global topologieabe. This agreement
provides evidence that the fractionally charged Wilson loop method givasaurate determination
of £(6) over the entire range @ 6 < 1.
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Figure 2: £(0) for the CP! model. The lower (solid) and upper (dotted) curves are tls&aitton gas and
large N predictions, normalized to the same topologicatspsbility.

CP5 Ely,
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Figure 3: £(8) for the CP° model. The lower (solid) and upper (dotted) curves are tlséairton gas and
large N predictions, normalized to the same topologicatepsbility.
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Figure 4: () for the CP® model. The lower (solid) and upper (dotted) curves are tlséairton gas and
large N predictions, normalized to the same topologicatepsbility.
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