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We compute theéK,3 and pion form factors using partially twisted boundary dtods. The
twists are chosen so that thgs form factors are calculated directly at zero momentum feans
(¢? = 0), removing the need for & interpolation, while the pion form factor is determined at
values ofg? close tog? = 0. The simulations are performed on an ensemble of the RBQICIK
collaboration’s gauge configurations with Domain Wall Fems and the Iwaski gauge action
with an inverse lattice spacing of 1.73(3) GeV. Simulatih@ aingle pion mass of 330 MeV, we
find the pion charge radius to He?)szomev = 0.354(31) fm? which, using NLO SU(2) chiral
perturbation theory, translates to a value(df) = 0.418(31)fm? for a physical pion. For the
value of theK,s form factor, f,, (¢?), determined directly a3? = 0, we find a value of,{,(0) =
0.974241) at this particular quark mass, which agrees well with oulieraresult (0.9774(35))
obtained using the standard, indirect method.
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K3 and pion form factors

1. Introduction

Over the last two years as part of our Domain Wall Fermion (DWF) physizgramme we
have been looking at th€ — /v, (K,3) form factor at zero momentum transfer. Since the experi-
mental rate foK3 decays is proportional t¥,s?| f¢,,(0)|?, a lattice calculation of the form factor,
fKﬁT(qz) atg? = 0, provides an excellent avenue for the determination of the Cabibbeytéshi-
Maskawa (CKM) [1] quark mixing matrix elemen¥/s|.

The uncertainty in the unitarity relation of the CKM matii¥q| + [Vus|> = 1 (we ignore
Vup| since this is very small), is dominated by the precisiofivgf|. In Fig.[]l we show the latest
determinations ofVq| [19] and |Vyg [3]. For comparison, we also show the unitarity relation.
Since it is important to establish unitarity with the best precision possible, it entakthat we
decrease the error jWyg|.

The value off,(0) used in determining/,s|
in figure[] was determined using standard meth-
ods [4, 5] involving periodic boundary conditions 028 (TP TP TP T T T
in the recent paper [3]. There, tigs form fac- ozay— Il 07ATE2D)
tor is calculated atZ,., = (mk — my)? and sev- *:/.(0)101:::;:7)
eral negative values af® for a variety of quark -
masses. This allows for an interpolation of the —,,,
results tog? = 0. The form factor is then chi- o
rally extrapolated to the physical pion and kaon o=
masses. The final result fég,(0) quoted is then e
[3] f¢,,(0) = 0.964433)(34)(14) where the first
error is statistical, and the second and third are es- ™ ™" " M Tt e e
timates of the systematic errors due to the choice ) o

. . . . Figure 1: Bands showing the current limits on
of parametrisation for the interpolation and lattice
: o Vud| [19], and|Vus| [3].
artefacts, respectively. This gives us a value of
Vus| = 0.224914).

More recently, we have developed a method that uses partially twisted &yuswhditions to
calculate theK s form factor directly aty? = 0 [6], thereby removing the systematic error due to
the choice of parametrisation for the interpolatiorgfn We have also used partially twisted bc’s
to calculate the pion form factor at valuesgsfbelow the minimum value obtainable with periodic
bc’s. In contrast to recent studies this allows for a direct evaluatioreaghiarge radius of the pion.
The method was developed and tested in [6] and now applied in a simulation vathgi@rs much
closer to the physical point.

In this paper we discuss our findings for the pion form factor from fig aur progress in im-
proving the precision of our result fd,(0) from [3] using partially twisted boundary conditions.
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2. Simulation Parameters

The computations are performed using an ensemble with light quarkamgss amy = 0.005
and strange quark massn; = 0.04 from a set ofNy = 2+ 1 flavour DWF configurations with
(L/a)3 x T /ax Ls = 243 x 64 x 16 which were jointly generated by the UKQCD/RBC collabora-
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tions [8] using the QCDOC computer. The gauge configurations weregaedewith the lwasaki
gauge action with an inverse lattice spacingot = 1.72928)GeV. The resulting pion and kaon
masses argy; =~ 330MeV andmng ~ 575MeV, respectively.

In this work we use single time-slice stochastic sources [10], for which ldmaents of the
source are randomly drawn from a distributioh= Z(2) ® Z(2) which contains randort(2)
numbers in both its real and imaginary parts. With sources of this form welatdhe computa-
tional cost of calculating quark propagators is reduced by a facto.oftr more details on the
simulations, see [7].

3. TheForm Factors

Here we briefly outline the main features of our method and we refer theréadur earlier
papers for more details [3, 6, 7].

The matrix element of the vector current between initial and final state psealdr mesons
P andPx, is in general decomposed into two invariant form factors:

(Pt (1) IVulR(pi)) = fap, (@) (Pi+ Pt )+ frp, (0F) (P — Pr)us (3.1)

whereq? = —~Q? = (pi — pr)?. ForK — 1, V, = Sy,u, R =K andPs = . Form— 1, V,, =
%LTV,JU — %d_yud, R = Py = rand from vector current conservatioif,(q?) = 0. The form factors
fgpf (%) and fap, (¢?) contain the non-perturbative QCD effects and hence are ideally suited fo
determination in lattice QCD.

In a finite volume with spatial extemtand periodic boundary conditions for the quark fields,
momenta are discretised in units af2.. As a result, the minimum non-zero value®f for the
pion form factor in our simulation ig2, , ~ —0.15 Ge\?, while for theK — 1t form factor

o = (Ex(B) — En(Pr))*— (B — Br)>- (3.2)

For i = 0 and 21/L with pr = 0, we haveg? ~ 0.06 Ge\? and—0.05 Ge\?, respectively, pre-
senting the need for an interpolation in order to extract the result of theffmstor, f,,, atg?> = 0.

In order to reach small momentum transfers for the pion form factorardo for theK — 1
form factors, we use partially twisted boundary conditions [11, 12], ¢éomf gauge field config-
urations generated with sea quarks obeying periodic boundary corsdititmvalence quarks with
twisted boundary conditions [11-17]. The valence quagksatisfy

a(xc+L) = €%q(x), (k=1,2,3), (3.3)

where8 is the twisting angle.
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Our method is decribed in detail in [6, 7] and proceeds by seﬁiﬁgo for the spectator quark,
denoted bygs in the above diagram. We are then able to vary the twisting an@lesgd 6:, of the
quarks beforéqy) and after(q;) the insertion of the current, respectively. The momentum transfer
between the initial and final state mesons is now

¢? = (Ei(Bi, 8) — E (Pr, 6r)) — ((Bi + 6 /L) — (s + 65 /L)), (3.4)

whereE (B, 8) = \/m2+ (B4 6/L)2. Hence it is possible to choosk and 6; such thaty? =
which from now on we refer to aé« and én for when we twist a quark in the Kaon and Pion,
respectively.

In order to extract the matrix eIemen3.1) from a lattice simulation, we consitles of
three- and two-point correlation functions. For the pion form factorcemsider the ratios given
in Egs. (3.4) and (3.5) in [7], while for thi€ — 17 form factors, we consider the following ratios

Cpp t ﬁ. ﬁf CP P(t ﬁfvpl)
R]_ B Ps ﬁl? ﬁf - 4\/ﬁ\/ CPf (tsink: Bi ) CPff (tsink, Pt) ’

Cryp; (1,51, Pr) \/cp, (tsink—t, Bi) Cp (t,Br ) Cpy (tsink, Pr)

(3.5)

Rsre (B, Pr) = = 4y/BE; Cr (tsink,Br) \/ Cr (tsink—t,Pr) Cp, (t,Fi) Cr (tsink, Bi)

We deviate slightly from the method outlined in [6] for extractifig,(0) from the ratios.
Previously we considered only the time-component of the vector cumensalved forf?,(0) =
f(0) via the linear combination

~ Raknl B, 0) (Mk — En) — Ra .k (0, Prr) (Ex — myy)
~ (Ex +my)(mk — E) — (Mk + E) (Ex — Mp)

(@=1,23). (3.6)

This, however, is just one of many expressions that can be obtainadwsdsolve the system of
simultaneous equations that are obtained when we consider all compoh#msvector current,
Vy, rather than just, that was considered in [6]

R kn(6k,0,Va) = f&(0) (Ex + M) + fi(0) (Ex — myy)

Rakn(0, 87,Va) = f¢(0) (M + Ex) + fip(0) (Mk — En)

Rakn(6k,0,M) = 1i(0) 6k + fic,(0) bk

Ra,Kn(67 émvi) = fK+n(O) em f,zn(O) en,i . (3-7)

We can now proceed to solve this overdetermined system of equatiog$ mamimisation.

4. Pion form factor results

In Fig.[2 we show our results for the form factbf(g?) for a pion withm, = 330MeV for
a range of values of? both using periodic bc’s and partially twisted bc’s (set A and sets B&C
respectively in the left plot of figure). The vertical dashed line indictessmallest momentum
transfer available on this lattice with periodic bc’s. The (blue) dashed lineeisetbult of a pole-
dominance fit to our data points, while the (red) dot-dashed curve is obtaimm the result of
QCDSF [18] evaluated ah,; = 330 MeV.
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Figure2: f™(q?) from a 24 x 64 lattice withmy; = 330 MeV using partially twisted bc’s.

On the right of Fig[R we have a zoom into the I@% = —g? region. The triangles are our
lattice data points for a pion witim; = 330 MeV, and the magenta diamonds are experimental data
points for the physical pion.

Because our values @) are very small, we apply NLO chiral perturbation theory (ChPT).
In NLO ChPT, the pion form factor depends only on a single low energtemt (LEC) g for
SU(3), orl§ for SU(2))

(o nio(d) = 1+ 2 [~25e + 47 (18, o 1) (@.)
fla o (@) = 1+flg [AL5 P + 472 (7, o, %) + 252 (Mg, o, 14°)] (4.2)
where
A (P ¢, ) = #Hs(gién?) - 19q22712 '0922 (*-3)
and

45 (x—4) /x—4 V(x=4)/x+1
H(x):—§+ﬁx— 5 ~ IOQ(\/W(—J (4.4)

with H(x) = —x/6+ O(x¥/?) for smallx. Provided our pion mass is light enough, we can use the
¢? dependence of ™(g?) to extract this LEC. The grey dashed curve on the right hand of Fig. 2
shows our SU(2) fit to then,; = 330MeV pion form factor data.

Once the LEC is determined from this fit, we insert the physical pion mag$s Jnht(dbtain
the solid blue curve. In addition we also represent the PDG world avEt@pfr the charge radius
using the black dashed line. Our best estimate for the pion charge radnes doom the SU(2)
NLO ChPT fit to the three lowed? points and is

(r2)y =0.41831)fm?. (4.5)

The fact that our result is in agreement with experiménft) = 0.452(11) fm? [19], gives us con-
fidence that we are in a regime where chiral perturbation theory is aplgicab



K3 and pion form factors

5. K3 form factor results

As explained in Sed] 3, we calculate tie— 1 form factor directly aig® = 0 by setting the
Kaon and Pion in turn to be at rest, while twisting the other one suclythat0. We refer to these
twist angles a®;; and 6k, respectively. We then get the following equations:

(K(pK) Vu|T(0))
(K(0) V| 1t(pr))

)P — Tkn(0)Px,,

= fK+n
= f2(0) Py + fin(0) Py, (5.1)

By simply solving the simultaneous equations

for each of they components separately we 1.10
find that the errors irf,,(0) and f,,(0), are Lost
much larger than the errors in the matrix ele- Look

ments. We have managed to circumvent this

—

by looking at all theu components simultane- =0l
ously, and then performing 2 minimisation Bl
on the overdetermined system of equations to

find the values off,,(0) and f,(0) that best

0.95F {.-

0.851

- ~ ® @ tywisted
0.75 Phs — quad

fit the equations. -- pole

015 2010 —0.05 0.00

To obtain the matrix element$ (b.1), we a?
aq)”

consider different combinations &; andRs

(B.3). We find that all combinations lead to _. 0 /2
istent it ith the best binati Figure 3: K3 form factor, f/,(q°), evaluated at
consistent results, wi € best combination ¢? = 0 directly using twisted boundary conditions.

being that we us®s for all matrix elements  Regyits are compared with datacgt 0 and fits
except for the case where the pion is twistedfrom [3]

and we are considering thé"4omponent of

the vector current. Using this set up, we obtain our preliminary result§fai0) and f,(0) (for
a pion mass oifn; = 330MeV)

f{ (0)=0.974241), f (0)=-0.11312). (5.2)

Our result forf, (0) = f2,(0) is shown in Fig[[3 where we compare with the previous determi-
nations in [3] which used polé, ,(0) = 0.977435) and quadratid,,4(0) = 0.974959) func-
tions to interpolate betweetg,,, and negative values af®. In our previous resultfy, (0) =
0.964433)(34)(14), these were combined, taking a systematic error of (34) for the modehdepe
dence. This contribution to the error has been eliminated in our new calculation

We conclude that using partially twisted bc’s for gy form factor, is an improvement on
the conventional method as it removes a source of systematic error, whidngecomparable
statistical errors. Another source of systematic error in our result is (e to the slight difference
between our simulated strange quark mass; (+ ames ~ 0.043) and the physical strange quark
(ams+ames~ 0.037) [8], and we are in the process of determining the effect this haaroesult
through a simulation with a partially quenched strange quark maamot ames~ 0.033. We
also plan to combine our results with the latest expressions from chiratip&tittn theory [20].
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