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1. Introduction

Exclusive decays oB-mesons provide important tools to test the Standard Modédlta
search for physics beyond it. Hadronic inputs encoding gbftsics are not only form factors
but also light-cone distribution amplitudes (LCDAS). Inrfigular theB-meson LCDASs enter the
parametrization of the hard-scattering part of hadronitrimmalements of bilocal current opera-
tors where large momentum is tranferred to the soft spactptark [1-10]. Impressive progress
has been made in the calculation of the hard scattering ardes entering factorization theorems,
see e.g. [11-15] for th& — PP case, but one limiting factor for the extraction of fundamtaén
parameters is the uncertainty coming from the hadronictidRacent years have seen several anal-
yses concerning the renormalization properties [16, 1Jat8 the shape of thB-meson LCDAs
[4, 18, 19, 20, 21, 22, 23]. Up to now these analyses werdaestrto the two-particle case or to
leading order with the exception of [23]. Here we presentdsalts of [24] for the renormalization
of the two-particleB-meson LCDASs taking into account mixing with three-parto@RAs and in
section (2.3) the results of a new calculation for the cormttom of three-particle LCDAY, — Wy
entering the equations of motion.

2. One-loop calculation with three-parton external state

The relevant two- and three-parton distribution amplitudee defined aB to vacuum matrix-
elements of a non-local heavy-to-light operator, whichdssia the two-particle case [4]

0% (220(n)a(0/8(P) = 177 | (149 (5.0 360301 )1 @)

and in the three-particle case [21] (the most general deositign without contraction with a
light-like vector is given in [25]):
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We use light-like vectora.. so that every vector can be decomposed as

n_ n n_ n
Qu = (N4 -q)T’“—i—(n, 'Q)%‘FQLH = Q+T"“+Q—%+qw’

P =n"=0 n.-n =2 v=(n.+n)/2 (2.3)

The computation of the renormalisation properties of tharithution amplitudes requires us to
consider matrix elements of the relevant operators

Ol (w) = 5. [ dtd (02 (2.0} Thy(0) H) (2.4)
oM w) = %T / dtd® (0|q(2)[z O]_hy(0)|H) (2.5)
O (w,€) = (2711)2 / dteet / dud ™ (0/§(2) [z UAGsGpu (U2 [UZ OThy(O)[H)  (2.6)
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Figure 1: The three leading-order contributions to the matrix elenoérO, with a three-parton external
state.

with z parallel ton,, i.e. z, =tn, ,, t =v-z=z_/2 and the path-ordered exponential in the
direction:

2,0] = Pexp [igs /0 ZdyuA“(y)} (2.7)
— 1+igs/olda z,A¥(az) —gg/olda /Oa dBz, z, A(az) A (B2) +... (2.8)

The Fourier-transforms of the different distribution ailes are then defined via

(pi(w):%T/dté‘*’t(ﬁi(t) F(w,s):L/dt/dutéwﬂf)tﬁ(t,u) (2.9)

(2m)?
whereF = Wy, Wa, Xa, Ya. Since the renormalization of the operators is indepenolghk infrared
properties of the matrix-elements, we can choose an oh{srbnic external state consisting of a
light quark, a heavy quark and a gluon in equation (2.6). Biselting leading-order diagrams are
shown in figures 1 and 2. Next-to-leading order (NLO) diagsare obtained by adding a gluon
or a quark loop (a ghost loop) in all possible places (for ameite list of diagrams, see [24]).
Since the operators give rise dadistributions in the+-component of the momenta, we chose to
proceed via the theorem of residues. To be more explicit, @sdmhposed the loop momentum
in light-cone components, picked up the poles inlthéntegral and performed tHe -integration
in dimensional regularization with = 2 — 2e dimensions. Additionag-poles arise through the
| -integration for diagrams where a gluon is exchanged betwreeWilson-line from the operator
and the heavy-quark field. These are related to the cusp dowsndimension, see e.g [26, 27],
stemming from the intersection of one light-like Wilsondifrom the path ordered exponential in
the operator and one time-like Wilson line from the intei@cof soft gluons with the heavy quark.
The additional poles give rise tgé—terms as well as Sudakov logarithms.
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Figure 2: Leading-order contribution to the matrix element @, with a three-parton external state.

21 @, -case

In the @, -case there is no mixing from three-particle distributiompditudes.y, 3 = 0 at order
as. We confirm the result for the anomalous-dimension matnixtbin [16]

0(w — O(w— o
Vi (0,0 p) = (Féﬁ)SplogngW)) d(w—w)— éﬁé@(w((iy_agfrw((z_:y))) (2.10)
+

with

[f(a),w’)L = f(oo,w’)—5(w—w’)/da)’f(w,a)’) r((::LLJ)sp: 4 W=

2.2 @_-case
The @_ case is more involved. After coupling-constant and extdagarenormalization there

remains a genuine three-particle term. The renormalizagimup equation to ordems can be
written as

¢ (w;H) / 1)
dlogn ( da)y< (w, ;1)@ ()

+ / dew/'dé'y)(w, w’,é’;u)[wA—wm’,z’;m) (2.11)
whereyfl) is the result from [17]
VD (w,ap) =y - rcuspr_w) 2.12)
and yﬁlé from [24]

#0008 = 4| S (n-20e) | 20l — w4 2SS
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o W w1 Ol — &
e E))]}L
(2.13)
where we defined the--distribution with three variables as
[f(w,w’,f’)L _ f(w,w’,f’)—6(@—@’—5’)/dwf(w, W, &) (2.14)
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2.3 Wa— Wy -renormalization and equation of motion constraints

Here we report on an up to now unpublished calculation of #m@mmalization of the three-
particle LCDAsWa — Wy,. We project on the relevant distribution amplitudes in diqua(2.3)
usingl = yi‘mni_yg (although a/# instead ofyi‘ yields the same result). The calculations go along
the same lines as in the previous two cases, even thoughishendy one leading-order structure
(shown in figure 2) and NLO diagrams must have one gluon athtbthe vertex in order not to
vanish trivially. For convenience the result is splittetbi@r- andCa-colour structures.

Y (0.0 E) =2 [5(03_0/){%@(5’—5)— [@.(s%_;/)]j [g%k}
+ 5(5—5'){[7@S)__5/)L [%7655)/__ w>L}+5(w+E—w’—E’)
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W
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Viao (.86 &) = V(0,6 )3(E — &) + Yaga(w.&. &)
Vena(@,&,0 &) = 48(w+& — o — &)

£20(w &) wO(¢& —w) é w—¢’'
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(2.16)

with yf) the same as in equation (2.10) a\é@ defined as in (2.11) with obvious changes. Part of
this calculation, namely the light-quark-gluon part, hastbcalculated in a different context and a
different scheme, e.g. in [29, 28].

In [21] two equations from the light- and heavy-quark equadiof motion were derived

W@ (W p) + @ (wip) = (W), (- 2Ny (w; )+ we_(w; i) = I(w;p), (2.17)

wherel (J)(w; 1) are integro-differential expressions involving the thpeeticle LCDASWA — Wy
(Wa + Xa and¥y ) respectively. While the second equation was shown not li Iheyond leading
order in [17, 23] we have checked that the first one is valideonormalization is taken into
account. Taking the derivative of the first equation withpest to logu, inserting

—2—/ /w T af [Wa(p. &5 1) — Wy (p, & )] (2.18)

and using the relation from [17]

1de ) IV
ogs [ T .6 = i) (2.19)
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one arrives at the following equation

d / / / / / / / /
o [ daldey (0,0 &) (WAl &) — W (@ &' 1)

d (¢, [® dEd
+ Z/da)’yil)(w,w’;u)m/o dp/w,_p;ﬁ(wA(nyiﬂ)—WV(Paf;IJ))
/ / d © e d a / T/ / / / /
—2 [aaa' g [“dp |7 A0 £ 0 (a(@. 80— W (.8 ).

(2.20)

which can be proven to hold at ordet by simple insertion of the respective evolution kernels
(2.10), (2.13), (2.15), (2.16). This non-trivial outcomiges us further confidence concerning the
renormalization group properties of the LCDAs.

3. Conclusions

The presence af(w — ') log(u/w) in the renormalization matrices gives rise to a radiative
tail falling off like (logw)/w for large w. Therefore non-negative moments of the LCDAs are not
well defined and have to be considered with an ultravioletodu[16, 17, 22, 23]

N Aoy N
(@) = [ doa g (wip) (3.1)
For @_ it is interesting to examine the limit
A\
im [ dow 2w, E)=0 N=01 2Y—_—yd (3.2)
Ayv— Jo ’ 2™

which is relevant for the calculation of the three-partictmtributions to the moments:
7Y N
/ Y dwaM e (wp) = 1+ Z—; (/dw’ ¢ (o) / " dwaN 2 (w, ;) (3.3)
0 0

' ; 1o/ ) oz Auv N (1) )z
—/dwdé (2—D)[Wa—W](, & )/O dow"z 53(w,w, ')

Therefore as stated in [17] three-patrticle distributiorplimdes give only subleading contribution
to the first two momentsN = 0, 1) and we have explicitly checked that this statement cabaot
extended to higher momentisl > 2).

The next step consists in using the renormalization prigseas a guide to go beyond the ex-
isting models derived from a leading-order sum-rule calttoh resulting inVa = Wy [20] and to
analyze their influence o@_. Finally, for practical calculations involving three-giale contribu-
tions, one would need the evolution kernels for the all ¢\ CDAs, which will be the subject
of a future work.
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