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We investigate the role of the nucleon recoil for antikaon-deuteron scattering using EFT. In par-

ticular, we show that the leading correction to the static term that appears at orderξ 1/2 (where

ξ = mK/MN) cancels completely in the double scattering process. We calculate the higher order

recoil corrections and study the pattern of convergence of the expansion method. We find that the

recoil correction to the double scattering process is of order of 10-15% of the static contribution.
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1. Introduction

A combined analysis of pionic hydrogen and pionic deuterium, which has been carried out
recently, see e.g. Ref [1], has marked a significant progresstowards a precise extraction of the
pion-nucleon interaction parameters at threshold. One mayexpect that, in analogy to the above
case, the properties of thēKN interaction could be investigated by using a combined analysis of
kaonic hydrogen and kaonic deuterium. The data on this sort of bound systems are provided by the
ongoing experiment of DEAR/SIDDHARTA collaboration, which plans to measure the 1s energy
level shift and width of kaonic hydrogen and kaonic deuterium eventually with an accuracy of
several eV [2]. Note however that in contradistinction to the πN case theK̄N scattering length is
known to be large (of order of 1 fm) and strongly absorptive. Thus, in the kaonic case we have to
solve a system of four Deser-type equations to determine thereal and imaginary parts of thēK−p
(ap) andK̄−d (AKd) scattering lengths independently:

∆E1s− i
Γ1s

2
= −2α3µ2ap(1−2µα(lnα −1)ap)

∆Ed
1s− i

Γd
1s

2
= −2α3µ2

dAKd

(

1−2µdα(lnα −1)AKd

)

, (1.1)

whereµ(µd) stands for the reduced mass of thēKN (K̄d) system. In the next step, one has to
express the quantitiesap andAK̄d through the isoscalar and isovector S-waveK̄N scattering lengths
b0,b1, which are defined in the isospin-symmetric world. TheK−p scattering length,ap, up to
isospin symmetry breaking effects (ISB) that are derived inRef. [3] and found to be significant,
is just a linear combination ofb0 andb1: asym

p = b0 − b1
1. The situation is totally different for

the kaonic deuterium, even in the absence of isospin breaking. During the last few decades, the
problem ofK̄d scattering at low energy has been studied thoroughly withinthe framework of Fad-
deev equations. However, the results of these calculationsare of no direct use in the analysis of
the SIDDHARTA data. In particular, these calculations do not provide an explicit relation ofAK̄d

andb0,b1, which is needed for the analysis. On the contrary, the multiple scattering series for the
K̄d scattering length (see, e.g., [5, 6]) is well suitable for the analysis. It has been pointed out
in Ref. [6] that the non-relativistic effective field theory(EFT) provides an ideal tool to produce
the multiple-scattering expansion. The reason why the multiple-scattering expansion for thēKd
scattering is useful, is due to the presence of two distinct momentum scales. Whereas theNN in-
teractions and 3-bodȳKNN interactions are mediated at large distances by the one-pion exchange,
the dominant long-distance contribution to thēKN scattering comes from the two-pion exchange.
For this reason, one may treat̄KN interactions as point-like, whereasNN and K̄NN interactions
will be described by non-local potentials. It is well known that theK̄N scattering lengths are large
due to the presence of the subthresholdΛ(1405) resonance, and the multiple-scattering series does
not converge. Therefore the full infinite set of Feynman diagrams needs to be summed up to get a
correct result for thēKd amplitude. It was shown in Ref. [6] that the EFT calculation designed in
this manner at leading order reproduces the results of the multiple scattering theory derived in Ref.
[5]. Note however that to arrive at this result the nucleon kinetic energies have been neglected in

1Note that an extraction of theK−p scattering length derived within chiral unitary approaches from fits to available
low-energyK−p scattering data has been done in Ref. [4].
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Figure 1: Diagrams of double meson scattering off nucleons in the deuteron

the propagators of the Feynman diagrams, i.e. the so-calledfixed center approximation (FCA) was
employed. The validity of this approximation is the centralquestion that needs to be addressed to
enable a reliable determination of thēKN scattering lengths from the data. Indeed, due to a large
mass of the kaon, the parametermK/MN that controls the effect of the nucleon recoil is also large
(∼ 0.5). Thus, it is natural to conceive that the inclusion of the nucleon recoil would affect the re-
sults of the combined analysis of kaonic atoms. On the other hand, it is known that the FCA results
of the multiple scattering theory are in a surprisingly goodagreement with the calculations based
on the Faddeev equations (see e.g. Ref. [7] for a detailed discussion of this topic) which indicates
the appearance of some sort of cancellation between different recoil contributions. In this work
we investigate the role of the nucleon recoil forK̄d scattering within EFT. The key assumption for
the study is that the expansion inξ = mK/MN is perturbative for each particular diagram, even if
the multiple scattering series are not. We will verify this assumption by explicit calculations of the
recoil effect in the double scattering process.

2. What do we know about nucleon recoil?

Historically, the appearance of sizable cancellations in the case of theπd scattering length was
first pointed out in the papers by Kolybasov et al. [8] and, independently, by Fäldt [9] where it was
claimed that the naive static term provides a good approximation for rescattering effects. Recently,
the role of the recoil effects was investigated forπd scattering and for the reactionγd → π+nn
within EFT [10, 11]. It was shown, in particular, that the 3-body singularity that occurs in theπNN
intermediate state is the origin of non-analytic corrections to the static term of order of

√

mπ/MN.
It was also found that there is a direct connection between the role of the recoil effect and the
Pauli selection rules for the intermediate NN state. In the case when the S-wave NN interaction
is forbidden by the Pauli principle, the leading

√

mπ/MN correction cancels in the diagrams of
doubleπN scattering (diagrams a) and b) in Fig.1, thus resulting in the small net contribution. The
situation is different in case when the S-wave NN interaction is allowed (see diagram c) in Fig. 1).
First, the leading

√

mπ/MN correction does not vanish here (the contributions from diagrams a) and
b) appear with the same sign). That is why it was concluded in [10, 11] that the recoil effect should
be significant in this case. Secondly, the additional diagram with the S-wave NN interaction in the
intermediate state must be also taken into account in the calculation. In the processγd → π+nn,
the intermediate NN interaction appears to be in the1S0 partial wave. Since NN interaction in
the 1S0 partial wave differs considerably to the one in the3S1 partial wave, there is noa priori
reason to expect any kind of cancellation between the recoilcorrection from diagrams similar to
a) and b) and the contribution of diagram c). However, forπd andKd scattering the intermediate
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and final state NN interaction occurs in the same channel (3S1 −3D1) 2 . Therefore, a combined
consideration of all diagrams of Fig.1 is needed to concludeabout the recoil effect. Note that the
Pauli-allowed recoil correction forπd scattering goes along with the isoscalarπN scattering length
squared which makes this effect negligible. This is, however, not the case forKd scattering where
both the isoscalar and isovector interactions are of a similar (and large) size.

3. K̄d scattering: Recoil effect in the double scattering process

Despite the well-known fact that the multiple-scattering series for theK̄d scattering are non-
perturbative, at the first stage of our investigation we concentrate on the double-scattering diagram.
The aim is to demonstrate the technique used to obtain a systematic expansion of any Feynman
diagram in (generally non-integer) powers of the parameterξ . To this end, we apply the perturba-
tive uniform expansion method presented in Ref. [12]. The same results can be also obtained using
the threshold expansion method of the Feynman diagrams in EFT developed in Ref.[13]. First, it
can be shown that our amplitude for the double (see Fig.1) as well as multiple scattering process is
expanded in powers of

√

ξ

M = Mst +
√

ξM1+ ξ M2+ ξ 3/2M3+ · · · (3.1)

whereM is related to theK̄d-scattering length viaM = 16πMN(1+ ξ/2)AK̄d. The validity of this
expansion and the pattern of convergence for the double scattering will became clear later in this
paragraph. To calculate the amplitudesMi we follow the procedure of Refs.[12, 13]. In particular,
for double scattering one gets (see Ref.[10] for more details)

M =Ma+Mb+Mc = 2MN(8π(1+ ξ ))2{b2
0 (Ist+I0+INN+∆Ist)−3b2

1 (Ist−I1+∆Ist)
}

,

I0(1)=
∫

d3pd3l
(2π)6

[

Ψ2

(

~p+
~l
2

)

±Ψ

(

~p+
~l
2

)

Ψ

(

~p−
~l
2

)][

1

l2+ξ
(

2(p2+γ2)+l2/2
)− 1

l2(1+ξ )

]

,

INN =
ξ

MN

∫

d3pd3qd3l
(2π)9

Ψ
(

~p+
~l
2

)

Ψ
(

~q+
~l
2

)

MNN(p,q,E(l))
[

l2 + ξ
(

2(p2 + γ2)+ l2/2
)][

l2 + ξ
(

2(q2 + γ2)+ l2/2
)] ,

Ist =
∫

d3pd3l
(2π)6

Ψ
(

~p+
~l
2

)

Ψ
(

~p−~l
2

)

l2 ; ∆Ist = − ξ
1+ ξ

Ist (3.2)

whereΨ is the deuteron wave function,MNN is the invariant NN amplitude3, γ2 = MNεd with
εd being deuteron binding energy, andE(l) = εd + l2

2mK
+ l2

4MN
. Here, Ist corresponds to the LO

static (FCA) result when allξ corrections are dropped. The recoil corrections corresponding to
the Pauli-allowed (forbidden) S-wave NN intermediate state in diagrams a) and b) of Fig.1 are
represented by the integralsI0 and∆Ist (I1 and∆Ist). For the Pauli-allowed NN state there is also a
contribution of the diagram c) given by the integralINN. Thus, let us define the recoil corrections as
∆I1 =−I1+∆Ist and∆I0 = I0+ INN+∆Ist for isovector and isoscalar̄KN interactions, respectively.
There are three relevant regimes in these integrals:
1) the regime of a 3-body singularity (smalll )

2Note that the relevant momenta in the integrals are of order of mπ . Therefore the contribution of the D-waves
should be significantly suppressed as compared to the S-wavepart.

3On shellMNN is related to the scattering amplitudef = (kcot(δ )− ik)−1 via MNN(k,k,E(k)) = 16πMN f (k)
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Figure 2: Recoil corrections in the double scattering process for theisovector (left panel) and isoscalar
(right panel) cases. The notation of the curves is given in the text. The arrows indicate the results forπd-
andK̄d-scattering

l2

2mk
≃ p2

2MN
=⇒ l ∼

√

ξ p, p∼ 〈1/r〉w f ;

where〈〉w f denotes averaging over the deuteron wave functions. In thisregime, the integrals gen-
erate terms with non-integer powers ofξ (

√

ξ ,ξ 3/2,...) in Eq.(3.1).
2) The heavy-baryon regime (largel )

l ∼ p∼ 〈1/r〉w f .

In this regime, the integrals produce terms with integer powers ofξ .
3) The intermediate regime, in which

√

ξ p≪ l ≪ p.

In the current calculation we employ NN interaction in the separable form which allows for an
analytic study of the recoil corrections. In this case the deuteron wave function has a Hulthen form
and its D-wave component is neglected

Ψ(p) = Ng(p)(p2 + γ2)−1, g(p) = (p2 + β 2)−1, with N =
√

8πγβ (γ + β )3.

Performing the expansion of the integrals in each regime it can be easily demonstrated that
there is a complete cancellation of the recoil corrections at order

√

ξ . One gets at this order

I0(1) = −2ξ
∫

d3p
(2π)3

[

Ψ2 (~p) ± Ψ2 (~p)
]

(p2 + γ2)

∫

d3l
(2π)3

1

l2

1

l2 +2ξ (p2+ γ2))

=







−
√

ξ√
2π
∫ d3p

(2π)3 Ψ2 (~p)
√

p2 + γ2 for isoscalar case

0 for isovector case.

The integralINN at the same order gives

INN =

√

ξ√
2π

∫

d3p
(2π)3 Ψ2(~p)

√

p2 + γ2.

Thus, one getsI1 = 0 andI0+ INN = 0, i.e. there is no recoil corrections at order
√

ξ . Note that for
πd-scattering a similar result was obtained in Ref. [9] using apotential approach. Thus, the recoil

5
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Figure 3: Recoil corrections in the dou-
ble scattering process for the isovectorK̄N
interaction. Convergence of the expansion
in ξ . The notation of curves is explained in
the text. The arrows indicate the results for
πd- andK̄d-scattering.

corrections to the static term both for isoscalar and isovector K̄N interaction will start from the term
linear inξ . In Fig. 2, we give the results for the recoil correction (in units of the static termIst) for
isovector (left panel) and isoscalar (right panel) contributions as a function ofξ . The results of our
full numerical calculation without expanding inξ are shown by the solid curves. Surprisingly even
for K̄d scattering the nucleon recoil effect turns out to be not thatlarge as one coulda priori expect.
As can be seen from the figure the nucleon recoil for the doublescattering process amounts just to
10-15% of the static contribution. To understand the smallness of the effect more explicitly let us
compare the results of the full calculation with those of ourEFT calculation. Our results at order
ξ are shown by the dashed lines. Fig. 2 shows that for the isovector case the full recoil correction
changes its sign in the interval considered, and that the linear approximation in this case fails to
describe the total result. On the other hand, the recoil correction in the isoscalar case has a constant
sign, and the linear approximation yields reasonable description. To see how does the expansion in
ξ converge in the case of the isovectorK̄N interaction, we have calculated higher-order terms inξ .
The results are given in Fig. 3. The thick red line is again thefull result, solid lines represent the
results calculated up to and including some non-integer power of ξ , whereas the results shown by
dashed lines include, in addition, the next integer power ofξ . Fig. 3 demonstrates that already at
orderξ 2 one gets the bulk of the effect whereas the orderξ 4 provides a very good approximation
to the underlying result for̄Kd scattering. It is seen that there is a huge cancellation between the
results at leading integer (ξ ) and leading non-integer (ξ 3/2) orders that even leads to a change
of sign for the recoil effect. Further, while improving convergence at smallerξ , an inclusion of
new non-integer terms results in the oscillatory behavior around the full result at largerξ . Thus,
we conclude that the smallness of the net recoil effect is accounted for by specific cancellations
amongst different recoil corrections.

4. Summary

We have studied the nucleon recoil effect forK̄d scattering using EFT. Specifically, using the
expansion method of the Feynman diagrams in EFT, we have calculated recoil corrections to the
double scattering process in a systematic expansion in the half-integer powers of the parameter
ξ = MK/mN. It is shown that the leading correction to the static term, which emerges at order
ξ 1/2, cancels completely both for isoscalar and isovector typesof K̄N interaction. The origin of the
cancellation for the isovector case can be explained by the Pauli principle whereas for the isoscalar
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case it stems from the orthogonality of the bound state (deuteron) and continuum (NN intermediate
state) wave functions in the3S1 partial wave. The coefficients of higher order terms in the expansion
appear to be of a natural size and the series converges even for the value ofξ corresponding to the
physical kaon mass. The relative smallness of the net recoileffect can be explained by specific
cancellations of recoil corrections at different orders. Amore detailed discussion of this and other
aspects can be found in the upcoming publication [14].
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