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1. Introduction

Hawking discovered that black holes radiate as black bodiesas seen from infinity. The original
derivation [1, 2] involves explicit calculation of particle content in particular vacuum in the context
of QFT in curved space-time. Hawking radiation seems to be universal effect that accompanies the
existence of the horizon. It has not been seen experimentally yet. Nevertheless, it seems robust
in the sense that: different independent derivations agreeabout the temperature of the radiation;
Hawking radiation exists for all types of black holes and even for horizons which are not related to
black holes (such as cosmological horizons); it is kinematical effect and independent of the gravity
theory under consideration; it completes the picture of black hole thermodynamics by justifying
the identification of temperature with surface gravity. Seee.g. [3], [4] for further discussion.

Some time ago Hawking’s radiation was derived using trace anomalies [5] (see also [6, 7,
8]) and more recently using diff anomalies [9]. Diff anomalyapproach was further developed
in [10, 11, 12] (for a review, see e.g. [13]). One hopes that anomaly approach can explain the
robustness of Hawking radiation. In the following we reviewthe trace anomaly approach, the
recent [14, 15, 16, 17] calculation of spectrum of Hawking radiation using anomalies and note the
nonexistence of the anomalies for higher spin currents [16,17]. We consider a Schwarzschild black
hole dimensionally reduced to two space-time dimensions.

2. Trace anomaly method for calculating Hawking radiation

We work in the background given by

ds2 = f (r)dt2− 1
f (r)

dr2 (2.1)

The conservation equation and trace equation are anomalousand have the form:

∇µTµ
ν =

h̄
48π

cR−cL

2
εν µ ∂ µR (2.2)

and

Tα
α =

h̄
48π

(cR+cL)R (2.3)

By integrating (2.2) and (2.3) we get

Tuu(u,v) =
h̄

24π
cR

(

∂ 2
u ϕ − 1

2
(∂uϕ)2

)

+T(hol)
uu (u) (2.4)

whereϕ = log f , u = t − r∗,v = t + r∗. The quantityT(hol)
uu (u) is an integration "constant" with

respect tov.
Now, consider the case whencR = cL, which leaves us only with the trace anomaly. We

introduce Kruskal coordinatesU = −e−κu andV = eκv. Under this transformation we have

T(hol)
UU (U) =

(

1
κU

)2(

T(hol)
uu (u)+

h̄cR

24π
{U,u}

)

(2.5)
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We put in boundary conditions: (1)T(hol)
UU (U) regular at the horizonU = 0 (which implies in

particular thatTuu(r = rH) = 0) (2) Tvv = 0 at infinity (since we consider the situation when there
is no incoming flux):

T(hol)
UU (U) is regular at horizon (2.6)

Tvv = 0 at infinity

Now the flux at infinity can be calculated (see e.g. [14])

〈Tr
t 〉 = 〈Tuu〉 − 〈Tvv〉 =

h̄κ2

48π
cR (2.7)

3. Spectrum of Hawking radiation and W∞-algebra

Iso, Morita and Umetsu [14] noticed that the vacuum expectation values of fluxes of certain
higher spin currents at infinity reproduce the moments

Fs =
g∗
4π

∫ +∞

−∞
dk

ω ks−2

eβω −1
(3.1)

of the energy distribution of the blackbody spectrum in the same way as spectrum of spin 2 current
(i.e. energy momentum tensor) reproduces total energy i.e.F2 moment. This higher spin currents
need to be somehow prescribed. In [14] prescriptions for bosonic higher spin currents are given, but
there remains an arbitrariness in relative constants of theterms with the same number of derivatives.

To fix better the definition of these currents, one can choose the currents that satisfy certain
properties, such as symmetries. To this end, the currents determined byW∞-algebra were used in
[16]. The currents are defined by (see [18] and also [19, 20, 21])

j(s)z...z(z) = B(s)
s−1

∑
k=1

(−1)kAs
k :∂ k

z φ(z)∂ s−k
z φ(z) : (3.2)

whereφ is a complex scalar field with

〈φ(z1)φ (z2)〉 = − log(z1−z2) (3.3)

〈φ(z1)φ(z2)〉 = 0

〈φ(z1)φ (z2)〉 = 0

and

B(s) = (− i
4
)s−2 2s−3s!

(2s−3)!!
, As

k =
1

s−1

(

s−1
k

)(

s−1
s−k

)

(3.4)

They satisfy aW∞ algebra [18]. It is worth recalling that thisW∞ algebra has a unique central
charge, which corresponds to the central charge of the Virasoro subalgebra. The first few currents

3
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are

j(2)
zz = − :∂zφ∂zφ : (3.5)

j(3)
zzz =

i
2

(

:∂zφ∂ 2
z φ : − :∂ 2

z φ∂zφ :
)

j(4)
zzzz=

1
5

(

:∂zφ∂ 3
z φ : −3 :∂ 2

z φ∂ 2
z φ : + :∂ 3

z φ∂zφ :
)

j(5)
zzzzz= − i

14

(

:∂zφ∂ 4
z φ : −6 :∂ 2

z φ∂ 3
z φ : +6 :∂ 3

z φ∂ 2
z φ : − :∂ 4

z φ∂zφ :
)

j(6)
zzzzzz= − 1

42

(

:∂zφ∂ 5
z φ : −10 :∂ 2

z φ∂ 4
z φ : +20 :∂ 3

z φ∂ 3
z φ : −10 :∂ 4

z φ∂ 2
z φ : + :∂ 5

z φ∂zφ :
)

where normal ordering is defined as

:∂ nφ∂ mφ := lim
z2→z1

{

∂ n
z1

φ(z1)∂ m
z2

φ(z2)−∂ n
z1

∂ m
z2
〈φ(z1)φ(z2)〉

}

(3.6)

As usual in the framework of conformal field theory, the operator product in the RHS is understood
to be radial ordered.

Now, in order to use the trace anomaly approach we need to find covariant version of these
currents. This was done in [16] following [14]. According tothe recipe explained there, the
covariant counterpartJ(s)

u...u of j(s)u...u should be constructed using prescription

:∂ n
u φ∂ n

u φ :→ e(n+m)ϕ(u) lim
ε→0

{

e−nϕ(u1)−mϕ(u2)∇n
u1

φ∇m
u2

φ − cn,mh̄
εn+m

}

(3.7)

wherecm,n = (−)m(n+m−1)! are numerical constants determined in such a way that all singular-
ities cancel on the right hand side.

After some algebra one gets

J(2)
uu = j(2)

uu − h̄
6
T (3.8)

J(3)
uuu = j(3)

uuu

J(4)
uuuu = j(4)

uuuu+
h̄
30

T
2 +

2
5
TJ(2)

uu

J(5)
uuuuu = j(5)

uuuuu+
10
7

TJ(3)
uuu

and

J(6)
uuuuuu =

(

−2h̄
63

T
3 +

5h̄
504

(∂uT)2− h̄
126

T∂ 2
uT (3.9)

−2
3
T

2J(2)
uu − 1

21
T∇2

uJ(2)
uu − 1

21

(

∂ 2
uT

)

J(2)
uu +

5
42

(∂uT)∇uJ(2)
uu

− 5
21

ΓT∇uJ(2)
uu − 5

21
Γ2

TJ(2)
uu +

5
21

Γ(∂uT)J(2)
uu

)

− 5
24

TJ(4)
uuuu+ j(6)

uuuuuu

where

T = ∂ 2
u ϕ − 1

2
(∂uϕ)2 (3.10)
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These equations are the higher spin analogs of (2.4). It is possible to calculate analogs of (2.2)
and (2.3) for these higher spin currents i.e. to calculate their trace and diff anomalies (see [15] for
a discussion). Putting in boundary condition analogous to (2.6), one is able to calculate fluxes at
infinity corresponding to these currents. The fluxes reproduce correctly the momentsFs (3.1) of
Hawking radiation. It should be noted that the currents (3.8) and (3.9) do not (fors> 21) possess
trace anomalies (in the regularization scheme (3.7) used).Instead, the Hawking radiation and its
moments derive only from trace anomaly of energy momentum tensors= 2, together with trans-
formation properties of higher currents (details in [16]).It was shown in [16], using cohomological
methods, that there could be no trace anomalies fors = 4 current. Furthermore in [17], it was
shown, that there could be no consistent diff anomalies fors = 4 currents. In the following we
outline the proof for the case of trace anomalies and, very briefly, the proof for the case of diff
anomalies.

4. Absence of trace and diff anomalies for s= 4 current

The covariant form of the current discussed in the previous section does not give rise to any
trace anomaly. This is at variance with ref.[15], where the fourth order covariantized current ex-
hibits a trace anomaly which is a superposition of three terms: ∇µ∇νR, gµν�R andgµνR2. It is
therefore important to clarify whether these are true anomalies or whether they are some kind of
artifact of the regularization used to derive the results.

We look at the possible anomalies of the fourth order currentJ(4)
µνλρ which couples in the action

to the background fieldB(4)
µνλρ ≡ Bµνλρ , both being completely symmetric tensors. The relevant

Weyl transformations are as follows. The gauge parameters are the usual Weyl parameterσ and
the new Weyl parametersτµν (symmetric inµ ,ν). The variationδτ acts only onBµνλρ (see [22])

δτBµνλρ = gµν τλρ +gµλ τνρ +gµρ τνλ +gνλ τµρ +gνρ τµλ +gλρ τµν (4.1)

while δσ acts ongµν , τµν andBµνλρ in the following way

δσ gµν = 2σ gµν (4.2)

δσ τµν = (x−2)σ τµν

δσ Bµνλρ = xσ Bµνλρ

wherex is a free numerical parameter. The transformation (4.2) ofτ andB are required for consis-
tency with (4.1). The actual value ofx turns out to be immaterial.

Note that Ward identity forδσ for energy momentum tensor gives the trace anomaly equation.
In the same way for spin 4 current the Ward identity forδτ would give the corresponding trace
anomaly equation.

Next step is to promoteσ andτ to anticommuting fields:

σ2 = 0

τµν τλρ + τλρ τµν = 0

σ τµν + τµν σ = 0

1We verified this up to order 10.

5



P
o
S
(
B
H
s
,
 
G
R
 
a
n
d
 
S
t
r
i
n
g
s
)
0
0
5

Hawking radiation, anomalies and W-infinity algebra Maro Cvitan

and verify that the corresponding variations are nilpotent:

δ 2
σ = 0, δ 2

τ = 0, δσ δτ + δτ δσ = 0

The anomalies are by definition variations of the one–loop quantum actionΓ(1) (which is a
nonlocal quantity)

δσ Γ(1) = h̄∆σ , δτΓ(1) = h̄∆τ , (4.3)

Acting with the variations once again, using nilpotency, one finds that the candidates for
anomalies∆σ and∆τ must satisfy the conditions

δσ ∆σ = 0 (4.4)

δτ ∆σ + δσ ∆τ = 0

δτ ∆τ = 0

which are the Wess-Zumino consistency conditions.
We have to make sure that∆σ and∆τ are true anomalies, that is that they are nontrivial. In

other words there must not exist a local countertermC in the action such that

∆σ = δσ

∫

d2xC (4.5)

∆τ = δτ

∫

d2xC (4.6)

If such aC existed we could redefine the quantum action by subtracting these counterterms and get
rid of the (trivial) anomalies.

We start by expanding candidate anomalies as linear combinations of curvature invariants

∆σ =

∫

d2x
√−g

11

∑
i=2

ci Ii (4.7)

∆τ =

∫

d2x,
√−g

3

∑
k=1

bk Kk (4.8)

whereIi are linear inBµνλρ andσ :

I1 = σR (4.9)

I2 = Bµνλρ ∇µ∇ν∇λ ∇ρσ
I3 = Bµν R∇µ∇νσ
I4 = Bµν ∇µ∇ν�σ
I5 = Bµν ∇µ∇νRσ
I6 = B�Rσ
I7 = BR2σ
I8 = Bµν ∇µ R∇νσ
I9 = BR�σ

I10 = Bgµν ∇µR∇νσ
I11 = B �

2σ

6
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(Bµν = Bµνλρgλρ , B = Bµνgµν ). The termI1 corresponds to the usual anomaly of the energy–
momentum trace (which is consistent and nontrivial). Therefore in the sequel we disregard it
and limit ourselves to the other terms which contain 4 derivatives. SimilarlyKk are independent
curvature invariants that are linear inτµν and contain 4 derivatives:

K1 = ∇µ∇νRτ µν (4.10)

K2 = R2τ
K3 = �Rτ

whereτ = gµν τµν .
Now, the idea is to see what constraints to the form of coefficients do WZ consistency condi-

tions (4.4) give. It turns out that of all coefficientsci andbk, only 3 of them (sayc9, c10 andc11)
become independent. Furthermore, for any choice of these remaining coefficients countertermC
can be found. The countertermC is a linear combination

C =

∫

d2x
√−g

7

∑
j=5

d j Cj (4.11)

of the following curvature invariants

C5 = Bµν ∇µ∇νR (4.12)

C6 = B�R

C7 = BR2

whered j are determined in terms ofc9, c10 andc11.
Our conclusion is therefore that not only the trace anomalies found in [15] are trivial, but that

there cannot be any anomaly whatsoever inJ(4)µ
µλρ .

For the case of diff anomalies∆(4)
ξ and∆(4)

τ the WZ conditions we need to solve are

δξ ∆(4)
ξ = 0 (4.13)

δτ ∆(4)
τ = 0 (4.14)

with the cross condition

δτ ∆(4)
ξ + δξ ∆(4)

τ = 0 (4.15)

whereξ µ is the vector field generator of diffeomorphisms (corresponding to the conservation of
energy momentum tensor) andτµ1µ2µ3 is completely symmetric and traceless tensor field (corre-
sponding to the conservation of higher spin currentJ(4)). The variationsδξ act as (see [17] for
discussion)

δξ ξ µ = ξ λ ∂λ ξ µ (4.16)

δξ gµν = ∇µξν + ∇νξµ

δξ τµνρ = ξ λ ∂λ τµνρ + ∂µξ λ τλνρ + ∂νξ λ τµλρ + ∂ρξ λ τµνλ

δξ B(4)
µ1...µ4 = ξ λ ∂λ B(4)

µ1...µ4 + ∂µ1ξ λ B(4)
λ ...µ4

+ . . .+ ∂µ4ξ λ B(4)
µ1...λ

7
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and the variationsδτ act as

δτ ξ µ = 0 (4.17)

δτgµν = 0

δτ τµνλ = 0

δτB(4)
µ1µ2µ3µ4 = ∇µ1τµ2µ3µ4 +cycl.

Again, as for the trace anomaly case,ξ µ andτµνλ are promoted to anticommuting fields and it is
verified thatδ 2

ξ = 0, δ 2
τ = 0, δξ δτ + δτ δξ = 0. One proceeds as in the trace anomaly case, finding

the consequences on the candidates for the anomalies∆(4)
ξ and ∆(4)

τ . Here, one cannot assume
from the start that the anomalies are covariant. Instead a rather technical analysis is needed. It is
presented in Appendix B of [17], and uses results from [23, 24, 25]. Fortunately the result of the
analysis is simple: the solution to (4.13) is trivial i.e.∆(4)

ξ = δξ C(4). Consequently we can rewrite

(4.15) asδξ (∆(4)
τ − δτC(4)) = 0. This means that any solution to (4.14) can be written in a diff–

covariant form i.e. one can use the covariant candidates for∆(4)
τ . They can be easily enumerated,

and it turns out, as a consequence of tracelessness ofτµνλ , that they are trivial.

We conclude, therefore, that there are no non–trivial consistent anomalies in the divergence
of the fourth order current. Extending this proof to alls would require solving generalizations of
(4.13) for highers. It is plausible to assume that its solution, analogously tos = 4 case, would
enable the use of covariant candidates. Under this assumption it is was shown [17] that for all the
higher (even2) s there is no diff anomaly.

5. Conclusion

Our calculations indicate that there are no trace and diff anomalies for higher spin currents3

s> 2. This was shown fors= 4 using cohomological methods. Under plausible assumptions the
cohomological proof for diff anomalies was extended to alls [17]. Also it was shown forW∞-
algebra currents in the regularization scheme defined by Eq.(3.7) fors up to 10. These results are
obtained using 2 spacetime dimensions.

The moments of Planck spectrum of Hawking radiation are reproduced if the high spin currents
are taken to be the covariantisedW∞-algebra currents [16].
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2We consider only evens since for odds the fluxesFs are vanishing [14].
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