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Azimuthal anisotropy is studied by taking into account the ridges created by semi-hard scattering,

which is sensitive to the initial spatial configuration in non-central heavy-ion collisions, without

requiring rapid thermalization. Phenomenological properties of the bulk and ridge behaviors are

used as inputs to determine the elliptic flow of pion and proton at low pT . At intermediatepT the

recombination of shower partons with thermal ones becomes more important. Theφ dependence

of shower partons arises from the variation of the in-mediumpath length of the hard parton that

generates the shower. ThepT dependence ofv2 is therefore very different at intermediatepT

compared to that at lowpT . Because of the difference ofv2’s for thermal and shower partons,

constituent quark number scaling ofv2 for hadrons is violated.
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1. Introduction

In relativistic heavy-ion collisions the subjects of transverse momentum (pT ) distribution and
azimuthal anisotropy have been given prominent attention both experimentally and theoretically
from the very beginning [1]-[6]. In the second half of this decade details of the properties of
elliptic flow have continued to be studied experimentally with greater accuracy [7]-[13]. The hy-
drodynamical model at lowpT [14]-[17] and the recombination-coalescence model at intermediate
pT [18]-[21] have described the data on elliptic flow so well that little room seems to exist for fur-
ther improvement. In this paper we study the problem of azimuthal anisotrophy in the framework
of our version of the recombination model [22] in which we consider thermal and shower partons.
We take into account the ridges at lowpT generated by semi-hard scattering near the surface and
the shower partons at higherpT . We calculate the second harmonicv2 for pion and proton, as well
as for a light quark, and show that, whenpT is extended to the intermediate region, there is signifi-
cant departure from the constituent quark number scaling result suggested by simple consideration
of quark recombination [20, 21].

2. Azimuthal anisotropy at low pT

Let us first review our approach to elliptic flow at lowpT without rapid thermalization [23].
Instead of assuming the meaningfulness of thermodynamicalquantities, like pressure and tempera-
ture, at early time, we recognize that when the parton transverse-momentum is around 2 - 3 GeV/c,
the rate of lowQ2 semi-hard scattering can be high, while the time scale involved is low enough
(∼ 0.1 fm/c) to be sensitive to the initial spatial configuration of the collision system. When such
scattering occurs near the surface of the overlap region in the transverse plane, each semi-hard
parton creates a ridge in∆η and∆φ [24]. Ridges due to the scattering of low-x partons(< 0.03)
are abundantly produced even if triggers are not used to select events to examine their properties.
The effect of such ridges on both thepT andφ dependences of the produced particles should not
be ignored.

The direction of a scattered parton is random, but the average direction of all outward par-
tons near the surface is normal to the surface. The formationof the ridge of hadrons takes some
time for the transverse expansion to complete, but the directions in which the ridge partons flow
are determined by spatial configuration at early time. We do not rule out the applicability of hy-
drodynamics at some point of the expansion process when equilibration is established. However,
fast thermalization is not needed if semi-hard scattering can initiate the anisotropic expansion by
emitting semi-hard jets normal to the overlap surface at early time.

The overlap region in the transverse plane for two nuclei of radiusRA at impact-parameterb
apart is, assuming simple geometry with sharp boundaries, the almond-shaped area bounded by
two circular arcs whose maximum angle isΦ, where

cosΦ = b̂ ≡ b/2RA , (2.1)

and the angleφ within the arcs satisfiesφ ∈ R, which is a set of angles defined by

|φ | < Φ and |π −φ | < Φ. (2.2)
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Semi-hard jets normal to the surface lead to the developmentof the ridges (R) of hadrons in the
final state with theφ dependence given by

R(pT ,φ) = R(pT )Θ(φ) , (2.3)

where

Θ(φ) = θ(Φ−|φ |)+ θ(Φ−|π −φ |) . (2.4)

The bulk (B) medium has noφ dependence and will be denoted byB(pT ). The single-particle
distribution at lowpT is then

dN
pT d pT dφ

= B(pT )+ R(pT )Θ(φ) . (2.5)

The second harmonic in theφ distribution is

v2(pT ) = 〈cos2φ〉 =

∫ 2π
0 dφ cos2φ dN/pT d pT dφ

∫ 2π
0 dφ dN/pT d pT dφ

. (2.6)

When Eq. (2.5) is used in the above, we obtain

v2(pT ,b) =
sin2Φ(b)

πB(pT )/R(pT )+2Φ(b)
. (2.7)

At very low pT , πB/R can be very large, then we can have the even simpler formula

v2(pT ,b) ≃ R(pT )

πB(pT )
sin2Φ(b) , (2.8)

where thepT andb dependences are factorized.

3. v2 for pion and proton at low pT

Let us now consider the low-pT behaviors ofB(pT ) andR(pT ). If the semi-hard scattering
occurs near the surface, one of the scattered partons may emerge, while the recoil parton directed
inward gets thermalized. The emerging semi-hard partons along the surface lose extra energy to
the medium in addition to those others that cannot escape. Thus there is an enhancement over the
bulk, for which the thermal distribution has the same form but with a higher inverse slopeT ′

q0
dNB+R

q

dqT dφ
= CqT e−qT /T ′

, φ ∈ R (3.1)

It is not necessary for us to specify how long the equilibration time is, since Eq. (3.1) may be
regarded as phenomenological input withT andT ′ to be determined from data.

For pions, neglecting pion mass, we obtain in [22] the pion distribution due toT T recombina-
tion

Bπ(pT ) =
dNB

π
pT dqT dφ

=
C2

6
e−pT /T (3.2)
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for the bulk medium at anyφ . Starting from Eq. (3.1) we obtain forφ ∈ R

Bπ(pT )+ Rπ(pT ,φ) =
dNB+R

π
pT dqT dφ

=
C2

6
e−pT /T ′

. (3.3)

For pion one can useET in place ofpT in last two equations. ThenRπ(pT ) has the concrete
form

Rπ(pT ) =
C2

6
e−ET (pT )/T ′

(

1− e−ET (pT )/T ′′
)

, (3.4)

1
T ′′ =

1
T
− 1

T ′ =
∆T
T T ′ , ∆T = T ′−T . (3.5)

Experimental data [4] givesT ′=0.3 GeV for pion, we then obtainT = 0.255 GeV when∆T=45
MeV is adopted,and

T ′′
π = 1.7 GeV (3.6)

for the pion. Then we have

Bπ(pT )

Rπ(pT )
=

1

eET (pT )/T ′′ −1
, (3.7)

which depends only onT ′′. We assume the validity of this equation for allpT < 2 GeV/c where TT
recombination is valid. WhenpT is small, Eq. (3.7) can be approximated byT ′′/ET , so Eq. (2.8)
has the simple expression

vπ
2(pT ,b) =

ET (pT )

πT ′′ sin2Φ(b) . (3.8)

The centrality dependence ofv2 is shown as a function ofET in Fig. 1. Good agreement with
data can be seen there.

For proton production in central Au-Au collision we have obtained for TTT recombinations
[22]

dNp

pT d pT
= A

p2
T

p0
e−pT /T (3.9)

where

A =
C3

6
B(α +2,γ +2)B(α +2,α + γ +4)

B(α +1,γ +1)B(α +1,α + γ +2)
, (3.10)

α = 1.75 andγ = 1.05. Here we want to extend Eq. (3.9) to lowerpT , still at y ≈ 0, so to take the
mass effect into account we rewrite the equation in the form

Bp(pT ) = A
p2

T

mT
e−ET (pT )/T . (3.11)

Similarly, for bulk + ridge we have

Bp(pT )+ Rp(pT ,φ) = A
p2

T

mT
e−ET (pT )/T ′

, φ ∈ R. (3.12)
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Figure 1: (Color online) Comparison of cal-
culated vπ

2 with data for Au+Au collisions at
200GeV [7] for 8 centrality bins whose corre-
sponding values ofb are shown in the legend.
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Figure 2: Fit of inverse slopes of ¯p production
for five centrality bins [3].

The ridge solution is then forφ ∈ R

Rp(pT ) = A
p2

T

mT
e−ET (pT )/T ′

(

1− e−ET (pT )/T ′′
)

. (3.13)

As stated in the above, the slopes determined from theET distribution for 0-5% centrality is
the value ofT ′. We obtain from the proton distribution in [4]T ′ = 0.35 GeV. Assuming dominance
by proton, we use Eq. (3.13) to fit the data by varying∆T . The best fit is for∆T = 45 MeV. With
∆T = 0.045 GeV we obtain from Eq. (3.5)T = 0.305 GeV, and

T ′′
p = 2.37 GeV (3.14)

for 0-10% centrality.
To investigate the centrality dependence ofv2 for proton, we go to Ref. [3] and find that,

whereas the slope for pion is essentially independent ofc (defined as centrality in %), that for
proton (and antiproton) decreases withc. Since theET distribution of proton has a break in slope
from ET < 1 GeV to> 1 GeV, we choose to consider the tabulated slope for ¯p, which is independent
of theET regions and in our view should be the same as forp. We find that (identifyingT ′

p = T ′
p̄)

T ′
p = 0.35(1−0.5ĉ) GeV, ĉ = c/100 (3.15)

gives a good fit of the data as shown in Fig. 2.vp
2(pT ,b) can be calculated using Eq. (2.7). The

result is shown in Fig. 3 in rough agreement with the data thathave large errors [7].

4. v2 at intermediate pT

As pT is increased to above 2 GeV/c, it is necessary to consider therole played by the shower
partons [22]. We now realize, as discussed in the preceding section, that the thermal distribution
is B + R, since semi-hard scattering is always present. The only effect of this realization is just
to relabelT in previous work byT ′ now, as its value is determined from data. As we proceed
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Figure 3: (Color online) Comparison of cal-
culated vp

2 with data for Au+Au collisions at
200GeV [7] for 8 centrality bins whose corre-
sponding values ofb are shown in the legend.
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Figure 4: (Color online)vπ
2 for a wide range of

ET . The small symbols are the same as those in
Fig. 1; the larger symbols (in green) are prelimi-
nary data from [26].

to consider TS recombination in this section, it isT ′ that we shall use for the thermal partons.
The condition ofφ ∈ R in Eq. (3.1) forT ′ to be used is for TT recombination. Now for TS
recombination, there is a hard parton to generate the showerparton. That hard parton may have
anyφ . Even ifφ 6∈ R, the energy loss of the hard parton can enhance the thermal partons near its
trajectory, so the newT ′ can depend onb andφ , characterizing the new ridge associated with hard
parton.

The shower parton distributionS j
i (z) is the invariant probability of finding a parton of typej

with momentum fractionz in a shower initiated by a hard parton of typei. Its application to TS
recombination in central collisions averaged over allφ is discussed in Ref. [22]. We now considerφ
dependence due to energy loss of the hard parton with varyingpath length in the dense medium. Let
us denote the distribution of hard partoni emerging from the surface of the medium with transverse
momentumk at angleφ by

dNhard
i

kdkdydφ

∣

∣

∣

∣

y=0
= Fi(k,φ) . (4.1)

Jet quenching degrades the hard-scattering momentum from the valuek′ at the point of scattering
to the emerging momentumk by an amount∆k that depends on the path lengthℓ(φ) in the medium.
Assuming that the energy loss is proportional to the square root of the initiating parton momentum
[25, 19], we write∆k in the form

∆k = ε(b)ℓ̂(b,φ)
√

k′ , (4.2)

whereε(b) is the energy-loss coefficient that may be given a reasonableform [19]

ε(b) = ε0
1− e−2(1−b̂)

1− e−2 , (4.3)

andℓ̂ = ℓmax/2RA, since the density decreases with increasingb. We determineε0 = 0.55 GeV1/2

by fitting the normalization of the data for 0-10% centralityat just one point (pT = 4.35 GeV/c).
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Thenv2 for both pion and proton at intermediatepT can be calculated without free parameter.
The results are shown in Figs. 4 and 5.
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Figure 5: (Color online)vp
2 for a wide range of

ET . The small symbols are the same as those
in Fig. 4. The larger symbols (in green) are
preliminary PHENIX data [26] for centralities
0-5% (open circle), 5-10% (full circle), and
40-60% (triangle). The STAR data are for 10-
40% (blue square) at

√
sNN = 62.4 GeV [8].
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Figure 6: Scaledv2 for pion, proton andu
quark. For theu quark the thermalv2 is plotted
at low ET , changing to showerv2 at highET .
The data points are scaled from those in Fig.
1 (open circles) and Fig. 4 (filled circles) from
[7]. At higherET /nq only minimum bias data
are available, not suitable for display here.

5. Breaking of quark number scaling

In the naive application of the recombination model there isquark number scaling (QNS) ofv2,
namely the universality ofvh

2(pT /nq)/nq wherenq is the number of constituent quarks in the hadron
h [20, 27]. Experimental verification of QNS has evolved to thereplacement ofpT by ET with
impressive confirmation of the scaling behavior [8]-[12], at least at lowET /nq. Since it is known
that fragmentation is more important than recombination atvery high pT (or in very peripheral
collisions), QNS should break down at some point. The question is at what point. We show here
that it occurs rather early, even when TS recombination is still dominant. In fact, at even lower
pT where TT and TTT recombination are more important, QNS is notvalid in general for specific
centralities. The scaling violation ofv2 is shown in Fig. 6 for four centralities. QNS violation
can be seen clearly from the figure, more obvious for peripheral collisions. Such a violation is due
to the difference of the elliptic flow for thermalvT

2 and shower partonsvS
2. In the intermediatepT

region where thermal-shower recombination is dominant,v2S > vT
2 . For this region one can derive

vπ
2(ET )

vp
2(3ET /2)

≃ 2+ δ
3+ δ

>
2
3

, δ = vS
2(q+)/vT

2(q−)−1 > 0, q±
>
< ET /2 . (5.1)

However, averaging over all centralities leads to approximate QNS, in agreement with minimum
bias data [8, 9, 11, 12].
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6. Summary

We have demonstrated that the observed features of ellipticflow are on the whole reproduced
by ridge consideration at lowpT and thermal-shower recombination at intermediatepT . Con-
stituent quark number scaling ofv2 is shown to be violated. In the same way, one can calculatev2

of hadrons in the strange sector. More detailed discussion can be found in [28].
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