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Figure 1: Left panel: Analytic structure dﬂV‘,A(qZ) in the complexy? plane. The solid curve shows the
contour used in Eq. (1.3). Right panel: Contour used in thivalion of Eq. (2.3). With the assumed
exponential decayy a(g?) vanish on the dashed circle with infinite radius.

1. Introduction

After the seminal work of Ref. [1], hadronic tau decay has @& as a very interesting
physical process for studying QCD. Recent analyses findhéocoupling constarts the following
values:

3324 0.005: % 0.015 [3] ,

as(m)
Qs .316+ 0.003p £ 0.005h 5] . (1.1)

(M)
These results show an unprecedented level of precisios, thérefore, very important to be able
to assess all the uncertainties involved in these analyses.

Furthermore, Ref. [2], after performing a very completalgtaf the vector and axial spectral

functions extracted from tau decay, obtains for the gluardensate differentnumber depending
on which channel is used:

= 0.344+0.005,, £ 0.00% [2], as(mg) =0
= O aS = 0

m m?
m? 321+ 0.0054p+ 0.012n (4], as(m?)

%66)| =(-08+04)x102GeV*, B(GG)| = (-22+04)x102GeV*, (1.2)

T Vector T Axial
which, if taken at face value, would reflect an inconsisteimcyhe Operator Product Expansion
(OPE), as the gluon condensate should be the same in bothatbd@]. Further determinations of
the OPE condensates may be found in Refs. [7].

In the present situation we think it is time to reassess thel lef precision one may expect
from the OPE in tau decay [8]. In fact, all the analyses ingaw integration of the OPE over the
physical cut where, in fact, this expansion is expeatetto converge. The central equation for
this discussion is [1, 9]:

1
21 Ji?=so

S 1
JACTLCELLYNCE def (@) NGRHP) (13)
whereP(s) is any polynomial which may be chosen at one’s conveniengk §hd the contour of
integration is shown on the left panel of Fig. 1 (note how thitour|g?| = o touches the physical

cut).
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Figure 2: Different combinations of spectral functiong,(A, andV + A) (data points in black) compared
with Fixed-Order perturbation theory (green flat line) alnel tesult of our fit to Eq. (2.4) (red curve).

Eq. (1.3) allows one to compare the OPE (on the right hand siith the experimental data
(on the left hand side). From this comparison, the extractibas and the condensates follow.
However, if the OPE is not a good approximation on the physigg this extraction will have an
error one ought to be able to estimate. Even though the poliaid®(s) may be chosen to have a
zero on this cut, this does not guarantee that this erronmaiiish. This type of error is commonly
referred to as a Duality Violation (DV).

2. An ansatz for Duality Violations
Assuming that the OPE is an asymptotic expansion, one magceipat the difference
Dva(GP) =Ty a(0?) — MORAP) - (2.1)

will be exponentially suppressed [gf| = . In this case, use of Cauchy’s theorem on the contour
depicted on the right panel in Fig. 1 allows one to obtain theection to Eq. (1.3) as

S 1 1
/ ds RS) ZIMMya(S) = — — deR P(c?) MORE(cP) + AP\ (s0) 2.2)
0 n 21 J|?|=s ;
where [13, 14]
*© 1
A (s0) = — / ds P(S) ZIMAVA(S) 2.3)
So

encapsulates all the DVs. The functionAgn(s) in the previous equation requires knowledge of
the spectrum up to infinite energy and is, in principle, unkno
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However, if indeed the OPE is an asymptotic expansiojgZt= o , ImAy A(S) in Eq. (2.3)
will exhibit some type of exponential falloff ig at large values of the momentum. If, furthermore,
we also assume that the spectrum follows some type of peifgdsuch as the one found in the
daughter trajectories in Regge theory, it becomes nataredmbine an oscillatory behavior with
the exponential falloff and assume the simple form

1 .
7—T|mA\/’A(S) = Kv A e WaS Sln(a\/’A—i- BV7AS) , (2.4)

as an ansatz to fit to the experimental data. We note that alraridés [11 —14] that realizes all
these expected features of the OPE, and for which Eq. (2é} ¢gine behavior at large valuessof

3. Fitting the ansatz to tau data

Armed with the ansatz (2.4) we have fitted the spectral fonstin tau decay in the window1l
GeV<s< m% This window has been chosen because going below the lawitiiti this window
increases thg?/dof very sharply, while increasing the lower limit only increashe error of the
fit (as the data are less precise), even up to a point wherd teafies to be meaningful. The results
of the fits we obtained are:

kv = 0.0184 0.004 .  Ka= 020+0.06
w=015+0.15 GeV? |, y= 17+02 GeV?,
ay =2.240.3 ., ap=-044+01
By =2.0+01 GeV? ., Ba=-30+01 GeV?,
x2 10 X% 17
A ——-~013 A - ~022 . 3.1
dof 79 " dof 78 (3.1)

The contribution from the OPE to the spectral functions gligéle [8]. As one can see in Fig. 2,
and from the values of thg?’s, the fits are very good. We remark that this is also trueterfit to
theV + A spectral function, which shows that there is no reason wisyctbmbination of spectral
functions should be protected from DVs, unlike what is some$ assumed in the literature. In
fact, because the expongatis much larger thank,, DVs in the A channel are much suppressed
compared to th¥ channel, so that + A has the same DVs asalone.

Since, within the ansatz (2.4), DVs are sizeable only inMhehannel, it makes sense to ask
whetherete~ data modify the above conclusions. Although answeringréisiires new assump-
tions, the net result is that DVs tend to be decreased sontetuiianot to a level at which they
become negligible. See the discussion in Ref. [8].

4. Impact of Duality Violationson ds

Choosing the right polynomid®(s) in Eq. (2.2) one may obtain the tau decay width on the
left hand side of this equation as a function of the OPE parammend the contribution from DVs
(2.2,2.3) in terms of the fit parameters (3.1). Using theltata decay width,R; [1], plus the
conservative estimate for the condensates made in [5]lethits to a shift iros which is [8]

das(my) ~ 0.003—0.010. (4.1)
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The spread of values in (4.1) reflects the error of the fits andgensitive to whether one uses
the Contour-Improved or the Fixed-Order prescriptionspirturbation theory [5]. In Ref. [2] an
estimate of DVs was also made, with the conclusion that DVewegligible. However, as far as
we understand, no attempt at a detailed fit to spectral dasaweale there. When the fit is made,
our conclusion is that the systematic error due to DVs is mgfigible and may even get to be
of the order of all the other systematic errors taken togettée refer to Ref. [8] for details and
further discussions.
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cussions. We also thank M. Davier, S. Descotes-Genon, Akétpt. Lyons, B. Malaescu, K.
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