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Soft-wall model of AdS/QCD:
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We study light scalar mesons in the AdS/QCD soft-wall model with a background dilaton field,

to investigate the features of this approach in describing QCD properties in the strong coupling

regime. We find that the masses and decay constants are compatible with experiment and QCD

determinations ifa0(980) and f0(980) are identified as the lightest scalar mesons; moreover, the

states are organized in linear Regge trajectories with the same slope of vector mesons. Strong

couplings of scalar states to pairs of light pseudoscalar mesons turn out to be small, at odds with

experiment and QCD estimates: this discrepancy is related to the description of chiral symmetry

breaking in this holographic model.
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Soft-wall model of AdS/QCD: The case of light scalar mesons

The AdS/CFT correspondence was proposed by Maldacena [1] as a duality between a type
IIB string theory defined on AdS5 ×S5 space (AdS5 being a 5 dimensional Anti de Sitter space
andS5 the 5d sphere) and aN =4 super Yang-Mills theory with gauge groupSU(Nc), for largeNc.
Later on, it was supposed that the correspondence could be generalized as an equivalence between
a theory defined on AdSd+1×C (C being a compact manifold) and a conformal field theory living
on the flat boundaryMd of the AdS space [2]. This has provided new hints on the possibility of
describing strong interaction processes by string-inspired approaches. Two main ways are followed
to achieve such a result. The first one, the so-called top-down approach, consists in starting from
a string theory trying to derive a low-energy QCD-like theory onMd through compactifications of
the extra dimensions [3]. In the second one, the bottom-up approach, onestarts from 4d QCD and
attempts to construct its higher dimensional dual theory [4], with phenomenological properties as
guidelines.

In both approaches it is necessary to break conformal invariance, since QCD is not a conformal
theory [5], and to account for confinement. In the bottom-up approach,one possibility (hard-wall
model) is to use a five dimensional “AdS-slice” with the fifth (holographic) coordinatezvarying up
to zmax of O( 1

ΛQCD
) [4, 6]. Another proposal to break conformal invariance consists in introducing

in the 5d AdS space a background dilaton field (soft-wall model) [7, 8].
Here we report an analysis of light scalar mesons in the soft wall model [9]. In particular,

we describe the derivation of the mass spectrum, the decay constants and the strong couplings of
scalar mesons to pairs of light pseudoscalars. The comparison of the results obtained in the AdS
framework with experiment and QCD calculations can shed light on the features and drawbacks of
the model. Other analyses of scalar mesons in holographic approaches can be found in [10, 11].

1. The model

In the 5d space we consider the metric:ds2 = gMNdxMdxN = R2

z2

(
ηµνdxµdxν + dz2

)
with

ηµν = diag(−1,+1,+1,+1); R is the AdS curvature radius and the holographic coordinatez runs
from zero to infinity. The model is characterized by a background dilaton field: Φ(z) = (cz)2, the
form of which is chosen to obtain light vector mesons with linear Regge trajectories [8]; c is a
dimensionful parameter setting the scale of QCD quantities. We consider the 5d action:

Se f f = −1
k

∫
d5x

√−ge−Φ(z) Tr
{
|DX|2 +m2

5X2 +
1

2g2
5

(
F2

V +F2
A

)}
(1.1)

whereg is the determinant of the metric tensorgMN andk a dimensionful parameter providing a
dimensionless action. This action includes fields dual to QCD operators defined at the boundary
z= 0. There is a scalar bulk fieldX, whose mass is fixed by the AdS/CFT relation:m2

5R2 = (∆−
p)(∆ + p−4), ∆ being the dimension of thep−form QCD operator dual toX. This field, written
asX = (X0 +S)e2iπ , contains a fieldX0(z) = v(z)

2 , the scalar fieldS(x,z) and the chiral fieldπ(x,z).
X0 is dual to〈q̄q〉 and is responsible for chiral symmetry breaking.S includes singletS1(x,z) and
octetSa

8(x,z) components:S= SATA = S1T0 +Sa
8Ta with T0 = 1/

√
2nF andTa the generators of

SU(3)F (A = 0,a, anda = 1, . . .8). SA is dual toOA
S(x) = q(x)TAq(x), so that∆ = 3, p = 0 and

m2
5R2 = −3. The fieldsAa

L,R(x,z) are introduced to gauge the chiral symmetry in the 5d space.
They are dual to ¯qL,RγµTaqL,R and can be written in terms of vectorV and axial-vectorA fields:
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Soft-wall model of AdS/QCD: The case of light scalar mesons

VM = 1
2(AM

L + AM
R ), AM = 1

2(AM
L −AM

R ), so thatFMN
V = ∂ MVN − ∂ NVM − i[VM,VN]− i[AM,AN],

FMN
A = ∂ MAN −∂ NAM − i[VM,AN]− i[AM,VN] andDMX = ∂ MX− i[VM,X]− i{AM,X}.

UsingSe f f in (1.1), we assume that the AdS/CFT duality relation:
〈

ei
∫

d4xO(x) f0(x)
〉

QCD
= eiSe f f

holds, where thelhs is the QCD generating functional in which the sourcesf0(x) of the 4d O(x)
operators are the boundary (z→ 0) limits of the corresponding (dual) 5d fields. We then derive the
properties of light scalar mesons in the soft-wall model.

2. Spectrum of scalar mesons

Let us consider the quadratic part of the action (1.1) involving the scalar fieldsSA(x,z):

S(2)
e f f = − 1

2k

∫
d5x

√−ge−Φ(z)
(

gMN∂MSA∂NSA +m2
5SASA

)
. (2.1)

From this term, we derive the equation of motion for the fieldSA:

ηMN∂M

(R3

z3 e−Φ(z)∂NS
)

+3
R3

z5 e−Φ(z)S= 0 (2.2)

where we dropped the flavour indexA. We identify scalar meson states with the normalizable
solutions of this equation corresponding to the discrete mass spectrum [11]: −q2

n = m2
n = c2(4n+6)

with integern, and eigenfunctions expressed in terms of the generalized Laguerre polynomials

S̃n(ẑ) =

√
2

n+1
ẑ3L1

n(ẑ
2) (we have definedS(x,z) =

∫ d4q
(2π)4 eiq·xS̃(q,z)).

Scalar mesons are organized in linear Regge trajectories with the same slope as vector mesons
and scalar glueballs, the spectral condition of which ism2

ρn
= c2(4n+4) [8] andm2

Gn
= c2(4n+8)

[12], respectively, with the parameterc setting the scale of all hadron masses.
Scalar mesons turn out to be heavier than vector mesons. This is in quantitative agreement with

experiment ifa0(980) and f0(980) are identified as the lightest scalar mesons, since the results in

AdSRf0(a0) =
m2

f0(a0)

m2
ρ0

= 3
2 agree withRexp

f0
= 1.597±0.033 andRexp

a0 = 1.612±0.004. Finally, scalar

mesons are lighter than scalar glueballs:m2
G

m2
f0

= 4
3 for the lowest-lying states.

3. Two-point correlation function of the scalar operator

Let us consider in QCD the two-point correlation function:

ΠAB
QCD(q2) = i

∫
d4xeiq·x〈0|T[OA

S(x)OB
S(0)]|0〉 (3.1)

with OA
S(x) = q(x)TAq(x). The AdS/CFT method relates this correlation function to the two-point

correlator obtained from the action (1.1):ΠAB
AdS(q

2) = δ ABR3c4

k
S(

q2

c2 , ẑ2)
e−Φ(ẑ)

ẑ3 ∂ẑS(
q2

c2 , ẑ2)
∣∣∣
ẑ→0

where the bulk-to-boundary propagatorS̃(q2,z) = S(q2/c2, ẑ2)S̃0(q2) is obtained solving eq. (2.2)
for all four-momentaq2. We get:

ΠAB
AdS(q

2) = δ AB4c2R
k

[(
q2

4c2 +
1
2

)
ln(c2z2)+

(
γE − 1

2

)
+

q2

4c2

(
2γE − 1

2

)

+

(
q2

4c2 +
1
2

)
ψ(

q2

4c2 +
3
2
)

]∣∣∣∣
z=zmin

(3.2)
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Soft-wall model of AdS/QCD: The case of light scalar mesons

(omitting aO( 1
z2 ) contact term). This expression shows the presence of a discrete set ofpoles,

those the Euler functionψ , with massesm2
n = c2(4n+ 6) and residuesF2

n = R
k 16c4(n+ 1). The

factor R
k can be fixed by matching (3.2) in theq2 → +∞ (i.e. in the short-distance) limit, expanded

in powers of 1/q2, with the QCD result, giving:Rk = Nc
16π2 . The residues of the two-point correlator,

related to the scalar meson decay constants, are now determined:F2
n = Nc

π2 c4(n+1).
We compare this result to QCD calculations. Fora0(980), the following result was ob-

tainedFa0 = 〈0|O3
S|a0(980)0〉 = (0.21±0.05) GeV2 [13]. The AdS prediction is:Fa0 =

√
3

π c2 =

0.08 GeV2, having fixedc from theρ0 mass:c=
mρ
2 . For thef0(980) a similar result was obtained

for the matrix element of thess̄operator:〈0| s̄s| f0(980)〉= (0.18±0.015) GeV2 [14]. Considering
the uncertainties in QCD determinations, the AdS results differ by about a factor of two.

4. Interaction of scalar mesons with a pair of pseudoscalar mesons

In (1.1) the interaction terms involving one scalarSand two light pseudoscalar fieldsP only
appear in the term Tr

{
|DX|2

}
. Using the equations of motion and writing the axial-vector bulk

field in terms of the transverse and longitudinal components:AM = A⊥M +∂Mφ , we have:

S(SPP)
e f f = −4

k

∫
d5x

√−ge−Φ(z)gMNv(z)Tr
{

S(∂Mπ −∂Mφ)(∂Nπ −∂Nφ)
}

. (4.1)

Definingψa = φa−πa and fornF = 3 we have:

S(SPP)
e f f = −R3

k

∫
d5x

1
z3 e−Φ(z)v(z)

[
2√
6

S1 ηMN(∂Mψa)(∂Nψa)+dabcSa
8 ηMN(∂Mψb)(∂Nψc)

]
.

(4.2)
If the fields are expressed in terms of their bulk-to-boundary propagators and of the corresponding
sources, the three point function involving two pseudoscalar and one scalar operator can be obtained
by functional derivation of the action with respect to the source fields. The AdS result can be
compared with the QCD three-point function:

Πabc
QCDαβ (p1, p2) = i2

∫
d4x1d4x2eip1·x1eip2·x2〈0|T[Ob

5α
(x1)O

a
S(0)Oc

5β
(x2)]|0〉 . (4.3)

SinceΠabc
QCDαβ (p1, p2) can be written in terms of the couplinggSnPP as follows:

Πabc
QCDαβ (p1, p2) = dabcp1α p2β

p2
1p2

2

f 2
π

∞

∑
n=0

FngSnPP

q2 +m2
n

(4.4)

with q = −(p1 + p2) and fπ the pion decay constant, comparison with the expression obtained in
AdS allows to determinegSnPP. For the lowest radial numbern = 0 we have:

gS0PP =

√
Nc

4π
m2

S0

f 2
π

Rc
∫ ∞

0
dẑe−ẑ2

v(ẑ) (4.5)

with ẑ= cz. gS0PP depends linearly on the fieldv(z) introduced in Section 1, which can be obtained
solving the equation of motion which stems from the action (1.1). The numerical result is small, of
O(10) MeV depending on the input quark mass, while phenomenological determinations ofgS0PP

indicate sizeable values. For example the experimental value ofga0ηπ is: ga0ηπ = 12±6 GeV, while
for f0 a QCD estimate gives:gf0K+K− ≃ 6−8 GeV [15]. The origin of the small value for theSPP
couplings in the soft-wall model is related to the difficulty of correctly reproducing chiral symmetry
breaking in this model through the non vanishing chiral condensate and lightquark masses [8, 9].
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Soft-wall model of AdS/QCD: The case of light scalar mesons

5. Conclusions

In the AdS soft-wall model the masses of scalar meson are close to experiment, but their
decay constants differ from the available QCD determinations by about a factor of two. The strong
couplingsgSPPare smaller than in phenomenological determinations; this is related to a difficulty
in precisely describing chiral symmetry breaking within this model.
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