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Noncommutative Thirring

The massive Thirring (MT) model and its dual the sine-Gordon model are known to be in-
tegrable. Some versions of their multi-field extensions have appeared in the literature (see e.g.
[1]). On the other hand, the noncommutative (NC) version of the MT model has been proposed
recently [2]. Here we discuss some properties of the affine Kac-Moody algebraic formulation of a
noncommutative version of the so-called generalized massive Thirring model.

1. A version of the noncommutative generalized massive Thirring model (NCGMT)

The ref. [2] presents a version of the so-called NC massive Thirring model. Here we address
the non-commutative version of the generalized model presented in [1]. It is a two-dimensional
spinor model in which the usual Thirring self-interaction term for each species is extended with
similar interactions among different massive spinor field species. The action for the NCGMT
model in terms of the massive Thirring field components becomes
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the star x represents the Moyal product and
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Now we write the equations of motion
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The set of equations of motion above are the g/ (3) extension of the equations of motion given
before for the case gl(2) NCMT; ( see eqgs. (5.11)-(5.14) of ref. [2]). In fact, the later system is
contained in the g/(3) extended model. For example, if one considers y} = y? = i} =¥ =0
in the eq. (1.11) then it is reproduced the equation (5.13) of reference [2] describing the single
Thirring field y3 provided that the parameters expression {/ % corresponds to the coupling
constant % of NCMT model as defined in that reference.

The four field interaction terms in the action (1.1) can be re-written as a sum of Dirac type
current-current terms for the various flavors (j = 1,2,3). In the constructions of the relevant cur-
rents the double-gauging of a U(1) symmetry in the star-localized Noether procedure deserve a
careful treatment [2]. So, one has two types of currents for each flavor [2]

S = gyt ey, (1.20)

.(2 T ~
= PP, k=1,2,3.. (1.21)
In order to write as a sum of current-current interaction terms it is necessary to impose the

next constraints on the coupling parameters 6% =k =const; j=1,2,3. with k3 = 1. Then the
current-current terms can be written as

3
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where

1
gjj = 1\4/ aiBididj, gjk= *\/ a;Bioh, (j#k): j,k=1,2,3. (1.23)

(1)

The two type of U(1) currents j, 0

jkzﬂ (k=1,2,3), respectively, satisfy the equations

(W xWE) + 0 (Wrr wig) = 0, (Wi ) +0-(WpxPp) =0, k=1,2,3. (124
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2. Matrix valued fields in the action and the zero curvature condition

We propose the NCGMT action related to the fields W= as

2
1 1
SWal = X [ a5 < [Bs Wi J %0, W > =5 < [Es, Wi, [ <0 W, > -
m=1
1 & A
< [E_ 3, W, *[E3, W, ] >} — 3 Y <iixd; > .1)
m,n=1

The action above possesses some global symmetries and the associated matrix-valued currents

1
Ji = :I:Z[[E;3,W,,ﬂ,W3f e (2.2)

m

Notice that the currents J;:, despite the indices in their notation, has zero gradation. The fields
W= (m=1,2) and the matrix element E.3 are given in the appendix A, and they have gradation £m
and £3, respectively. The hatted fields mean that the spinor fields have been re-scaled conveniently
by Wb = LEWF(LE)~!, where L are some constant matrices.

The zero-curvature condition encodes integrability even in the NC extension of integrable
models (see e.g. [2] and references therein), as this condition allows, for example, the construction
of infinite conserved charges for them. The g/(3) NCGMT model equations of motion (1.8)-(1.19)
can be formulated as a zero curvature condition by considering the following Lax pair

A_ =E_3+a[E_3,W;" ], +b[E_3,W; s + g1[[E_3, W, |, W' |, + g2[[E_3, W5 ], W, ...
A+ = _E+3 + b[E+3a Wf]* + a[E+3,W27}* + "‘:gvl [[E+37W17LW27]* +§2HE+37W27]7W17]*7

where a,b,g1,82,81,8> are some parameters to be determined below. These matrix valued fields
must be replaced into the zero-curvature equation

[a+ +A+, 8, +A7]* :O, (23)

In order to get the relevant equations of motion it is useful to take into consideration the gradation
structure of the various terms. So, we can expand explicitly the terms of gradation (—1) obtaining

[E-3,0. Wy ] = +[E-3, [Es, Wi ]l — (481 +4g2) (L) 7' [Es W ILLy (24
plus the constraint
Ay | =0, 2.5)
Next, looking for the gradation +1 terms we arrive at the equation
(B0 Wy | = —[B (B3 Wil — (gl +42)(L) B WS ILL;. 26)
plus the constraint

7| =0, @.7)
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Following the process we can write similar egs. for the +2 gradations. We conclude that in order to
obtain the equations of motion (1.8)-(1.19) it is required the conditions L= LT andgy =g =—7,
provided that the constraints (2.5) and (2.7) are imposed.
Finally, for the zero gradation term there appears the following equation
S+ oS —0 7 +d Jy —ablF Fy | —ab[F F 4+ [+ UL+
| =0, @8)
Taking into account the conditions f1+ = f;’ and fl_ = fz_ in the above equation we may write it as

ab

N N _, ab
o —a_J; — 7[F;,F2 |-

7[Fﬁ,F;] +2[J,Jf1=0. (2.9)

The zero gradation equation must be consistent with the equations of motion described above.
In order to see the form of these three equations let us write one of the them in terms of the
fundamental fields

i(04A3 —9_A3), = (AdxA3 — A3 < A3) — ab{ims( \/ﬁ3 S« v + \/ 00 Vi *
. 25008 _
im3 (| 5242\//1%* v+ 62421//5* v)} (2.10)

In particular, if we reduce the eq. (2.10) to get an equation for just one field, say ¥, one has

631 - o ~ A - 6a ~
—\ 0 (W) + %Mwﬁ*wﬁ) - abms({/mwfe*wiﬁ/» = VLRV +
03053831 _
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(2.11)

Now, taking into account the relationships 2’_—/}{ =1; j=1,2,3 with the condition A3 33 = &3 and
JF]

the identifications @ — —A, abmz — my, we arrive at the equation (5.18) of the ref. [2] .
In terms of the fundamental fields the constraints (2.5) and (2.7) have the following form

Wik WL =V kYR, Wi+ —WL xR, W Wp=—pxy] (2.12)

and

VR * UL = — W] Wz, WL YR =—Wps W}, Vg W] = W[ * W, (2.13)

respectively.

The action (1.1) (or its matrix form (2.1)) defines a three species NC generalized masswe
Thirring model since one has six complex fields, i.e. ‘I’R ;, and its complex conjugates I/IR L (j=
1,2,3). The zero-curvature formulation requires the above six constraints (2.12) and (2.13). This
fact suggests that the NCGMT model defined by the action (1.1) becomes integrable only for a
submodel defined by the eqs. of motion (1.8)-(1.19) provided the constraints (2.5) and (2.7) are
satisfied. So, one expects that a careful introduction of the constraints trough relevant Lagrange
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multipliers into the action will provide the lagrangian formulation of an integrable submodel of the

NCGMT theory.

Regarding the action related to the zero curvature equations without constraints it is interesting

to notice that the quadratic terms in the equations of motion make it difficult to believe that one

can find a local lagrangian for the theory. Obviously, in that case we could not have a generalized

massive Thirring model with a local lagrangian involving bilinear (kinetic and mass terms) and

current-current terms.

A. The sl(3) affine Kac-Moody algebra and the matrix fields
The matrix fields entering the potentials take the form

Fi = :F[E:t37W3¥_m]7 m= 172

6
W =- EWREa; + millVéEfal + mileREf(xZ
4i 4 4 _
Wt — g M o2p0 M s
1 " YpLg + m2‘VL o2 m YLk o3
_ 4 _ 4 _ 4i _
W, =- m—ly/,‘anf - %W%Eazl + mi‘l/z%Egas
Yo, [H- 4,
W, = HTSWLEOL% - m*IWLlEim - %WLEIQZ

(A.1)
(A2)

(A.3)

(A4)

(A5)

(A.6)

Eg HY,Hy (i=1,2,3;n=0,+£1) are some generators of sl(3)(]). The commutation relations

for an affine Lie algebra in the Chevalley basis are

2
[HZ ’ HZ] = mCTKab 6m+n70

a

[H) EL,| = +KaaELy"
[

2
Ey.E",] = Zl“H’”*”%—EmCSmeO

a=1
[ Eﬁ] =¢(a B)E&"IE if a+ B is a root
D.EL =nEL,  [D,H!) = nH!,
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