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In this work we show that the use of a cosmological model with anon-linear equation of state

can produce a universe with expansion, and in such context weexamine the structure formation

in Chaplygin gas cosmological models. Our focus is on the newmodified Chaplygin gas model,

which can present exact analytical solutions for the density contrast and for the power spectrum

for some particular values of its parameters.
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New developments on structure formation in Chaplygin gas cosmological models

1. Introduction

Distinct cosmological models can lead to a ‘degenerate’ behaviour of the scale factora(t),
i.e., different ideas such as viscosity and a dynamical cosmological constant can yield the same
kind of solution fora(t). Therefore, a possible way of distinhguish between these models would
be to observe which influence they have in the evolution of density perturbations in the primordial
universe. The basic idea is that the universe began almost perfectly homogeneous, with small
fluctuations in the density of matter in some places. By influence of gravity and of the expansion
of universe such fluctuations or perturbations of the homogeinity can be wiped out – decreasing
modes – or increased in size – increasing modes. The increasing modes are the ones who gave
birth to the non-homogenous structures observed today (galaxies, clusters and so on) [1].

The behaviour of the density fluctuations depends ona(t). However, a relativistic equation
must also include information on some thermodynamical quantities, such as the pressure of the
cosmological fluid in use in the model,p, or the density of energy of the fluid,ρ , and relations
between such quantities. In the case where there is no curvature (plane space) the differential
equation for the Fourier mode of wavemodek of a density perturbationδ is [2]

d2δ
da2 +

3
2a

(

1−5w+2v2) dδ
da

− 3δ
2a2

(

1−6v2−3w2 +8w
)

= − k2v2

H2a4δ . (1.1)

whereH = ȧ/a, w= p/ρ andv2 = ∂ p
∂ρ , i.e., one has a dependency on the equation of statep= p(ρ)

of the cosmological fluid in study.
The simplest models are obtained considering only fluids with a linear equation of state,

p = (γ −1)ρ , (1.2)

whereγ is a parameter of the fluid. However, one can also consider fluids with a non-linear term,
where

p = (γ −1)ρ + f (ρ) . (1.3)

2. Models with a single exotic non-linear fluid

Any cosmological model with a single fluid must obey the equation for energy conservation

ρ̇ +3H (ρ + p) = 0, (2.1)

and the Friedmann equation

H2+
k
a2 =

8π
3

ρ . (2.2)

After some algebra one can write this as [3]

Ḣ +
3γ
2

H2+
k
a2

(

3γ
2

−1

)

= −4π f (ρ) , (2.3)

or, if γ 6= 0
d2

dt2

(

a
3γ
2

)

+k
3γ
2

(

3γ
2

−1

)

a
3γ
2 −2 = −6πγa

3γ
2 f (ρ) , (2.4)
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while for γ = 0 one has
d2

dt2
(lna)− k

a2 = −4π f (ρ) . (2.5)

If, for example, one has, forγ 6= 0,

f (ρ) = αH + β , (2.6)

or, for γ = 0,

f (ρ) = αH + β lna, (2.7)

whereα andβ are constants, one has, forγ 6= 0,

d2

dt2

(

a
3γ
2

)

+4πα
d
dt

(

a
3γ
2

)

+6πβγa
3γ
2 = −k

3γ
2

(

3γ
2
−1

)

a
3γ
2 −2 , (2.8)

or, whenγ = 0,
d2

dt2
(lna)+4πα

d
dt

(lna)+4πβ (lna) =
k
a2 . (2.9)

From these two last equations one can see that ifk = 0 (plane space) andα < 0 these equations
are similar to the ones for an harmonic oscillator ‘damped’ by an anti-friction term. Therefore the
non-linear termf (ρ) can yield solutions for the scale factor that represent an expanding universe.

3. The new modified Chaplygin gas model

The new modified Chaplygin gas model (NMCG) is a specific case where one has [4]

f (ρ) = f (ρ ,a) = −Ma−νρ−µ , (3.1)

i.e.,

p = (γ −1)ρ −Ma−νρ−µ , (3.2)

whereγ , M, ν andµ are free parameters of the model. With this, one can also have

ρ =
[

Aa−ν +(B−A)a−3µ(1+µ)
]

1
1+µ

, (3.3)

whereA andB are constants.
In such case the equation for the perturbations is

d2δ
dz2 − 1

z

[

10
3 −3γ
γ − γx

x−1+
3x+1
1−z

+

γx
γ

z− γx
γ

]

dδ
dz

+

k2xz
2x
3

(

2−3γx
γ−γx

)

−2

6πA2xy2−3γx (γ − γx) (1−z)2x

[

γ −1
γ − γx

x+
1
2 −x

1−z
+

γx
2γ

z− γx
γ

]

δ =

2xδ
(γ − γx)z2

[

(2− γ)
(

γ − 2
3

)

(γ − γx)
x−

8x
3 +1−2xγ

1−z
− γ − γx

(1−z)2x−
γx
γ

z− γx
γ

]

. (3.4)

wherez= −
(

B−A
A

)

aν−3γ(1+µ), y =
[

−B−A
A

]
2x

3(γ−γx) 2x = (1+ µ)−1 andγx = 2xν/3.
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Figure 1: Graphic representation of a solution well-behaved at the origin for the density contrastδ as a
function of the scale factora, for the NMCG withγ = 0, γx = 2/3, x = −1 and an arbitrary value ofk̃.

For some particular cases such equation has exact analytical solutions. One example of this
situation is whenγ = 0 andγx = 2/3, when a solution is obtained in terms of Whittaker functions
[5],

Mλ ,µ (u) = uµ+ 1
2 e−

u
2 Φ

(

µ −λ +
1
2
,2µ −1;u

)

, (3.5)

with Φ(α ,γ ;z) being the confluent hypergeometric function. Then, one has

δ (a) =

(

1

a
1
2

− β
a

3
2

)[

c1M
− 5k̃

16,

√

1− k̃2
16

(

− k̃β
a

)

+c2M
− 5k̃

16,−
√

1− k̃2
16

(

− k̃β
a

)]

, (3.6)

where nowβ ≡ 1+ 2
3Mρ1/2

0

andk̃≡ 3Mk√
2π . Such solutions can be represented graphically, and from

them one can easily obtain the power spectrumP = P(k), sinceP ∝ |δ |2. An example of the final
result obtained for the density contrast as a function of thescale factor is presented in Figure 1, and
the power spectrum obtained from it is presented in Figure 2.

4. Conclusion

In this work we have shown that the use of a cosmological modelwith a non-linear equation
of state can produce a universe with expansion, i.e., where the scale factor grows as accelerated by
an anti-friction term. One of these models is the so-called new modified Chaplygin gas (NMCG),
which has four freee parameters, and as such gives a plethoraof possibilities. When density pertur-
bations are studied in the context of the NMCG, one can obtain, in some cases, analytical solutions
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Figure 2: Graphic representation of the power spectrumP= P(k) obtained from the solution for the density
contrastδ for the NMCG withγ = 0, γx = 2/3 andx = −1.

from where one can easily obtain the power spectrum associated. Such results indicate that more
complete studies on the possibilities open by the NMCG must be done in order to observe, in some
cases, its possible adequacy to explain the observed features of the universe.
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