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Exclusive decays d8-mesons provide important tools to test the Standard Madkt@asearch
for physics beyond it. In this gamB;meson light-cone distribution amplitudes (LCDASs) havere
shown to play a prominent role, since these hadronic inputede a part of soft physics that is
not covered by the usual form factors. Recent years have sm@mal analyses concerning the
renormalization properties [1, 2, 3] and the shape oBtmeson LCDAs [3, 4, 5,6, 7,8,9]. Upto
now most of these analyses were restricted to the two-fadase. Here we present the results of
for the renormalization of the two-particBemeson LCDASs taking into account mixing with three-
parton LCDAs [10] as well as for the combination of threetighe LCDAs W — Wy entering the
equations of motion [11].

The relevant two- and three-parton distribution ampligudee defined a8 to vacuum matrix-
elements of a non-local heavy-to-light operator, whictdssia the two-particle case [4]:
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and in the three-particle case [7]:
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We use light-like vectora,. so than?2 =n? =0,n, -n_ =2,v=(n, +n_)/2. The computa-
tion of the renormalisation properties of the distributemplitudes requires us to consider matrix
elements of the relevant operators on the light cone:
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o (w, &) = /dté“’t/duéf“t(oytq_(z)[z, uZgsGpy (u2)2’[uz O) hy(0)|H), (4)
with z parallel ton,, i.e. z, =tn;, ,, t =v-z=2z_/2 and the path-ordered exponential in the
n, direction: z,0] = Pexpligs 3 dy,A*(y)]. The Fourier transforms of the different distribution
amplitudes are then defined as
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whereF = Wy, Wa, Xa, Ya. Since the renormalization of the operators is indepenadlght infrared
properties of the matrix-elements, we can choose an oh{sdutbnic external state consisting of
a light quark, a heavy quark and a gluon in equation (4). Theltieg leading-order diagrams are
shown in fig. 1 forO.. (for Oz, there is only one diagram, similar to the left diagram in fijy.
Next-to-leading order (NLO) diagrams are obtained by agl@imgluon or a quark loop (or a ghost
loop) in all possible places (for a complete list of diagrasee [10]). The evaluation of these
diagrams yields the corresponding anomalous dimensiomseaioop.
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Figure 1: The three leading-order contributions to the matrix elenoérO. with a three-parton external
state. The white circle represents the operator and theleltob corresponds to the heavy quark.

For both two-parton distribution amplitudes, the renoiig@ion group equation to orders
can then be written as:

op(wiy) / n( .

+/dw’d5/Vil7)3(w> wﬂf’:u)%@ﬁf’:u)) : (6)

whereWs denotes the combination of three-parton distribution dmnbtés mixing with the two-
parton distribution amplitude of interest.

In the @, -case there is no mixing from three-particle distributiompditudes:y, 3 = 0 at order
as. We confirm the result for the anomalous-dimension matrixntbin ref. [1]

Y (w, o) = (I'f:ﬁ)splog%JrW)) S(w—o)— éﬁéd»( blw —w) | 6(@—(»’)) . (D)
+
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with [f(0,0')]; = f(w, ) — 8(w— &) [de f(w, ), Tikp=4 andy® = —2.
The @_ case is more involved. After including the renormalisatidrthe coupling constant

and the wave functions there remains a genuine three4eatéiom, which corresponds 3 =
Wa—Wy. In eq. (6), the anomalous dimensions ;ﬁ% from ref. [2], andyﬁ%, from ref. [10]:

V< ANAHTY V<l rclleprw) (8)
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where we defined the-distribution with three variables as
[f(w, W, 5')} — (e, &) — S(w—af — E’)/da)f(w, W, E"). (10)
+

A similar result can be derived concerning the three-particCDAs Wa — Wy which arises
in the renormalization-group equation @f. We project on the relevant distribution amplitudes in
equation (3) using’ = y!'ii.ih_ys (taking y* instead ofy! yields the same result). The result cgn
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be cgst intadCr- andCa-colour structures
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with y(+1> is given in eq. (7) andélg defined as in (2.11) with obvious changes. Part of this calcu-

lation, namely the light-quark-gluon part, has been caked in a different context and a different
scheme, e.g. in[12, 13].

We turn to two applications of our results now. In ref. [7] tequations from the light- and
heavy-quark equations of motion were derived

w@ (@) + @ (wip) = Hwip),  (W—2N@ (W H) +we-(w ) = J(wp),  (12)
wherel (J)(w; 1) are integro-differential expressions involving the thpagticle LCDASWA — Wy
(Wa + Xa and Wy) respectively. While the second equation was shown not kb beyond lead-
ing order in ref. [2, 9] we have checked that the first one isdvahce renormalization is taken
into account by taking the derivative of the first equatiothwespect to logt, and exploiting the
respective evolution kernels egs. (7), (9), (11), (12)sTon-trivial outcome gives us further con-
fidence concerning the renormalization group propertighet. CDAS.

The presence dd(w — «')log(p/w) in the renormalization matrices gives rise to a radiative
tail falling off like (logw)/w for large w. Therefore non-negative moments of the LCDAs are not
well defined and have to be considered with an ultravioletofiutl, 2, 8, 9J:

N Moy N
(@) = [ do g (wip), (13)
For @_ it is interesting to examine the limit
Auv 1
: N (1) A 1 _ + .1
/\lenloo A dow 27’3(0),0),5)_0, Z7y= ZSVE.S’ (14)
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which is relevant for the calculation of the three-partictatributions to the moments:
Auv N Qs / / Avv N (1) /
/ dow” @ (w;u) = 1+Er</dw (p,(a))/ dow "z (w,w'; 1) (15)
0 0
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—/dwdE (2—D)[Wa—W](w', & )/0 dow” 7z 3(w,w &) | .

Therefore as stated in ref. [2] three-particle distribaitaanplitudes give only subleading contribu-
tion to the first two momentdN = 0, 1). We have explicitly checked that this statement cannot be
extended to higher momentisl > 2).

The next step consists in using the renormalization prigseas a guide to go beyond the ex-
isting models derived from a leading-order sum-rule caltoh resulting inPa = Wy [6] and to
analyze their influence o@_. Finally, for practical calculations involving three-fiake contribu-
tions, one would need the evolution kernels for the relel@ibAs, which will be the subject of a
future work.
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