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1. Introduction

With the constant improvement of phenomenological apfitioa of lattice QCD also the
computation of the pion vector form factor and in particutae pion’s charge radius is now avail-
able from a number of groups [1, 2, 3, 4, 5, 6] with unpreceetfuality. Dynamical sea quarks
(N =2 andN¢ = 2+ 1) are standard by now and results are available for a rang®monfmasses
down to about 250MeV. Systematic errors like cut-off effeand finite volume effects are under
good control. In this talk we presented the computation eto quantities by the RBC+UKQCD
collaboration. The special feature of this computatiom# by using suitable boundary conditions
for the finite volume valence quark fields [7, 8, 9, 10, 11, 12,14, 15] it is possible to compute
the pion form factor at arbitrarily small momentum transfeiThis provides for the first time a
fine grained momentum resolution f@¢ — 0 and hence a clean and parametrization-independent
definition of the pion’s charge radius. We investigate thalityi of various ansaetze for th@?-
dependence of the form factor and we use NLO chiral pertimb#teory to extrapolate the charge
radius at one of our simulation points;; = 330MeV, to the physical pion mass.

2. Computational strategy
The pion form factorf ™(g?) defined through the QCD transition matrix element

() Vyu|m(p)) = 77(0P) () (P+ ) (2.1)

whereV,, is the electromagnetic current, can be extracted fromlgeitauclidean 2pt- and 3pt-
correlation functions computed on the lattice (cf. [4])} ions charge radius is defined as

d
(v = 6@ fm(q2)|q2:0- (2.2)
In a finite volume of spatial extemtwith periodic boundary conditions for the quark fields the
allowed gquark 3-momenta afg = n2r7/L, whereni is a vector of integers and correspondingly the
finite volume pion energies af&;(Pr) = /M + (Pr)?. Given the dependence of the momentum

transfergq= —Qin (2.1) on the pion’s momenta,
o = (p— P")? = (En(Pr) — En(h)* — (Bn— Piy)° (2.3)

one finds, that the lowest accesible value isQ2,, = —2mg(My—
v/m&+ (2m/L)2. Naively, for typical simulation parameters like the onsedifor the study pre-
sented hereQﬁqin ~ 0.15Ge\? which is in a range where chiral perturbation theory may e¢as
provide a reliable description of QCD.

In order to computéd ™ (g?) also in the range & Q? < Qﬁ“n we use partially twisted boundary
conditions [9], combining gauge field configurations getextavith sea quarks obeying periodic
boundary conditions with valence quarks with twisted bargatonditions [7, 8, 9, 10, 11, 12, 13,
14, 15], i.e. the valence quarks satisfix + L) = €%q(x), (k = 1,2,3), where6 is the twisting
angle in thek-direction. We have demonstrated in section 2.3 of ref. pélt tit is possible to
introduce twisted boundary conditions independently lerthree valence quarks and antiquarks,

i.e. 6, for ou, 6, for g and8s for gz in figure 1. In our study it will be sufficient to sé = 0 so that
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Figure1: Sketch of the valence quark flow in the electromagnetic faotdr of the pion. There is a similar
contribution in which the current is on the antiquark lin@ dine spectator is a quark.

A B
a/fm ~0.1 ~0.1
(L/a)®xT/axLs 163x32x8 24 x64x16
amge? 0.04 0.04
arr‘aea 0.02/0.01 0.005
my/MeV 590/480 330

Table 1. Parameters for the two studies with = 2+ 1 Domain Wall fermions.

the spectator quark or antiquark satisfies periodic boyndanditions. By varyingd;, and 6, we
are able to tune the momentum of the charged pion continposth this technique the dispersion

. 2\ 2
relation for a meson with twisting angtetakes the form [8, 12E(p) = \/m%Jr (ﬁﬁ + %) . For

the matrix element in (2.1) with the initial and the final mesarrying moment@ = p; + é/L and
P’ = Bx + é’/L respectively, the momentum transfer between the initidlthe final state meson
is
2 — — 2
o = (p—P')? = (ExlP) — En(M)*~ (B +8/L)~ (B +8'/1))".  (24)
The finite-volume corrections with partially twisted boang conditions decrease exponentially
with L similarly to those with periodic boundary conditions [9].16

3. Results

We carried out two simulations: Study A was exploratory withatively heavy pions and in
small volume. Study B was done with a lighter pion mass and lsrger volume where finite
volume effects are expected to be small. We summarize théaion parameters in table 1. The
result of study A is illustrated in the plots in figure 2: Thé lkeand side plot shows the pion form
factor for the two simulated pion masses together with tealte for pole-fits:

B 1
C1-g?/MZ

pole

f7 () (3.1)
The vertical lines correspond to the valuesQﬁ"n for the two sea quark masses, respectively.
The data points left of the vertical line could only be ob&girusing partially twisted boundary
conditions. The right hand side plot shows the results ferctinarge radius (same color coding) as



Pion form factor from RBC and UKQCD Andreas Juttner

_\H\‘HH‘HHHH\‘H\\‘H\\‘HH‘HH‘HH‘\H _:H‘HH‘HH‘HH‘\H\‘\H\‘HH‘HH‘HH‘HH‘\H—‘:
=T o2 hag -
12—

N

° —
—H‘HH‘HH‘HH‘HH HH‘\\H‘HH‘HH‘HH‘HH’
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

.—H‘HH HH‘HH‘HH‘\H\‘\\H‘HH‘HH‘HH‘\H—F

(]
B 03— oo ]
- i @do o@.ﬁﬁ‘@@ i T

—H‘HH HH‘HH‘HH‘HH‘HH‘HH‘HH‘HH‘HH’
0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1

:\‘\‘\{T‘T‘I‘I‘I‘-IA',

i _—H‘\\H‘HH‘HH‘HH‘HH‘\\H‘HH‘HH‘HH‘HH—

0.3 — E [ @@] B

‘ B 03— @ i |

0.2] 7@ r ] L .‘ﬁ.@.@ql -

- | = o02— 1

\‘HH‘HH!‘H\‘H\\‘HH‘HH‘HH‘HH‘H\ —H‘H\‘HH‘HH‘H\\‘\H\‘\\H‘HH‘HH‘HH‘HH’

0 01 02 03 04 5 05 026 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
Q°/GeV Q%/GeV

Figure 2: Results of the exploratory study A. L.h.s. plot: Resultsdoy = 0.02 andam = 0.01 (black,
blue), respectively; r.h.s. plot: results for the charghaas for various fit-ansatze and various fit ranges.
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Figure 3: Study B: L.h.s.: Form factor as a function of the momentumgfer. R.h.s.: Comparison of
experimental results (magenta diamonds) for the form faict(q?), lattice results atn; = 330MeV (grey
triangles and dash-dotted grey line) and the extrapolatitine lattice results to the physical point (blue solid
line) using NLOSU(2) chiral perturbation theory. In addition we also represkatRDG world average for
the charg radious in terms of the black dashed line.

obtained for various fit ansatze: lineardgf 2nd order polynomial i?, pole dominance fit like in
eqn. (3.1). The values on tieaxis indicate up to which value @ data points have been included
into the fit. All three fits turn out to be rather stable for agarof small momentum transfers; the
stability of the pole dominance fit extends over the largasige of momentum transfers. The
plots in figure 3 show the results of study B. On the Lh.s. jraglze vertical line indicates the
value OfQﬁnn- The blue data points (circles) have been obtained by Fomaesformation and all
black points (triangles) have been obtained using parttalisted boundary conditions. Note the
agreement between the two result€Q3t,, which have been obtained with the two different ways
of inducing momenta.

The presented data for the form factor and the charge raslilas unphysically heavy pions.
Since we think that the pion masses in study A are too largeetddscribed correctly by chiral
perturbation theory we here present our attempt to extadg@dhe results for the charge radius in
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collaboration technique  (r2),[fm?]

PDG 0.452(11) e
QCDSF/UKQCD [2] N;i=2 Clover 0.441(19)| 1
JLQCD [1] N¢f=2 Clover 0.396(10)|
JLQCD 3] Ni=2 Overlap 0.409(44) —
ETM [6] Nf=2 twisted mass 0.456(38
RBC+UKQCD [5] Nf=2+1 DomainWall 0.418(31) 1.

Table 2: Summary of current lattice results for the pion’s chargéusé comparison to the PDG-average.

study B to the physical point using NL8U(2) chiral perturbation theory, [17],

121 1 e
(r)suz)NLo = —f—26 ~ @12 ('09]”—7; + 1) ; (3.2)

wheref is the decay constant in the chiral linl§,is the only other low energy constant at this order
andyu is the renormalization scale. We note that the results dfysBialone do not allow to assess
whether the mass dependence of the lattice data is propesbyrided by NLO chiral perturbation
theory. We also carried out a fit using 8)J chiral perturbation theory [18] and results can be
found in [5]. Based on the experience of ref.[19], for ourtbestimate we take the result from
the fit to the SW2) expression at NLO including the three data point€at= 0.013, 0022 and
0.035GeV,

(r?)|my=33omev = 0.35431)fm? — I{(m,) = —0.00939) , (r2) = 0.41831)fm?. (3.3)

These results are summarized in the r.h.s. plot in figure 3adbfition to our lattice results and
NLO ChiPT fit in grey, the result for the chiral extrapolatifiight blue solid line) is compared to
the experimental data (magenta) [20] and the PDG’s pole wmnaie fit. Our chirally extrapolated
form factor drops less rapidly wit®? than the PDG-fit but as the plot on the r.h.s. of table 2 shows,
our resulting value for the charge radius is compatible #ithPDG-average. The same plot shows
other lattice results and the PDG-average.

For study B we used propagators generated from a singlediice-stochastic source. We
compared the cost, obtaining similar errors for the pionan#dse normalization constant of the
vector currentZzy, and the pion’s electromagnetic form factor(%]in, finding a gain of approx-
imately a factor of 12 in favour of the noise source propagat® gain was also found in the
study presented by the ETMC collaboration in [6] and in theerg publication by the UKQCD
collaboration [21].

4. Summary and Outlook

In this paper we have successfully used partially twistaghidary conditions to compute the
electromagnetic form factor of a pion f@> — 0. We use our results to compute the low energy
constant§ of NLO SU(2) and then to determine the physical form facta eharge radius. The
results which we obtain are in good agreement with the expmarially determined form factor
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which gives us further confidence in the use of chiral pettiom theory in the mass range below
330MeV.

We are currently analyzing a set of configurations with theesaction on a 32lattice with
a finer lattice spacing and will repeat the present calandatiith this ensemble. Although the
mass and momentum transfers are sufficiently small to expattNLO SU(2) ChPT is a good
approximation, it would be nice to be able to check this @i by computing f7(g?) for a
range of pion masses. We are planning to carry out such apsial the future.

Acknowledgments

We warmly thank Dirk Brommel for informative discussionsoab the content of [2] and
Balint Joo for help in learning to use Cray XT4 systems. Wevairy grateful to the Engineering
and Physical Sciences Research Council (EPSRC) for a sitibstlocation of time on HECToR
under the Early User initiative. We thank Arthur Trew, SteplBooth and other EPCC HECToR
staff for assistance and EPCC for computer time and assestamBlueGene/L.

The calculations also made use of QCDOC computers, and w& tha support staff in the
ACF at Edinburgh and at BNL. The QCDOC development and thaltreg computer equipment
used in this calculation were funded by the U.S. DOE grantHED2-92ER40699, PPARC JIF
grant PPA/J/S/1998/00756 and by RIKEN. This work was suepidoy PPARC grants PPA/G/O/
2002/00465, PP/D000238/1 and PP/C504386/1. Our calontathade use of the CHROMA[22]
and BAGEL software packages.

JMF, AJ, HPdL and CTS acknowledge support from STFC GranDB®0J211/1 and from
EU contract MRTN-CT-2006-035482 (Flavianet). PAB, CK, CMid JMZ acknowledge support
from STFC grant PP/D000238/1.

References
[1] JLQCD, S. Hashimoto et al., Pion form factors in two-fla@QCD, PoS LAT2005 (2006) 336,
hep-lat/0510085.

[2] QCDSF/UKQCD, D. Brommel et al., The pion form factor frdattice QCD with two dynamical
flavours, Eur. Phys. J. C51 (2007) 335, hep-lat/0608021.

[3] JLQCD, S. Aoki et al., Pion form factors from two-flavottise QCD with exact chiral symmetry,
(2009), 0905.2465.

[4] P.A. Boyle et al., Hadronic form factors in lattice QCDsahall and vanishing momentum transfer,
JHEP 05 (2007) 016, hep-lat/0703005.

[5] P.A. Boyle et al., The pion’s electromagnetic form fachd small momentum transfer in full lattice
QCD, JHEP 07 (2008) 112, 0804.3971.

[6] R. Frezzotti, V. Lubicz and S. Simula, Electromagnetio factor of the pion from twisted-mass
lattice QCD at Nf=2, (2008), 0812.4042.

[7]1 P.F. Bedaque, Aharonov-Bohm effect and nucleon nuctdwse shifts on the lattice, Phys. Lett.
B593 (2004) 82, nucl-th/0402051.

[8] G.M. de Divitiis, R. Petronzio and N. Tantalo, On the ditization of physical momenta in lattice
QCD, Phys. Lett. B595 (2004) 408, hep-lat/0405002.



Pion form factor from RBC and UKQCD Andreas Juttner

[9] C.T. Sachrajda and G. Villadoro, Twisted boundary ctinds in lattice simulations, Phys. Lett. B609
(2005) 73, hep-1at/0411033.

[10] P.F. Bedaque and J.W. Chen, Twisted valence quarksashwh interactions on the lattice, Phys.
Lett. B616 (2005) 208, hep-lat/0412023.

[11] B.C. Tiburzi, Twisted quarks and the nucleon axial eaty Phys. Lett. B617 (2005) 40,
hep-lat/0504002.

[12] UKQCD, J.M. Flynn, A. Juttner and C.T. Sachrajda, A nuite study of partially twisted boundary
conditions, Phys. Lett. B632 (2006) 313, hep-lat/0506016.

[13] D. Guadagnoli, F. Mescia and S. Simula, Lattice studgeshileptonic form factors with twisted
boundary conditions, Phys. Rev. D73 (2006) 114504, h¢p342020.

[14] B.C. Tiburzi, Flavor twisted boundary conditions asdvector form factors, Phys. Lett. B641 (2006)
342, hep-lat/0607019.

[15] T.B. Bunton, F.J. Jiang and B.C. Tiburzi, Extrapolas®f lattice meson form factors, Phys. Rev. D74
(2006) 034514, hep-lat/0607001.

[16] F.J.Jiang and B.C. Tiburzi, Flavor Twisted Boundaryn@itions, Pion Momentum, and the Pion
Electromagnetic Form Factor, Phys. Lett. B645 (2007) 3#p;lat/0610103.

[17] J. Gasser and H. Leutwyler, Chiral Perturbation Thaéor@ne Loop, Ann. Phys. 158 (1984) 142.

[18] J. Gasser and H. Leutwyler, Chiral Perturbation The&xypansions in the Mass of the Strange
Quark, Nucl. Phys. B250 (1985) 465.

[19] RBC-UKQCD, C. Allton et al., Physical Results from 2+¥or Domain Wall QCD and SU(2)
Chiral Perturbation Theory, Phys. Rev. D78 (2008) 114589400473.

[20] NA7, S.R. Amendolia et al., A measurement of the spades-gion electromagnetic form-factor,
Nucl. Phys. B277 (1986) 168.

[21] P.A. Boyle et al., Use of stochastic sources for thedattletermination of light quark physics, JHEP
08 (2008) 086, 0804.1501.

[22] SciDAC, R.G. Edwards and B. Joo, The Chroma softwartesygor lattice QCD, Nucl. Phys. Proc.
Suppl. 140 (2005) 832, hep-lat/0409003.



