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1. Introduction

A detailed study of the chiral behavior of pion observabkean important subject towards a
deep understanding of the low-energy dynamics of QCD. The pector form factoF, (¢?) has
been precisely measured by experiments and the charges katliy can be extracted in a model-
independent way by using chiral perturbation theory (ChRT)Although a detailed comparison
of (r?)y between ChPT and non-perturbative determinations ircéa@CD is very interesting, the
chiral behavior of(r?)y is distorted by explicit chiral symmetry breaking with thengentional
lattice quark actions.

The chiral behavior of the scalar form factes(g?) is another interesting subject. The scalar
radius(r?)s provides a determination of the low-energy constant (LECWhich should be com-
pared with that fronF,;, and(r?)s has 6 times enhanced chiral logarithm compare@3j,. Since
there are no experimental processes directly relatég(y’), its direct determination is possible
only through lattice QCD. Itis, however, computationalgry demanding to evaluate contributions
of disconnected diagrams Fg(g?) with the conventional simulation methods.

In this article, we present our calculation of these piomfdactors in two-flavor lattice QCD.
Chiral symmetry is exactly preserved by employing the @gduark action [2] for a direct com-
parison of(r?)y s with ChPT at two loops. We use the so-called all-to-all quantpagator [3] to
calculateFs(g?) including the disconnected contributions. We refer resderRef. [4] for more
detailed description of this study.

2. Simulation method

We simulate QCD with two flavors of degenerate up and downkguasing the lwasaki gauge
action and the overlap quark action. We also introduce aldggdixing term [5] into the lattice
action to substantially reduce the computational cost. @umerical simulations are carried out
on aN2 x N, = 16° x 32 lattice at a lattice spacing af=0.118421) fm, which is fixed from the
heavy quark potential. In the trivial topological sed@0, we simulate four values of the bare up
and down quark masses,q=0.015 0.025,0.035 and 0.050, which cover a range of the pion mass
290<M;[MeV]<520. Statistics are 100 independent configurations atmgghNVe also simulate
nontrivial topological sector®=—2 and—4 to study effects of the fixed topology. Further details
on our configuration generation are presented in Ref.[6].

The matrix elementr(p')|0r (P — p)|1(p)) can be extracted from the three-point function

Cror (O, p,p")
= —Nil\lt Z Z<ﬁn(x’,t+At+At’)ﬁr(x”,t+At)ﬁn(x,t)Tefip’(x/fX”)efip(x//fx)>7 2.1)
S XX X,

where Or is the local vector currer¥, or scalar operato§, and ﬁ,TT represents an interpolating
field to the physical pion state. In the conventional metlome, calculates the so-called point-to-all
quark propagato®- (X, x), which flows from a fixed lattice siteto any sitex, by solving

ZD(%X,)S:(X,?X) = 5)/7Xa (22)

whereD is the Dirac operator. TherGs. (At,At’;p,p’) can be calculated by connecting the
point-to-all propagators as shown in Fig. 1. However, wedrteesolve Eq. (2.2) for each lattice
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Figure 1. Connected (left-most diagram) and disconnected (middigrdim) three point functions. The
right-most diagram with the vacuum expectation value (VE¥}) contributes td=s(0). Each line shows
quark propagatd®:. We useSt (x,X) = 65 (X, x) Ty for the spectator quark.

sitex to evaluate the disconnected quark Idd{x, x) ! as well as to carry out the average over the
location of the pion source= (x,t) in Eq. (2.1). This needs prohibitively large CPU cost.

This difficulty can be avoided by constructing the all-tbeplark propagator, which contains
the quark propagating from any lattice site to any site, ireiactive way. Along the strategy
proposed in Ref. [3], we prepare 100 low-lying mode®dbr each gauge configuration, and their
contribution to the all-to-all quark propagator is cald¢athexactly as

100
(SF)iow(X,Y) Z —Uk (2.3)

whereAy anduk represenk-th smallest eigenvalue and corresponding eigenvectds. eltpected
that this low-mode contribution dominates low-energy dyits of pions. Possibly small contribu-
tion from the remaining high-modes can be estimated sttichg by the so-called noise method
[7], which is not computationally intensive. We refer to Ri@ff for more technical details on our
method to calculate pion correlators using the all-to-ediagator.

We calculate three-point functior@n\/ﬂT andC;sy, as well as the two-point function

(Bt p) = Z(ﬁn(x’,t + ) Op(x,t) Te PX=X)y, (2.4)

N3M

We take 33 choices for the spatial momentpffi with ]p(’)\ < 2, which cover a region of the
momentum transfer-1.7 < ¢ [GeV?] <0 for the three-point functions. Note that the spatial mo-
mentum is shown in units off&/L in this article.

3. Determination of pion form factors

For a precise lattice calculation of a form factor, it is athe@eous to construct an appropri-
ate ratio of correlators so that some uncertainties, suckresmalization factors, cancel at least
partially in the ratio [8]. In this study, we calculate effise value of the vector form factor from

2M; Rv(At, A |pl,|p'[,6?)

AL AY; ) = : 3.1
VBLAGT) = E BN T EAIP) Ru(8LAT;0,0,0) G-
1 Crv,n(Ot,A; p,p)
3.2
il )= Niolp'| ixedf5) | Crn(Ati P) Crm( A ) (3.2

where(1/Npp| o)) Siixed pl,Jo'| FEPresents the average over momentum configuraigm’) } cor-
responding to the same valueasf As shown in the left panel of Fig. 2, we observe a very clear
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Figure2: Left panel : effective valuy (At,At’; g?) atm,g=0.025, which is around a quarter of the physical
strange quark mass. Right panel : statistical fluctuatioB,gf(At,At’;p,p’) at (|p|,|p’|) = (v/2,0) and
At=At'=7. Filled and open symbols are results with and without ayiagpover the source locatidm,t).

signal ofF, (At, At’; g) with the statistical accuracy of typically 3—5 %. We notettihe use of the
all-to-all propagator enables us to achieve this high amyuby averaging pion correlators over the
location of the source operatfx,t) in Egs. (2.1) and (2.4). The right panel of Fig. 2 demonssrate
the remarkable reduction of the statistical fluctuatiogj, by this averaging.

We determine the vector form factBy (g°) by a constant fit to the effective valée (At, At'; ¢?),
and include the correction due to the finite lattice volunigrested in one-loop ChPT [9]. Although
we do not observe any significa@tdependence d#, (¢?), the spread i, (q%) amongQ=0, —2,
and—4 is taken as a conservative estimate of the systematictaimdgrdue to the fixed topology.

The scalar form factor normalized at a certain momentunsfean?,; can be calculated from

Fs(At,AU;q7)  Rs(At, At 0P)

= ; (3.3)
Fs(At,At; %)  Rs(At,At;02,)
Re(At At 02 — 1 Crsn(Lt,At";p,p’) 34
e A Cron(At; p) Crn(AU; ') (4
IPLIP'| fixedTp),jpr| “\BL P) Cmm(AU5P
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Figure 3: Left panel: effective value of normalized scalar form fadF@(At,At’;qz)/FS(ALAt’;qrzef) at
myg = 0.025. Right panel: scalar form fact&g(g?) with (filled symbols) and without (open symbols) the
contributions of the disconnected diagrams . Both data@maalized by a common vaIle(qrzef) including
the disconnected contribution.
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At ¢?=0, C,sr has an additional contribution shown in Fig. 1 due to the VEthe scalar operator
S The subtraction of this contribution leads to a relativalge uncertainty iffs(At, At’; g?) atg®=

0 than atg?#0, as seen in the left of Fig. 3. Although the Feynman-Helimtoreorem £s(0) =
dM2/0dmyy provides a better determination &§(0), it is subject to systematic uncertainties of the
chiral extrapolation oM2. In our simulation setupFs(g?) has the smallest relative error at the
smallest nonzero value 2| with |grer| = 1. We therefore usBs(g?) normalized at thigg, in
the following analysis.

We determind=s(q?) /Fs(02) from the effective valu€s(At, At';g?) /Fs(At, At'; 02) in a sim-
ilar way toFy (g?). The right panel of Fig. 3 compar€s(g?) to that without the contribution of the
disconnected diagrams. We observe a significant deviatbmnden the two data, which implies
the importance of the disconnected contributions in a pi@tistudy ofFs(g?).

4. Parametrization of g° dependence

In Fig. 4, we plot the vector form fact®, (%) and normalized scalar form factes(a?) /Fs(02)
as a function of?. We observe thak, (g?) is close to the vector meson dominance (VMD) hypoth-
esis V(1— qz/Mg) with the vector meson madsg, measured at simulated,y. We then assume
that the small deviation due to the higher poles or cuts cappeoximated by a polynomial of.
Theg? dependence d#, (g?) is therefore parametrized as

1
+a1P+av2 ()2 +avs(P)® = 1+ (PP +ov(P)?+--- (4.1)

Fv(a”) 5

B 1
- 1-g?/M3
in order to determine the charge radiwd),, and the curvature,. This form describes well our
data as shown in Fig. 4. Results fof)y andcy do not change significantly if we remove the cubic
term or if we add higher order terms into the parametrizafioom.

Due the lack of the knowledge about the scalar resonanchs atrhulated quark masses, we
use a generic quartic form

Fs(qf) = Fs(0) <1+(—li(f2>sq2+Cs(q2)2+ass(q2)3+as4(q2)4> (4.2)
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Figure 4: Vector form factorR, (%) (left panel) and normalized scalar form fact&y(q?) /Fs(d2) (right
panel) as a function af?. Solid lines show the fit curve and its error. We also plotdheependence of
Fv(g?) expected from the VMD model by the dashed line.
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to parametrize thg? dependence dfs(g?). Our data are described by this form reasonably well as
in Fig. 4. The result for the scalar radi(i)s is stable against the removal of the the quartic term
as well as inclusion of higher order terms. Such a stab#ityhbwever, not clear in the curvature
Cs due to its large statistical uncertainty. We leave a pregiétermination ots for future studies,
and only use results fdr?)s in the following analysis.

ChPT can provide a more unambigu- eo—— ——— ——
ous parametrization dfys(g?). Figure 5 R m,, = 0.025
shows contributions tBy (q?) from each or- N T o
der(g?)" of a Taylor expansion of Eq. (4.1). — o’

We observe thad(g®) and higher order con- z'of o) + higher
tributions, which are NNNLO and higher in

ChPT, become a small (a few %) correc-
tion below |g?| < (550MeV)2. Our values
of |q2| are, however, outside of this region

due to the use of the simple periodic bound- s

ary condition for quark fields. We thereforeFigurGS: Contributions i

»
o

o
=

contributions toFV(qZ) -1

N
o
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P S S
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;éoleevz]

e n the® expansion ofy (%) —1

do not use a parametrization of mé de- atmyg =0.025. Thin solid, dashed and dot-dashed lines

pendence based on ChPT in this study.  showO(q?), O(q*) and higher order contributions. The
We note that the simulated values ofhick solid line is their total.

the pion mass squarédZ are smaller than
(520MeV)?. TheO(qP) contribution toR, (g?) is small if|g?| is smaller than this value. The quark
mass dependence of our data(r?f)vs is expected to be described by NNLO ChPT.

5. Chiral extrapolation

We first compare our lattice data of the radﬁ>v,s with NLO ChPT formulae [10]

2 2
1+6ng)—iln[%}, (1)g = — (—1—3+6N|5>—i|n[%], (5.1)

(rPv = N
NF2 | 2 NF2\ 2 NF2

_W(
whereN = (4mm)? andF is the decay constant in the chiral limit. We fixto our estimate from
our study of the pion decay constant [11]. The renormabirascale is set tu =4nF. The
NLO fits are not quite successful as seen in Fig. 6. While ota d&(r?)y are fitted well with
x?/d.o.f. ~ 0.1, the value extrapolated to the physical quark ma864)4) fm? is significantly
smaller than experiment [12]. On the other hand, the NLO tdanfor (r?)s with the enhanced
chiral log fails to reproduce our data and leads to lgfgéd.o.f. ~9.

We also note that NLO in ChPT is not sufficient to describe tharkj mass dependence of
the curvatureoy. Althoughoy has a NLO term A(60NF2?M2) coming from non-analytic NLO
contributions toR, (g?), it dominatesc, well below the physical pion mass and fairly near the
chiral limit (see Fig. 7 below), where the non-analytic cimittions toF, (g?) are important to be
consistent with the existence of tige— 77t branch cut at? > 0. Sincecy characterizes th@(q)
dependence d&, (%), NNLO contributions are essential to describe its quarksaapendence.

We therefore extend our analysis to NNLO ChPT. The NNLO dbutions to the radii are
[1, 14]
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Figure 6: Chiral fit of (r?)y (left panel) and(r?)s (right panel) using NLO ChPT formulae.
panel, we also plot the experimental vakué)y = 0.437(16) fm? from an analysis based d#x =2 ChPT

[1] (diamond) and @52(11) fm? quoted by Particle Data Group [12] (star). The diamond irritjiet panel
representsr?)s=0.61(4) fm? obtained from an indirect determination throumgtt scattering [13].

The analytic terms withgv7s}7 (r.c} Fepresent contributions from(p®) chiral Lagrangian. The linear
combinationl{ —15/2 appearing commonly ifr?)y andcy is denoted by 5.

& -: B
£ [
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0.2 —
N o N=2ChPT
v L * exprt(PDG) ]
0.1+ — total 7]
r NLO
L NNLO
0.0
ol T o
0'6.0 0.1 0.2 0.3

Figure 7: Simultaneous chiral fit t¢r?)y andoy based on two-loop formulae Egs. (5.2) and (5.4). We also
plot a phenomenological estimatg=3.85(60) [1].
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Figure8: Chiral extrapolation of radifr2)y s obtained from simultaneous fit {o?)y s andoy .

We first carry out a simultaneous fit to?)y andoy in terms ofM2/(NF?). This fit has only
four free parametetg, I; ,, 1\, andry, . [4], and these can be determined with reasonable accuracy
without introducing phenomenological inputs. As seen m Fi our data are well described by the
NNLO formulae withx?/d.o.f. ~0.7. The extrapolated values ¢f?)y andcy are consistent with
recent phenomenological determinations [1, 15, 16].

The inclusion of(r?)s into the simultaneous fit introduces additional four freeapaeters
15, 15, 13 andrgr, and we nfed to fix some of them to obtain a_stable fit. In thidystwe use a
phenomenological estimalte=4.31(11) [13] and a lattice estimaig=23.38(56) from our analysis
of the pion mass [11}, since they are determined with a reasonable accuracy gehapnly in
the NNLO terms. As plotted in Fig. 8, this fit describes ouradat (r?)s reasonably well with
x?/d.o.f.~0.7. The extrapolations daf?)y andoy are consistent with those in Fig. 7.

At physical quark mass, we obtain

(r?)y = 0.40923)(37) fm?, (r?)s=0.617(79)(66) fm?, oy =3.22(17)(36) GeV*, (5.5)

where the first and second errors are statistical and syStemaspectively. The latter includes
uncertainties due to the choice of the input to fix the laticale and the inputs for the LECS,(
I, andl3) as well as uncertainties due to the chiral extrapolaticth lattice discretization. These
results for(r?)y s andoy are consistent with pnenomenological analyses.

The results for the relevant LECs are

lo = 11.9(0.7)(1.0), 14 =4.09(50)(52), I1—I» = —2.9(0.9)(1.3), (5.6)
ry, = —1.0(1.0)(25) x 10°, 1. =4.00(17)(64) x 10>, r§, =1.74(36)(78) x 10°*. (5.7)

Our estimate ofg is slightly smaller than those from ChPT analysks= 16.0(0.9) from Ry [1]
and 15.2(0.4) front and T decays [17]. This is partly because our estimat& ¢11] is slightly
smaller than phenomenological estimates. We note Ighiat consistent with our determination
I::4.12(56) from F; [11] and a phenomenological estimate 4.39(22) [13].

1The u—independent conventidnis defined byl = i (I; + In[M2/u2]) /2N with y; = 1/3, yo=2/3, ys = —1/2,
ya=2 andys=-1/3.
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6. Conclusions

In this article, we present our calculation of pion form astin two-flavor lattice QCD with
exact chiral symmetry, which enables us to unambiguoustypaoe our lattice data with two-loop
ChPT. By employing the all-to-all quark propagatdfs(g?) is calculated including contributions
from the disconnected diagrams for the first time. We obs#maé two-loop contributions are
important to describe the quark mass dependenufezmg andoy at our region of the pion mass
My = 290 MeV. Our chiral extrapolation o(fz>v,5 andoy are consistent with phenomenological
analyses. We also confirm thiag(q?) andF,; lead to consistent results fby.

For a more precise comparison with experiment, we need endxhis study to three-flavor
QCD. Such simulations are currently underway. Another irgrd subject is a better control of
the parametrization of thg? dependence d#, s(g?). To this end, the use of the twisted boundary
condition [18] to simulate small values @f?|, dispersive analyses of tlgg dependence [15, 16],
and model independent information about scalar resonaareemteresting possibilities for our
future studies.
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