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A brief progress report is given on the partial wave analysis of pion-nucleon scattering. Fixed-
constraints are implemented with the expansion techniques and for the forward amplitudes with
accurate data a solution is found. Extending the analysis away from the forward direction will
require a careful data amalgamation.
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1. Introduction

The pion-nucleon scattering amplitude can be presented in terms of the invariant amplitudes A
and B as, see e.g. Ref.[1],

1
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where
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The proton mass is denoted by m and @ is the pion total energy in the laboratory system. Instead
of A and B it is convenient to use C and B, where the amplitude C is defined as

C(v,t) =A(v,t)+ B(v,t).

v
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Through the optical theorem the imaginary part of the C-amplitude at ¢t = 0 is related to the total
cross section in the corresponding physical channel

ImC(w,t =0) =k, O (1.2)

and this is exploited in the study of the forward dispersion relations for C. The isoscalar and
isovector amplitudes are defined as

1
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). (1.3)

The amplitudes A and B satisfy fixed-¢ dispersion relations, see e.g. Ref. [1], and they can be
proven rigorously [2, 3] for a range of z-values
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by employing microscopic causality and unitarity. Here the pion mass is denoted by u. It has also
been shown [4, 5] that the underlying confining gauge theory, QCD, does not change the outcome,
the proofs for the fixed-¢ dispersion relations remain valid.

The basic requirements for a pion-nucleon analysis are analyticity, crossing and unitarity. The
fixed-¢ dispersion relations are conventionally written in a form which guarantees the crossing
property.

Isospin is an approximate symmetry and it is broken in pion-nucleon scattering by the elec-
tromagnetic interaction and the quark mass difference m, # m,. In the present analysis the aim
is to work with amplitudes which satisfy isospin symmetry. This is achieved by removing from
the experimental data the electromagnetic effects by using the Tromborg formalism [6]. At the
lowest energies the question may arise of the validity of the Tromborg approach in estimating the
electromagnetic corrections [7]. However, for the present analysis there is no practical alternative,
because we make use of the corrections up to 655 MeV/c, the highest momentum point available
in the Nordita analysis [6]. The range of validity of the third order chiral perturbation theory calcu-
lation [7] is not known and, in any case, the weight of the experimental data below the laboratory
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Figure 1: The Mandelstam diagram for 7N scattering.

momentum 100 MeV/c is small in an analysis extending to highest energies. The A-splitting effect
was taken into account by using the P5; phase shift differences of Ref.[8] which are quite similar to
the figures of Bugg [9]. After applying these corrections to the data it is assumed that the remaining
isospin violating effects are small in comparison with the experimental uncertainties.

Constraints from fixed-¢ dispersion relations and isospin invariance are then sufficient for re-
solving the ambiguities of phase-shift analysis [1].

2. The expansion techniques

Fixed-r dispersion relations have a particular feature due to the s — u crossing, there are no
unknown left-hand cuts [1], see Fig.1. For the range 0 > > —4mu ~ —0.52 GeV? the s- and the
u-channel cuts do not overlap. There is, however, the unphysical region between the Mandelstam
triangle (v = £y +1/4m) and the physical area (the shaded area) for each line r=constant. In these
sections the partial wave expansions for the absortive parts of the invariant ampltitudes A and B
converge for 0 >t > —0.5 GeV? [1] and that provides a means to evaluate the dispersion relations
over the whole range of v-values. A rigorous proof of convergence for the imaginary parts of the
the partial wave expansions exists for the range of 7-values given in Eq.(1.4). Dispersion relations
for C* can be obtained by combining those for A* and B*.

In the case of forward scattering (t = 0) it could still be considered feasible to evaluate disper-
sion integrals, but the extension to t # 0 would be difficult without adopting the expansion method
where the invariant amplitude is expressed as a series of analytic functions. Here we employ a
particular form for the expansion, the Pietarinen’s expansion [1, 10, 11]. For example, for the
C*-amplitude one has

N
Ct(v.t)=Cy(v.))+H(Z,1)) i Z", Q.1)
n=0
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where Cy, (v, 1) is the pole term, H is adjusted to the asymptotic behaviour of the amplitude and
zZ0P2)=— V" (2.2)

with & = 0.72 GeV and v,, = u +1t/4m. This maps the physical region on the upper semicircle of
the unit circle.
The coefficients ¢, in the expansion can be determined by minimizing

X% = Xpara + Xpw + X7 (4terms), (2.3)

where x2,74 and x3,, refer to the contributions from data and the existing partial wave solution
respectively. The convergence and smoothing are taken care by a convergence test function [1]

xT—AZ 2(n 4 1)? 2.4)

which is added to the y? expression with similar terms for the C~ and B* amplitudes. The con-
vergence test function reduces the truncation error in the expansion given in Eq.(2.1) by damping
down the coefficients ¢, for large n. The expansion techniques has the additional advantage that
data with error bars can be used as input and the error analysis becomes a realistic possibility.

Using the expansion techniques the Karlsruhe group has performed a thorough analysis of
pion-nucleon scattering [1]. The analysis has been performed in three stages, the fixed-¢ analysis, a
fixed centre-of-mass analysis and a phase-shift analysis, which were performed iteratively until the
amplitudes agree to about 3 %. In addition, partial wave dispersion relations [12] and partial wave
relations [13] were checked separately and a satisfactory agreement was found.

3. Recent activity

The general idea of the Helsinki group has been to make a partial wave analysis of pion-
nucleon scattering with fixed-f constraints implemented in the same fashion as the Karlsruhe group
has done, i.e., with the expansion techniques. The situation in the study of 7N interaction has
changed considerably from the time when the Karlsruhe analysis was made. Much of the pion-
nucleon scattering data from the meson factories were published only later and, obviously, the
available computer power has increased enormously. The latter fact has made it possible for us to
pay more attention to the error analysis.

The focus of our work is at low energies where we wish to make contact to the validity range
of chiral perturbation theory and extract some of the low-energy constants.

The analysis of the forward data has been completed and published, see Refs.[14, 15]. The
forward dispersion relation for C~ evaluated at @ = u gives the Goldberger-Miyazawa-Oehme sum
rule [16]

87 f?
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pi+p diff. cross section at t=-0.10 GeV**2
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Figure 2: Differential cross section for 7+ p atr = —0.1 GeV>.

where the integral /™~ is defined as

L 6, (k) ~ 0 (K)

=— dk 3.2
4r? ® ’ (3-2)

f? is the pion-nucleon coupling constant and a, ., 1s the isovector s-wave 7N scattering length. For
J~ we obtain [14] the value

J~ =—1.060=+0.030 mb, (3.3)

which agrees exatly with the Hohler-Kaiser value of 1980 [17]. They did not, however, perform an
error analysis.

If pionic hydrogen s-wave level shift information [18] is used together with the correction
factor &, from Ref.[19], the result for the T~ p s-wave scattering length ap = 0.0933+0.0029 1/u
is obtained. Combining this with the value for the s-wave " p scattering length [14] —
—0.0764 £ 0.0014 1/ for the isovector value ay, = (a,-, —a,.,)/2, we get f?=0.07540.002
from the sum rule. It is clear the the GMO sum rule is not the most accurate method for determining
the value for the pion-nucleon coupling constant. However, it is the natural first step in a more
comprehensive analysis. Also, it provides a transparent connection between the accuracy of the
data and the precision of the result.

The partial wave analysis of pion-nucleon scattering will require the analysis to be extended
to t-values less than 0. This turns out to be a challenge in the sense that balancing the weights
of the different terms in Eq.(2.3) is cumbersome. As an example, in Fig.2, the ©* p differential
cross section is shown at t = —0.1 GeV?. Here the solid line displays the average of two different
partial wave solutions, KA84 of Koch [20] and FAO2 of Arndt et al. [21]. The error bars reflect
the difference between the solutions. It turns out that the experimental points for the same quantity
have error bars which are much bigger than the “theoretical ones” and, therefore, it is difficult to
make the partial wave solution to move away from the initial values.
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4. Conclusions

In general, the Karlruhe analysis [1] produces a consistent set of partial waves. However,
in particular at lower energies, new data have changed the picture and, therefore, a new analysis
with fixed-# constraints has become a necessity. The VPI-GWU group [21] has in recent years
produced solutions, which also incorporate fixed-¢ dispersion relations, and they agree well with
the Karlsruhe results when viewed at a particular ¢-value. However, the results for the coupling
constant do differ. The Karlsruhe value is [22] 2 = 0.079 £0.001 and the VPI-GWU value [21]
£2=0.07640.001.

In the present analysis, until now, the data points have been moved to the pre-selected ¢-values
with an existing partial wave solution. Apparently that will not be sufficient, but a more careful
data amalgamation will be needed.
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