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1. Introduction

Lattice simulations based on low-energy effective field theory have been used in studies of
nuclear matter [1] and neutron matter [2, 3, 4, 5, 6, 7]. The method has also been applied to light
nuclei in pionless effective field theory [8] and chiral effective field theory at leading order (LO)
[9]. More recently next-to-leading order (NLO) calculations have been carried out for the ground
state of neutron matter [10, 11]. A review of lattice effective field theory calculations can be found
in Ref. [12].

At leading order in chiral effective field theory the nucleon-nucleon effective potential is

Vio =V +V,, +VOPEP, (1.1)

V, V|2 are the two independent contact interactions at leading order in the Weinberg power counting
scheme, and V OPFP is the instantaneous one-pion exchange potential. The interactions in V| o can
be described in terms of their matrix elements with two-nucleon incoming and outgoing momentum
states. For bookkeeping purposes we label the amplitude as though the two interacting nucleons
were distinguishable, A and B. In the following we use G to signify the Pauli matrices for spin and
T to indicate the Pauli matrices for isospin.

For the two leading-order contact interactions the amplitudes are

o (V) =C, (1.2)
o (V)2) =Cp2Ta- Tp. (1.3)
For the one-pion exchange potential,
2 2 = _ _
opery [ 9a\ " (Ta-T8)(d-Oa) (- Os)
o (VOPEF) = <2fn> i . (1.4)

Here mis the nucleon mass, My the pion mass, f;; the pion decay constant, and ga the nucleon axial
charge.

In Ref. [9] two different lattice actions were considered which were later denoted LO{ and LO,
[10]. The interactions in Vi o, include one-pion exchange and two zero-range contact interactions
corresponding with amplitude

o/ (Mo,) =C+CpTa- T+ o7 (VOFEF). (1.5)

The interactions in Vi o, consist of one-pion exchange and two Gaussian-smeared contact interac-
tions,
o (Vo,) = Cf (@) +Cp f(A)Ta- To+ o/ (VO°FF) (1.6)

where f(q) is a lattice approximation to a Gaussian function. The smeared interactions in LO;
were used to better reproduce S-wave phase shifts for nucleon momenta up to the pion mass.

In Ref. [10] phase shifts were calculated for these two lattice actions using the spherical wall
method [13] at spatial lattice spacing a = (100 MeV)~! and temporal lattice spacing a = (70
MeV)~!. NLO corrections were also computed and the unknown operator coefficients determined
by fitting to low-energy nucleon-nucleon scattering data.
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Figure 1: The “improved” LO action is iterated non-perturbatively while the remaining higher-order inter-
actions are treated using perturbation theory.

The replacement of pointlike interactions in LO; with Gaussian-smeared interactions in LO; is
similar to the lattice improvement program of Symanzik used in lattice QCD actions [14, 15]. There
is a conceptual difference however since we are dealing with an effective field theory rather than
a renormalizable field theory. The higher-order operators we consider do not only cancel lattice
artifacts but also include higher-order interactions of the effective theory. In our lattice calculations
the improved leading-order action is treated non-perturbatively while higher-order interactions are
included as a perturbative expansion. The choice of improved action sets a dividing line between
perturbative and non-perturbative interactions. This is sketched in Fig. 1. The dividing line should
be immaterial so long as the perturbative expansion converges. At any given order, lattice calcu-
lations using different improved actions should agree up to corrections the size of terms at next
order.

2. Dilute neutrons at next-to-leading order

In Ref. [11] the ground state energy for dilute neutron matter was computed using the lattice
action LO; and auxiliary-field Monte Carlo. Next-to-leading-order corrections to the energy were
also calculated. In this calculation the dominant source of systematic error was the large size of
NLO corrections for Fermi momenta larger than 100 MeV. The problem is caused by attractive
P-wave interactions introduced by Gaussian smearing in LO, that must be cancelled by NLO cor-
rections. In systems with both protons and neutrons this P-wave correction is numerically small
when compared with the strong binding produced by S-wave interactions. For pure neutron matter,
however, the P-wave interactions are not as small an effect in relative terms.

These problems were resolved using a new leading-order action LO3 introduced in Ref. [16].
The interactions in Vi o, correspond with the amplitude,

1 1. 3 1,
o/ (VLo,) = Cs—0,=1 f(0) (- ——UA'UB> <—+—TA'TB>

4 4 4 4
3,1 L OPEP
—|—CS:17|:()f((_j) Z—{—ZGA-O'B Z—ZTA'TB —|—$Z{(V ) (2.1)

The Gaussian-smeared interactions are multiplied by spin and isospin projection operators. Only
the Cs_,—1 term contributes in pure neutron matter. Using the LO3 action with NLO corrections,
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Figure 2: Ground state energy ratio Eq/ Eé‘ee for LO3 and NLO3 versus Fermi momentum kg. For com-
parison we show results for FP 1981 [17], APR 1998 [18], CMPR v6 and v8' 2003 [19], SP 2005 [20], GC
2007 [21], and GIFPS 2008 [22].

we have computed the ground state energy for dilute neutrons in a periodic box [16]. For spatial
lattice spacing @ = (100 MeV)~! and temporal lattice spacing & = (70 MeV)~! simulations were
done with 8, 12, 16 neutrons in periodic boxes with lengths L = 4,5,6,7. In Fig. 2 we show
results for the ratio of the interacting ground state energy to non-interacting ground state energy,
Eonco/ Eéree, as a function of Fermi momentum Kr. For comparison we show other results from
the literature: FP 1981 [17], APR 1998 [18], CMPR V6 and v8’ [19], SP 2005 [20], GC 2007 [21],
and GIFPS 2008 [22].

3. Three-body forcesin light nucle at next-to-next-to-leading order

A number of different phenomenological three-nucleon potentials have been investigated in
the literature [23, 24, 25, 26, 27, 28, 29, 30, 31]. Effective field theory provides a systematic
method for estimating the relative importance of three-body interaction terms. Few-nucleon forces
in chiral effective field theory beyond two nucleons were first introduced in Ref. [32]. In Ref. [33]
it was shown that three-nucleon interactions at NLO cancel and three-body effects first appear at
NNLO. The NNLO three-nucleon effective potential includes a pure contact potential, vcfn'?gct,

one-pion exchange potential, Vg,g), and a two-pion exchange potential, VT(;E'),
3N 3N 3N 3N
Vl\(INL)O - Vc(ontezct +VO(PE) +V"§PE) . (3.1)

The corresponding diagrams are shown in Fig. 3.

Similar to our bookkeeping notation for two-nucleon interactions, we write the tree-level am-
plitude for three-nucleon interactions where the first nucleon is type A, the second nucleon type
B, and the third type C. We sum over all permutations P(A,B,C) of the labels, and Ga, Ts, Gc
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Figure 3: Three-nucleon forces at NNLO. Diagrams (a), (b), and (c) show the contact potential, VC(;:\QC“

one-pion exchange potential V(gi,';), and two-pion exchange potential VT(E,E) .

are defined as the differences between final and initial momenta for the respective nucleons. The

amplitudes for Vc(sn'\tlzct and V(()f,g> are [34, 35]

1 - o
o |:Vc(o3n'\tlazct] = EE Z (TA'TB)v 3.2)
P(AB.C)
o NG = - GO (s 5) (T o). 53)
{OPE} 8f2 piBC) oz + M,

The coefficients E and D are both cutoff dependent. The coefficient E determines the short dis-
tance interactions between three nucleons, while D determines the pion coupling to two nucleons.
Following the notation introduced in Ref. [35], we define dimensionless parameters Cg and Cp such

that
Ce Cp

E=—— ==, 34
iy’ filx G4
where Ay ~m,. We take Ay = 700 MeV.
For convenience we separately label three parts of the two-pion exchange potential,
3N 3N 3N 3N)
VT(PE) = V"IEPE% +V”1£PE% +VT(PE3- (3.5)

The corresponding amplitudes are

of {V(3N)} G (%)2 (Ga- Ga) (G- TB)
T f727 2fn P(AB,C) (q%+ m%) (q% + m%)

(da-08) (Ta-TB)., (3.6)

2 . B

(qA . O'A) (QB . O'B) L

B 3.7
2frr> olsic) (@+m?) (g3 +3) (Ta- Ta) 37)

(3N) Cs [ Oa ?
4 {VTPEJ - 2—f72T (E)

(Ga-Ga) (9 - Ts) e o
s (Gt ) (g myy (G OB) elllTaxte) Tel. - GH)

3N 20m% [ Oa
o [VT(PE%} -T2 . <_
n
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Figure4: Plot of pcotd versus p? for spin-doublet nucleon-deuteron scattering in the center-of-mass frame.
For the NNLO calculation we take cp = 1.0 fitted to the physical value for Egjon. The experimental results
are from Ref. [42].

The low-energy constants Cy, Cs,C4 parameterize the coupling of the nucleon to two pions. These
constants have been determined from fits to low-energy pion-nucleon scattering data [36], and in
the following we use the values ¢; = —0.81 GeV~!, c3 = —4.7 GeV~!, ¢y = 3.4 GeV~! [37].

At fixed lattice spacing we constraint the two unknown coefficients by fitting to the triton
binding energy and spin-doublet nucleon-deuteron scattering via Liischer’s finite volume formula
[38, 39, 40]. We fix the coefficient Cg as a function of Cp by matching the physical triton energy at
infinite volume, —8.48 MeV. The value of Cp is then determined from the spin-doublet nucleon-
deuteron scattering phase shifts. Results for the doublet nucleon-deuteron scattering phase shift
are shown in Fig. 4 using the LO, lattice action for lattice spacing a = (100 MeV)~! and temporal
lattice spacing & = (150 MeV)_1 with cp = 1.0 [41]. It turns out however that nucleon-deuteron
scattering provides only a mild constraint on Cp. Currently other methods are being investigated
for constraining Cp, including one recent suggestion to determine Cp from the triton beta decay rate
[43].

Aside from the uncertainty in Cp, we have determined all interactions on the lattice up to
NNLO including three-body forces. Using these interactions we have computed the ground state
energy of the alpha particle without Coulomb interactions on a periodic lattice using auxiliary-field
projection Monte Carlo [41]. In Fig. 5 we plot the NNLO a-particle energy versus Cp, with Cg
fitted to the physical triton energy. The bands indicate the estimated error due to stochastic noise
and asymptotic fits at large Euclidean projection time t. The o energy shown at —29.0 MeV
is the estimated Coulomb-subtracted energy [31]. At large volumes the best agreement with the
Coulomb-subtracted o energy occurs at Cp ~ —4. The a binding increases in strength by 0.2 MeV
for each unit increase in Cp, and so we find reasonable agreement for all values of cp ~ O(1).
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Figure5: Energy of the o particle at NNLO versus cp. The contact interaction Cg is fitted to the physical

triton energy. The dotted line is the estimated Coulomb-subtracted energy —29.0 MeV.
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