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1. Introduction

Pion polarizabilities are fundamental structure paramsetbaracterizing the behavior of the
pion in an external electromagnetic field. The dipole ele¢@r;) and magneticft,) pion polariz-
abilities measure the response of the pion to quasistaatrel and magnetic fields. On the other
hand, the quadrupole polarizabilitiés, and Bz measure the electric and magnetic quadrupole
moments induced in the pion in the presence of an applieddreldient.

The generalized dipoleag and 31) and quadrupoled, and 3,) polarizabilities are defined
[1, 2] through expansion of the non-Born helicity amplitadd Compton scattering on the pion in
powers oft at fixeds = u?

M, (s= p2t) = my [2(0!1 —B1) + %(Gz—ﬁz)] +0(t),

Mo (s= 1) = 7 [2(an+B1) + L@t B)] + 08, (1.1)

wheres = (g1 +k1)?, t = (k1 — k2)? (g1, 02 andky, k are the pion and photon four-momenta), and
Y is the pion mass. In the following the dipole and quadrupalkanizabilities are given in units
10-*fm?3 and 104fm®, respectively.

It should be noted that the generalized pion polarizagditrery strongly differ from intrinsic
polarizabilitiesa; and; [3]. For example, the nonrelativistic expression of theagalized electric
dipole polarizabilitya; is equal to

a
ay =01+ 3 <r2>=1a1+155, 1.2)

where< r2 > is the mean-square pion radiusjs the fine-structure constant.

The expression for the generalized magnetic dipole palaility 3; is more complicated. Ad-
ditional contributions could be both paramagnetic and digmetic. So, it is difficult to determine
the nature of magnetic susceptibility Bf at present.

In the following we will omit the word "generalized".

The values of the pion polarizabilities are very sensitiveredictions of different theoretical
models. Therefore, accurate experimental determinafidinese parameters is very important for
testing the validity of such models.

For example, the results of calculations(af — 31) = in Refs [2,4-6] are at variance with the
predictions of chiral perturbation theory (ChPT) [7,8]. tbe other hand, P. Pasquini, D. Drechsel,
and S. Scherer (PDS) in Ref. [9] claim that as the absorpire gf the Compton amplitudes in
Refs [2,4—6] is expressed by Breit-Wigner poles with enatggendent coupling constants and
decay widths, there must appear additional spurious sanigieks. As a result, the values of the
polarizabilities obtained in [2,4—-6] have to be modifiedezgmlly.

In the present paper we examine the statement of PDS and mjigeeaview of the present
situation in the field of investigation of the dipole and gugmble polarizabilities of the charged and
neutral pions in the frameworks of different DSRs and ChRTa@mpare the results of calculations
with available experimental data.
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2. Dispersion sum rulesfor dipole polarizabilities

DSRs for the difference and sum of electric and magnetic paarizabilities have been con-
structed using dispersion relations (DRs) for the heliaityplitudesM, ;. andM, _, respectively.
It has been shown in Ref. [10] that these amplitudes havermeniatical singularities or zeroes.

In Refs [2,4, 6] DSR has been constructed (fag — 1) using DR for the amplitud®/, ;. at
fixed u = u? (whereu = 2u? —s—t). In this case, the Regge-pole model allows the use of DR
without subtractions [10]. Such a DSR is

1 [ 7 ImMo(t,u=p2) dt /°° ImM, . (¢,u = p?) de

o1—B1) = =—— . 2.1
4u? 4u2

The imaginary parts of the amplitudes in these DR and DSR@gpaimated by the contributions

of meson resonances using Breit-Wigner expressions. onghe, the contributions of the vector

mesons are determined as

-
ImMY) (s t) = _49\2,3%_—3(;2% (2.2)

for s> 4u? and| mM(+V+)(s,t) = 0 for s < 4u?, where

3
IVI2 M 3 3_4 2 2
2 \/ \Y U
gV:6T[ —<7> I'V X roz (7) Mvrv. (23)
Vs \mg—p2) Vo M3 — 4u2

HereMy, 'y, andl'y_,,; are the mass, full angit decay widths of the vector mesons, respectively.
A dependence of the width on the energy is conditioned by liheshold behavior. The energy
dependence of the coupling constgptappears via an expression for the total cross section of the
processyrt — yrrthrough the vector meson contribution.

In order to check the possibility of the appearance of aoldliti singularities in our dispersion
approach, we calculate the contributions of all mesonsgmb@, to our DSR by the zero-width
approximation.

The results of such calculations @f; — 1) are listed in Tables 1, 2 together with the com-
plete calculations ofai — 1) s obtained in Ref. [2].

Table 1: The DSR predictions fofai — B1) -
P by a1 a fo fé (o) 2 A
(ap—pB1)r -1.15 093 226 151 058 0.02 945 13.60 2.15
(a1—pB1); -1.11 0.85 339 151 059 0.03 945 13.70

As seen from the Tables the zero-width approximation requiactically coincide with the
calculations of Ref. [2] which are beyond such an approxionat

The coefficient ¥/t in the coupling constant of the-meson amplitude in Ref. [2,4] provides
the correct asymptotic behavior for the convergence of titegial overt in our DSR and does
not lead to additional singularities. To check it we havecgkated this integral using the energy
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Table 2: The DSR predictions fofai — 1) 0.

P W [0} fo fo o} > AY
(a1—p1)f -1.58 -1256 -0.04 0.60 0.02 10.07 -3.49 2.13
(a1—pB1); -199 -11.81 -0.04 0.61 0.02 10.07 -3.14

independent values of the decay width and the coupling aohsf theg-meson. It has not lead
to essential changes of the calculation results presentdteiTables. For example, the value of
(a1 — B1) 7+, Would be equal to 13.1.

Besides, we compare our DSR calculation results irsttieannel with the predictions of DSR
obtained at the fixed anglg,; = 180" [5]. In this case

Tom ) w2
3u/2
wherev is the incident photon energy in the lab. systenfyes) ando(no) stand for the sum of
the photoabsorption cross sections containing, resgdgtparity-flip and -nonflip multipoles.

The best way to calculate this integral would be the use oéemxpental values for the cross
sections. On the other hand, if these experimental data @telescribed by some function in the
physical region of the process under consideration, thenameuse this function, but only in this
region, without continuation into unphysical regions. BlisBreit-Wigner forms for the photoab-
sorption cross sections with energy dependent decay wadttiscorrect asymptotic behavior are
such functions. Therefore, we should use them only in thesiphl/regions of these processes. If
we add a contribution from spurious singularities, which ant of the physical region considered
in DSR, we would have an additional contribution to the resbtained from the integration of
the experimental cross section. This is a gross mistaketh8 are no problems with additional
spurious singularities in the derivation and the calcalatf Eq. (2.4). The results of the calcula-
tion of this expression are very close to the valuesmf— 1)t given in Tables (1) and (2) fq,

w, @, a1, anda, mesons which saturate the DSR integrals ingtolannel. This result confirms
the absence of additional singularities in our approachhies-channel integral of our DSRs. The
t-channel contributions with=J = 0 are the same for both DSR at fixee= u? and DSR at fixed
6, = 180°. There are the same arguments why additional singuladtiesbsent in thechannel
too.

(a1 —B)® = 1 / dv [l+ﬂ [o(yes) — a(no)], (2.4)

It should be noted that in the work of S.S. Kamalov, L. TialarDrechsekt al. [11] the neutral
pion photoproduction and electroproduction at the thriesivere analyzed using DR. In this work
the resonance contribution to the imaginary parts of thelitudps of the pion photoproduction
and electroproduction were given in terms of Breit-Wigngpressions with the energy dependent
decay widths and coupling constants. According to the mabemment of PDS, there are very many
additional singularities in the resonance amplitudes idemned in this work. The results of the
calculations in the work [11] were obtained without considien of any additional singularities
and are in very good agreement with the experimental datthéopion photoproduction in the
threshold region. However, if, according to PDS, one takés account these singularities, this
would lead to additional contributions and, as a result,dsagreement with the experiment. This
confirms that an account of such singularities is a mistake.
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It is worth noting that the calculation ¢&r; — 1) -+ in the framework of DSR at finite energy
[12], which takes into account thechannel and the Regge-pole asymptotic contribution only,
yielded (a1 — B1) = 10.3+ 1.3. This value practically coincides with our result (seel&al).

As for the sum(a; + B1), these values are calculated using Baldin’s DSR

(a1 +B) =5y [ T, 25)

3
ZH
whereor is the total cross section of ther-interaction. These DSR results in
(a1+ B1)+ = 0.166+ 0.024,
(a1 4 B1),e = 0.802+0.035 (2.6)

On the other hand, two-loop ChPT calculations [7, 13] give

(Cfl — Bl)ni =574+1.0,
(a1 +B1)m= = 0.16,
(Cfl — B]_)no =-19+0.2,
(a1+B1)p =11+03. (2.7)
So, the results of the ChPT calculations for the sum andrdifige of the dipole polarizabilities
of ° and the sum for the charged pions do not conflict within therswith predictions of DSRs.
Let us consider possible reasons of the discrepancy betiwegmedictions of DSRs and ChPT
for (a1 — B1) 7. The main contribution to the DSRs foo; — 1)+ is given by theo-meson.
However, this meson is taken into account only partiallyhi@ present ChPT calculations.

Consider the methods of the calculation of the vector mesatribution in the frameworks of
DSRs and ChPT. In the narrow width approximation we have fimm(2.2)

ImMY)(s,t) = —4mg2sd(s— M2).

Then the DSR calculation gives

_ ZMZ
ReM, . (5= p2t = 0) = — My 2.8
++(s= M5, ) (M2 — 1?) (2.8)
In the case of ChPT the authors of Ref. [7] used
21,2
ReM, . (5= k2.t = 0) = — WM 2.9
++( ue, ) (M\Z/—I.lz) ( )

The absolute value of the amplitude (2.9) is smaller thad) @@y a factorM?Z /u?. From the point
of view of analyticity, the result (2.9) could be obtainediR with one subtraction &= 0 is used
for the amplitudeM,, , (s,t). However, an additional subtraction constdht,(s= 0,t = 0) then
appears, which was not considered in the available ChPTileslns.

In the case of the difference of the dipole polarizabilitéshe °-meson, the big contribution
of the o-meson to DSR is cancelled by the big contribution ofdheneson. On the other hand, in
the ChPT calculations the-meson is only partially included and the meson gives a very small
contribution to this difference. As a result, the DSR and TpRedictions for(a; — 1) 0 are rather
close.
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Table 3: The experimental data presently available(fms — 31) +. In [16—20](a1 — B1) = was determined
by using the constrairtty+ = —B1-

Experiments (a1— 1)
yp— ymn MAMI (2005) [14] 116+ 1.5¢4 & 3.05y¢t 3= 0.5mud
yp— yrrtn Lebedev Phys. Inst. (1984) [15]40+ 24
m A— yrm A Serpukhov (1983) [16] 136+28+24
m A— ym A COMPASS (2007) [17] 50+34 (preliminary)

yy— mtm (E, < 700 MeV)
D. Babusciet al. (1992) [18]

PLUTO [21] 382+96+114
DM 1 [22] 344+9.2
DM 2 [23] 52.6+14.8
MARK Il [24] 4.4+32
J.F. Donoghue, B.R. Holstein (1993) [19] | 5.4

MARK 11 [24]

A.E. Kaloshin, V.V. Serebryakov (1994) [20] | 5.254+0.95
MARK 11 [24]

L.V. Fil’kov, V.L. Kashevarov (2006) [4] 130723
yy— - fit of data [24-29]
from threshold to 2.5 GeV

3. Experimental data for dipole polarizabilities of charged pions

By now the values of the pion polarizabilities were detemirby analyzing the processes
m A— ymr A yp— yrrtn, andyy — mirt. The experimental information available so far for the
difference of the dipole polarizabilities of charged pigsummarized in Table 3.

The values of the experimental cross sections of the prggess ™ i~ in the energy region
E, < 700 MeV are very ambiguous. As a result, the valuegef- 1) -, obtained from analyses
of these data, lie in the interval 4.4-52.6. The analysebetiita of Mark Il [24] only have given
(a1 — B1)+ close to the ChPT result.

The difference(a; — B1) = found from the global fit to all available experimental datahe
processyy — mH 1 in the energy region from the threshold to 2500 MeV [2] agresy well
with the results [16] obtained from the scattering of higkergly 7~ mesons off the Coulomb field
of heavy nuclei and from the radiative photoproductiormffrom the proton at MAMI [14] and
in Lebedev Physical Institute [15] (see Table 3) and with &R calculations. However, these
values of(a1 — B1) = deviate essentially from the ChPT calculations [7, 8].

Results of polarizability extraction from the processA — ymr A strongly depend on the
momentum transfe®?. In this reaction the Coulomb amplitude dominates@é1< 104 (GeV/cy.

In the region ofQ? ~ 102 (GeV/c} Coulomb and nuclear contributions are of similar size. Is th
region the nuclear contribution, in particular an intezfeze between the Coulomb and nuclear
amplitudes, should be taken into account. In the work [16]ahthors considere@? < 6 x 10~4
(Gev/cy, while the authors of Ref. [17] worked @ < 7.5x 103 (Gev/cy. In this region ofQ? the
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Table 4: The quadrupole polarizabilities of the neutral and chaggjeds.

ChPT [7,13]
fit[2,4] DSR [2] to one-loop| to two-loops
(a2—B2)y0 | 39.7+0.02 39.72+8.01 37.6+3.3
(024 B2)yo | —0.181+0.004 | —0.171+0.067 0.04
(02— B2)r | 250798 25.75+7.03 11.9 16.2 [21.6]
(d2+ Bo)y= | 0.133+0.015 | 0.121+0.064 0 -0.001 [-0.001]

contribution of the interference between the Coulomb araliean amplitudes is very large [30,31].
However, it was not taken into account in the work [17]. Tlsishe main reason of the difference
between the Serpukhov and COMPASS results. Moreover, éotdtal energy, in the/m c.m.s.,
W 2 450 MeV andf,, ~ 180, the -meson contribution should be taken into account [6].

4. Pion quadrupole polarizabilities

DSRs for the difference and the sum of the quadrupole palbitiies have been obtained
with the help of DRs at fixedi = u? with one subtraction for the amplitudéd, ., and M, _,
respectively:

6 ) ImMLu=pAdt [ ImMy(s,u=p?) ds
6 MM, _(tu=p2) dt’ [ ImM,_(,u= p?) de

4u2

The corresponding values of the quadrupole polarizadilitiave been found in Refs [2, 4]
by fitting the experimental total cross sections of the pseesyy — P [32, 33] andyy —
mh i [24-29] in the energy regions from the thresholds to 2.2526d5eV, respectively. The fit
functions were constructed by using DRs with subtracti@ngife amplituded/, , andM, .

The values of the quadrupole polarizabilities found in REfs4] and the predictions of DSRs
[2] and ChPT [7,13] are listed in Table 4. The numbers in besskorrespond to the ordp? low
energy constants from Ref. [34]. As seen from this Tableyailes of the polarizabilities found in
Ref. [2,4] are in good agreement with the DSR predictions [2]

The difference of the quadrupole polarizabilities — 32) = obtained in Refs. [2,4] disagrees
with the present two-loop ChPT calculations [7, 13]. Onehaf sources of this disagreement is
the bad knowledge of the low energy constants. Moreovehdulsl be noted that in this case
the two-loop contribution generates nearly 100% as congpiréhe one-loop result. The ChPT
calculations of(a, + ;) give an opposite sign. However, calculations(ap + ;) at orderp®
determine only the leading order term in ChPT. Thereforefrdmutions atp® could be essential,
and considerably more work is required to put the chiral jotéxh on a firm basis in this case [7].

It is worth noting that calculations of the dipole and quawide pion polarizabilities in the
frame of the Nambu-Jona-Lasino model [35] agree withinrervadth the DSR [2, 4] predictions.
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5. Summary

We showed that there are no problems with additional spsrsingularities in the DSRs and
DRs considered. The difference between the predictionheoDISRs and ChPT fdy — 1) =
remains. This discrepancy is connected with a differenbactof the contribution of ther and
vector mesons in the DSR and ChPT calculations. The disagmtebetween the DSR and ChPT
predictions of the quadrupole polarizabilities is conedctin particular, with the bad knowledge
of the low energy constants. Substantial corrections teahges of the quadrupole polarizabilities
are expected from three-loop calculations.

The authors thank A.l. L'vov and V.A. Petrun’kin for usefubdussions. This research was
supported by the DFG-RFBR (Grant No. 09-02-91330).
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