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1. Introduction

The muong — 2 has served over many decades as an important test of theagtaodel
(SM). It is also sensitive to contributions from New Physstightly above the electroweak scale.
In fact, for several years now a discrepancy of more tharetBtandard deviations has existed
between the SM prediction and the experimental value, serettent reviews Refs. [1, 2, 3] on the
muong — 2. The main error in the theoretical SM prediction comes flaadronic contributions,
i.e. hadronic vacuum polarization and hadronic lightdgyd (had. LbyL) scattering. Whereas the
hadronic vacuum polarization contribution can be relatethe cross sectioa™e~ — hadrons,
no direct experimental information is available for hadyLlIscattering. One therefore has to rely
on hadronic models to describe the strongly interactingpedurbative dynamics at the relevant
scales from the muon mass up to about 2 GeV. This leads tolaggrtainties, see Refs. [4, 5, 3]
for recent reviews on had. LbyL scattering, largely basetheroriginal works [6, 7, 8, 9].

Essentially, these models describe the interactions afnadwith photons, usually with the
help of some form factors. One can reduce this model deperdand the corresponding un-
certainties by relating the form factors at low energiesegsutts from chiral perturbation theory
(ChPT) [10] and at high energies (short distances) to theab@eproduct expansion (OPE) [11].
In this way, one connects the form factors to the underlyirapty of QCD. In particular, this has
been done in Refs. [6, 7, 12, 8, 9] for the numerically domircamtribution from the exchange of
light pseudoscalarg®, n, n’.

The pseudoscalar-exchange contributions to had. Lbyltesoag are given by the diagrams
shown in Fig. 1.

Figure1: The pseudoscalar-exchange contributions to had. Lbyltes@ag. The shaded blobs represent the
form factor Zpg - where PS=1%,n,n',n%,....

It was pointed out recently in Ref. [2], that one should udky faff-shell form factors for the
evaluation of the LbyL scattering contribution. This seambfave been overlooked in the recent
literature, in particular, in Refs. [12, 8, 9, 4, 5]. The drel form factors as used in Refs. [8, 12]
actually violate four-momentum conservation at the exdevartex, as observed already in Ref. [9].

The exchange of the lightest stat€ yields the largest contribution and therefore warrants
special attention. In these proceedings, based on thegeashthined in Ref. [13], we present a
new QCD short-distance constraint on the off-shell piontph-photon form factogfno*y*w at
the external vertex by relating it to the quark condensatgnatic susceptibility of QCD. We then
evaluate this contribution in the framework of laiye-QCD [14], using a form factor which fulfills
this new and other relevant short-distance constraints.
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2. On-shdll versus off-shell form factors

For the pion, the key object which enters the diagrams in Fiig. the off-shell form factor
Tty (1 +02)?,02,3) which can be defined via the QCD Green’s functimvP) [6, 7, 13]

/ d*xd?ye(@Xt%2Y) (0| {j,(x)ju(y)P3(0)}|0)

(@y) i
— ¢ a B
wap B % e T (gt q)? - e
up to small mixing effects with the statgsandn’ and neglecting exchanges of heavier states like
n® 10", Herej,(x) is the light quark part of the electromagnetic current BRe- Piys, .

The corresponding contribution to the mugn 2 may be worked out with the result [8]

aLbyL;n0 _ —86/ d4q1 d4Q2 1
s (2m* (2m)* g2ag(an + o)2[(P+ 01)? — ME] [(p— G2)2 — M)
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(Q1 +02)% —m%
where the external photon has now zero four-momentum. Se¢8Réor the expressions fof;.

Instead of the representation in Eq. (2.2), Refs. [12, 8kimmredon-shell form factors which
would yield the so calleg@ion-pole contribution, e.g. for the term involvintp, one would write [2]

fﬂww(”‘%ﬂ%ﬂ%) X tginoy*y(m%a (Q1+QZ)2>0)- (2.3)

Although pole dominance might be expected to give a reasemgiproximation, it is not correct as
it was used in those references, as stressed in Refs. [9h@]pdint is that the form factor sitting at
the external photon vertex in the pole approximat@ﬁawy(rrﬁ, (01 +@2)2,0) for (on + G)% # M2,
violates four-momentum conservation, since the momentuimecexternal (soft) photon vanishes.
The latter requires7 o- ., ((d1 + o2)?, (01 +a2)2,0). Ref. [9] then proposed to use instead

Qo}\noy*y*(nﬁhq%aq%) X Lojnoyy(m%a m72T70) (24)

Froryy (A + )%, 08,63) + ..., (2.1)

T1(01,%2; P)

_|_

TZ(qlqu; p) ) (22)

Note that putting the pion on-shell at the external vertetommatically leads to a constant form
factor, given by the Wess-Zumino-Witten (WZW) term [15]. Wwiver, this prescription does not
yield thepion-exchange contribution with off-shell form factors, which we calctgawith Eq. (2.2).

Strictly speaking, the identification of the pion-exchamgatribution is only possible, if the
pion is on-shell. If one is off the mass shell of the exchanggdicle, it is not possible to separate
different contributions to thg — 2, unless one uses some particular model where elementary pi
can propagate. In this sense, only the pion-pole contdbutiith on-shell form factors can be
defined, at least in principle, in a model-independent wayih@ other hand, the pion-pole contri-
bution is only a part of the full result, since in general,. @&gjng some resonance Lagrangian, the
form factors will enter the calculation with off-shell momnta. In this respect, we view our eval-
uation as being a part of a full calculation of had. LbyL semitiy using a resonance Lagrangian
whose coefficients are tuned in such a way as to systemugtreglioduce the relevant QCD short-
distance constraints, along the lines of the resonancal¢h&ory developed in Ref. [16].
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3. A new short-distance constraint on the off-shell pion-photon-photon form factor

The form factor.% o+, ((q1 +02)?,0f,05) defined in Eq. (2.1) is determined by nonpertur-
bative physics of QCD and cannot (yet) be calculated front firmciples. Therefore, various
hadronic models have been used in the literature. At lowgeesrthe form factor is normalized
by the decay amplitudey (m° — yy) = €% 0,,(m2,0,0). To a good approximation, all hadronic
models thus have to satisfy the constra#fip,, (mZ,0,0) = —Nc/(121PFy).!

For an on-shell pion, there is also experimental data duaifar one on-shell and one off-shell
photon, from the process'e~ — ete n°. Several experiments [19] thereby fairly well confirm
the Brodsky-Lepage [20] behavior for large Euclidean mamnenimegsz o, ﬁnow(rrﬁ, —Q?,0) ~
—2F;/Q? and any model should reproduce this behavior, maybe witffereint prefacto?

Apart from these experimental constraints, any considtadtronic model for the off-shell
form factor.Zo+,.,.. (01 + 02)?, 0, g3) should match at large momentum with short-distance con-
straints from QCD that can be calculated using the OPE. In[R2J the short-distance properties
for the three-point functioqVVP) in Eq. (2.1) in the chiral limit and assuming octet symmetry
have been worked out in detail. Two limits are of interest.tHe first case, the two momenta
become simultaneously large, which describes the situatloere the space-time arguments of all
three operators tend towards the same point at the sameTagesecond situation corresponds
to the case where the relative distance between only twoedtttee operators ifVVP) becomes
small. When the space-time arguments of the two vector itgri@ (VVP) approach each other,
the leading term in the OPE leads to the Green’s functi®). The explicit results for both these
cases can be found in Refs. [22, 13].

The new short-distance constraint on the off-shell formdiaat the external vertex in had.
LbyL scattering arises when the space-time argument of dtigeovector currents ifVVP) ap-
proaches the argument of the pseudoscalar density. This teahe two-point functiodVT) of
the vector current and the antisymmetric tensor density

. b i
5P (Mer)upo(P) = [ 5™ (O (VX (Wpoy )ONIO),  Gpo=5lp. 1) (3)

Conservation of the vector current and invariance undétyaen give(Nvt) upo (P) = (PpNuo —
PoNup) Myt (p?). In this way one obtains the relation (up to corrections okons) [22, 13]

2 F 1
g 2 22y _%_ 10 2 =
Jim Froryy (At + )%, (A1), G) 3<ww>oﬂw(q2)+ﬁ<}\> : (3.2)
In particular, at the external vertex in LbyL scattering i E2.2), the limitg, — O is relevant.
As pointed out in Ref. [23], the value &yt (p?) at zero momentum is related to the quark
condensate magnetic susceptibijtyn QCD in the presence of a constant external electromagneti
field, introduced in Ref. [24]:(0|qo,v0|0)F = eeq X (PY)oFuv, with e, = 2/3 andeg = —1/3.

1We note that in our work [13] and in Refs. [6, 7, 8, 9] simply= 924 MeV is used, without any error attached.
Maybe this could be an additional source of uncertaimybﬁ)(L;"o, in particular in view of the new valug(m® — yy) =
(7.82+0.23) eV presented in Ref. [17]; see also the discussion in Ref.d48 references therein.

2Note, however, that a recent measurement of the form fagtdhéd BABAR collaboration [21] at momentum
transfersQ? between 4 Ge¥and 40 Ge¥ does not show such a falloff. We will come back to this issuBéation 4.
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With our definition offlyr in Eg. (3.1) one obtains the relatidh,t(0) = —((PYY)o/2)x (see also
Ref. [25]) and the new short-distance constraint at thereaterertex can be written as [13]

m Frop (o A0 = 2 X+ (5 ). 33)
Note that there is no falloff in this limit, unlegsvanishes.

Unfortunately there is no agreement in the literature whatactual value of should be. In
comparing different results one has to keep in mind ghattually depends on the renormalization
scaley. In Ref. [24] the estimatg (¢ = 0.5 GeV) = —(8.16"33%) GeV -2 was given in a QCD sum
rule evaluation of nucleon magnetic moments. A similar glu= —Nc/(41°F2) = —8.9 GeV 2
was obtained in Ref. [26], probably again for a low sqale 0.5 GeV as argued in Ref. [26].

On the other hand, saturating the leading short-distanbavile of the two-point function
Myt [27] with one multiplet of lowest-lying vector mesons (LM[28, 23, 22] leads to the estimate
X™MP — _2/MZ = —3.3 GeV 2 [28]. Again, it is not obvious at which scale this relatioridg
it might be atu = My. This LMD estimate was soon afterwards improved by takirig account
higher resonance statgs (p”) in the framework of QCD sum rules, with the resy{t®.5 GeV) =
—(5.7+£0.6) GeV 2 [23] and (1 GeV) = —(4.4+0.4) GeV 2 [29]. A more recent analysis [30]
yields, however, a smaller absolute vajue GeV) = —(3.1540.30) GeV 2, close to the original
LMD estimate? For a quantitative comparison of all these estimatesyfare would have to run
them to a common scale, for instance, 1 GeV or 2 GeV, which baioosly not be done within
perturbation theory starting from such low scalegias 0.5 GeV.

4. New evaluation of the pseudoscalar-exchange contribution in large-Nc QCD

In the spirit of the minimal hadronic Ansatz [33] for Greefumctions in largeNc QCD, an
off-shell form factor.# o+, (01 + d2)?, 0, G5) has been constructed in Ref. [22]. It contains the
two lightest multiplets of vector resonances, fhand thep’ (LMD+V), and fulfills all the OPE
constraints discussed earlier:

Fr  0f03(cf+q3+a3) +PY(af,03,03)

FMON (B, g, 03) = — : (4.1)
lyy VTR 3 (0 — M) (0F —M3,) (03 — M3) (@3 — M)
PY (03, 03,08) = h1 (2 +03)%+ a2 g3 + hs (62 + 63) G + ha 0

+hs (0f + 03) + he 03 + h, = (g +q)% (4.2)

Below we reevaluate the pion-exchange contribution usifighell LMD+V form factors at
both vertices. The constarttsin the Ansatz forﬁ‘;o'\fa;v in Eq. (4.1) are determined as follows.
The normalization with the pion decay amplitutt® — yy yields hy = —NcMJ My} /(41°F3) —
hem? — hynt, = —14.83 Ge\P — hgm? — hyn, where we usetily, = M, = 77549 MeV andMy, =

My = 1.465 GeV. The Brodsky-Lepage behavior can be reproduced dysaigh; = 0 Ge\2.

3After the publication of our paper Ref. [13], two new estigsafor x appeared, both based on the analysis of the
zero-modes of the Dirac operator. Ref. [31] presents arytcal approach which yieldg (1 GeV) = —3.52 GeV 2
with an estimated error of 3050%. A quenched lattice calculation [32] fidg = 2 gives a very small absolute value
X = —1.547(6) GeV 2. No scale dependence is given, the lattice spacing comesgdo 2 GeV.
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In Ref. [22] a fit to the CLEO data [19] for the on-shell form tfalcfl';o'\;'f?y*v(mz —Q?,0) was
performed, with the resulis = (6.93+ 0.26) GeV* — ha2. The constanh, can be obtained from
higher-twist corrections in the OPE with the resylt= —10.63 Ge\? [9].

Within the LMD+V framework, the vector-tensor two-pointriction reads [22, 13]

2 2 M2
P2+c M2 M2 x
22 \;T_ 7y ovr =~ (4.3)
(p* —My)(p* — My,) 2

As shown in Ref. [22], the OPE constraint from Eq. (3.2)%#‘{'3;\’ leads to the relation

hi1 +hz+hs = 20y7. (4.4)

WP (p?) = — (@Y)o

The LMD estimatex"MP = —2/MZ = —3.3 GeV 2 is close tox(u = 1 GeV) = —(3.15+
0.30) GeV 2 obtained in Ref. [30] using QCD sum rules with several vecesonance, p’,
and p”. Assuming that the LMD/LMD+V framework is self-consistente will therefore take
X=(—33+11) GeV~2in our numerical evaluation, with a typical lard\e- uncertainty of about
30%. We will varyhs in the ranget10 Ge\? and determinéa, from Eq. (4.4) and vice versa.

The coefficienths in the LMD+V Ansatz is undetermined as well. It enters at org2in
the low-energy expansion @¥VP) in one combination of low-energy constants from the chiral
Lagrangian of odd intrinsic parltyl}VME:qV —F2hs/(8My My,) [22]. The LMD ansatz with only
one multiplet of vector resonances yle%@'mq F2/(8MV) —0.26 (1074/F2) [22]. If the
LMD/LMD+V framework is self-consistent, the change in thesstimates, while going from LMD
to LMD+V, should not be too big. Since the size of this low-gyeconstant seems to be small
compared to another combination of low-energy constantsiwénters at ordep®, we allow for a
100% uncertainty ot\,’v'mq , and get the rangas = (5+5) GeV*, see Ref. [13] for details.

The results foa "byL e for some selected valuesiaf, h, andhg, varied in the ranges discussed

above, fory = —3.3 Ge\ﬁz, hy = 0 Ge\?, h, = —10.63 Ge\? andhs = 6.93 Ge\V} — hgm? are
collected in Table 1, see Refs. [13, 3] for details on the miocae

hg=0GeV* | hg=5GeV | hg=10 GeV}
hs = —10 Ge\? 68.4 74.1 80.2
hs = 0 Ge\? 66.4 71.9 77.8
hs = 10 Ge\? 64.4 69.7 75.4
hs = —10 Ge\? 65.3 70.7 76.4
hs = 0 Ge\? 67.3 72.8 78.8
hs = 10 Ge\? 69.2 75.0 81.2

Table 1: Results fora™" ™ . 10 obtained with the off-shell LMD+V form factor fox = —3.3 GeV?
and the given values fdrs, hy andhg. When varyinghs (upper half of the table), the paramekaris fixed
by the constraint in Eq. (4.4). In the lower half the procexdisreversed.

Varying x by +1.1 GeV 2 changes the result fcrf;,by“"o by £2.1 x 10~ at most. The
uncertainty inhg affects the result by up t&-6.4 x 10-11. The variation ol’abby“”O with hs [with
h, determined from the constraint in Eq. (4.4) or vice versajigh smaller, at most2.5 x 10~
In the absence of more information on the values of the catsitg, hy andhg, we take the average
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of the results obtained with; = 5 Ge\* for hy = 0 Ge\2 and forh, = 0 Ge\2 as our central value:
a';,by“"o =723 x 10711, Adding all uncertainties from the variations pf hs (or hs), hs andhg

linearly to cover the full range of values obtained with ocars of parameters, we get [13, 3]
aPt ™ (72412) x 1071 (4.5)

This value replaces the result obtained in Ref. [8] with balsLMD+V form factors at both
vertices. We think the 16% error should fairly well describe inherent model uncertainty using
the off-shell LMD+V form factor. In order to facilitate updates of our rétsin case some of the
parameters$y; in the LMD+V Ansatz in Eq. (4.1) will be known more preciselye have given in
the Appendix of Ref. [13] a parametrization ahbyL;"o for arbitrary coefficientsy;.*

As far as the contribution ta, from the exchanges of the other light pseudoscajeaadn’ is
concerned, it is not so straightforward to apply the abowayais within the LMD+V framework
to these resonances. In particular, the short-distanclysismian Ref. [22] was performed in the
chiral limit and assumed octet symmetry. We therefore tdsca simplified approach which was
also adopted in other works [6, 7, 8, 9] and take a simple VMinfdactor normalized to the
experimental decay width(PS— yy). In this way we obtain the resulaj,]by";” =145x 107

andahby“”/ =125x 1011, which update the values given in Ref. [8]. Adding up the dbations

from all the light pseudoscalar exchanges, we obtain themat [13, 3]
Y-S = (994 16) x 1071, (4.6)

where we have assumed a 16% error, as inferred above foraghesgthange contribution.

5. Discussion and conclusions

We would like to stress that although our result for the pgechange contribution is not
too far from the valueralbby“"o_po'e = (765+6.7) x 101! given in Ref. [9], this ispure co-
incidence. We have used off-shell LMD+V form factors at both verticeghereas the au-
thors of Ref. [9] evaluated thpion-pole contribution using the on-shell LMD+V form factor
Ty y (0F,08) = Frory (MR, 05,03) at the internal vertex and a constant WZW form factor at
the external vertex, see for instance Eq. (18) in Ref. [9hc&ionly the pion-pole contribution
is considered in Ref. [9], their short-distance constraarinot be applied to our approach either.
However, our ansatz for the pion-exchange contributioeegjgualitatively with the short-distance
behavior of the quark-loop derived in Ref. [9], see the dis@n in Refs. [13, 3].

“4A fit of the on-shell LMD+V form factor to the recent BABAR dafa1] yields h; = (—0.17+0.02) GeV? and
hs = (6.514 0.20) GeV* — hamZ with x?/dof = 150/15= 1.0. In this way we would get the new average value

a'[,by";"o =718x 1011, j.e. the result is essentially unchanged from Eq. (4.5).
5Applying the same procedure to the electron, weak@’(“"o = (2.9840.34) x 10714 [13]. This number super-

sedes the value given in Ref. [8]. Note that the naive resgali®" ™ (rescaleg = (me/my)? a'[lby";"o =17x1014
yields a value which is almost a factor of 2 too small. Ourreates for the other pseudoscalars contributions us-
ing VMD form factors at both vertices am™"" = 0.49x 1014 anda5s™"" = 0.39x 10-14. Therefore we get
as™LPS = (3.940.5) x 1014, where the relative error of about 12% is again taken ovenfiee pion-exchange contri-
bution. Assuming that the pseudoscalar contribution giéhe bulk of the result of the total had. LbyL scattering eosr
tion, we obtaire5®="¢ = (3.9+£ 1.3) x 1014, with a conservative error of about 30%, see Ref. [3]. Thiswavas later

confirmed in the published version of Ref. [5] where a leadings estimate yieldeds®="3 = (3.5 1.0) x 1024,
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Our results for the pion and the sum of all pseudoscalarskaret20% larger than the values
in Refs. [6, 7] which used other hadronic models. An evatuiatf the pion-exchange contribution
using an off-shell form factor based on a nonlocal chirarkuaodel yieldeda';,'c'y“"o = (65+2) x
10-11 [34]. In that model, off-shell effects of the pion alwaysdea a strong damping in the form
factor and the result is therefore smaller than the pior-gointribution obtained in Ref. [9]. In
our model, there are some corners of the parameter space Wigeresult is larger than the pion-
pole contribution, for instance, we get a maximal valuaté’f“"o =833 x 10 in the scanned
region. Very recently, a value @™ = 107x 1011 with an estimated error of at most 30%
was obtained in Ref. [35] within an AdS/QCD approach.

Combining our result for the pseudoscalars with the evalnatdf the axial-vector contribution
in Ref. [9] and the results from Ref. [6] for the other contitibns, we obtain the estimate [13, 3]

Y-l — (116+40) x 10 (5.1)

for the total had. LbyL scattering contribution to the antoma magnetic moment of the muon. To
be conservative, we have added all the errors linearly, avobaome customary in recent years.
In the very recent review [5] the central values of some ofititividual contributions to had.
LbyL scattering are adjusted and some errors are enlargeavér the results obtained by various
groups which used different models. The errors are finallleddn quadrature to yield the estimate
alY-"d — (105+ 26) x 1071, Note that the dressed light quark loops are not included as a
separate contribution in Ref. [5]. They are assumed to Eadyr covered by using the short-
distance constraint from Ref. [9] on the pseudoscalar-potaribution. Certainly, more work on
the had. LbyL scattering contribution is needed to fullytrohall the uncertainties.
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