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Hamiltonian approach to Yang-Mills theory in Coulomb gauge

1. Introduction

The usual language of quantum field theory is the functiomiagral framework. However, from
ordinary quantum mechanics we know that for many non-peative studies the solution of the
Schrédinger equation is much simpler than calculating tiveesponding functional integral. Al-
though in quantum field theory the regularisation and remtigation procedures are much better
understood in the functional integral formalism, for nartprbative investigations like the infrared
sector of Yang-Mills theory, the canonically quantised rapar formalism seems to have certain
advantages over more traditional field theoretical appresadf it comes to the computation of
physical observables. In recent years there have been nctimyies in studying the infrared sec-
tor of QCD in Coulomb gauge. The use of the Coulomb gauge iargdgeous since this gauge is a
so-called “physical gauge”: The gauge degrees of freedanbealirectly removed and Gauss’ law
can be explicitly resolved. For example, the confining pléibetween static colour sources can
be extracted much more easily than e.g. in Landau gaugeisltalk | report on results obtained
in recent years by our group by a variational solution of tlamg¢/Mills Schrddinger equation in
Coulomb gauge. The plan of my talk is as follows:

After these introductory remarks | will briefly review the dd@ ingredients of the Hamiltonian
approach to Yang-Mills theory in Coulomb gauge. In Sect. 3lll present some results obtained
from a variational solution of the Yang-Mills Schrodingeuation in Coulomb gauge and compare
them with recent lattice data. There | will give a physicdénpretation of the ghost form factor in
Coulomb gauge. Our variational ansatz for the Yang-Millgeviunctional will be checked in Sect.
4 by means of the functional renormalisation group flow eiguat which will be solved assuming
ghost dominance. In Sect. 5 and 6 | will present some apjiitatof our approach. Thereby |
will focus on the calculation of the topological suscepitipiand of the Wilson loop by means of a
recently proposed Dyson equation.

2. Hamiltonian approach to Yang-Mills theory in Coulomb gauge

Standard canonical quantisation of Yang-Mills theory inAAgmugeA; = 0 leads to the Hamilto-
nian
1
H— E/(n2+32) , 2.1)

wherell = §/idA is the momentum operator amB} the non-Abelian magnetic field. Due to the
Weyl gauge Gauss' law escapes from the equation of motionhasdto be implemented as a
constraint on the wave functional

DN|y) = p|) - (2.2)
HereD = d + gA, AP = facAC s the covariant derivative in the adjoint representatibthe gauge

group andp denotes the colour charge of the matter fields. Implemetti@goulomb gaugéA =
0 Gauss’ law (2.2) can be explicitly resolved resulting ia @oulomb gauge fixed Hamiltonian

1 2
H= é/ (J_]'I'IJ-JHJ— T Bz) +%/J_l (p+den) JF(p+pdyn) ) (2.3)
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wherel denotes the transversal momentum operalter,Det(—Dd) is the Faddeev-Popov de-
terminant ancpg,, = —AZPMPL is the colour charge of the gauge field. Furthermore

F(x,y) = (a,x/(~Dd)*(~9%)(~Da) *|b,y) (2.4)

is the so-called Coulomb kernel. Its vacuum expectationesdt ) defines the non-Abelian Coulomb
potential. In the gauge fixed theory the matrix elements of@eratorO[A, ] between states of
the Yang-Mills Hilbert space are defined by

(wa/OIA M) = [ DA*I(A-Jyi [NOIA, MyalA @25)

where the restriction to the integration over the translegauge fields and the Faddeev-Popov
determinant in the integration measure arise from the imptgation of the Coulomb gauge.

In Ref. [1] a variational solution of the Yang-Mills Schriddier equation has been accomplished
using the following ansatz for the vacuum wave functiénal

WAl = JAY2exp {—% / AwA} , (2.6)

wherew(x,y) is a variational kernel, which is determined by minimisihg £nergy

) = LRI @7)

(Yly)

For the wave functional (2.6) the static gluon propagatgiven by
(AA) = (2w) 1 (2.8)

implying thatcw represents the gluon energy. In Ref. [1] the en€igdy was calculated up to two
loops. Furthermore the gap equatidtH)/dw = 0 was converted into a set of Dyson-Schwinger
equations.

3. Results

An infrared analysis, Ref. [5], of the Dyson-Schwinger dpres shows that the infrared exponents
of the gluon and ghost propagators defined by

w(k) ~k 9 d(k)=k*((-Da) 1) ~ kP (3.1)

satisfy the sum rule
a=23-1 (3.2)

and allow for two solutions

i) B~0796(0.85 i) B=10(0.99 (3.3)

1in Refs. [2], [3] a pure Gaussian ansatz was used. FurthernmoRef. [2] the Faddeev-Popov determinant was
completely ignored, while in Ref. [3] it was included in thiadtic part of the Yang-Mills Hamiltonian only. For a more
general discussion of the anséatze for the vacuum wave anattisee Ref. [4]
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Figure 1: Ghost form factor (left panel) and gluon energgk) (right panel).

which were also produced by the numerical solutions obthineRefs. [1] and [6], respectively.
The corresponding numerically obtained infrared expanané given in the brackets. In the nu-
merical solution the horizon condition

dik=0)=0 (3.4)

was explicitly built in? Figures 1 and 2 show the ghost form factor and gluon energyrasions

of the momentum for the solutioin). At large distances the gluon energy rises linearly with the
momentum as expected from asymptotic freedom, while itfrawad divergent at small momenta.
Solutionii) gives rise to a strictly linearly rising static colour pa@hshown in fig. 2. The running
coupling constant extracted from the ghost-gluon verteiobd for the solutiorii) is shown in

fig. 3 (left). It is the solutionii) shown in figs. 1 and 2, which is also supported by the lattice
data obtained in Ref. [8]. Remarkably, the lattice gluonrgnean be perfectly fitted by Gribov's

formula
|\/|2

with the energy scal®l ~ 0.8 GeV. The lattice calculations carried out in Ref. [8] diffeom
previous lattice calculations in two respects: the redigaage invariance left after implementing
the Coulomb gauge has been explicitly fixed and the scalioligions have been eliminated giving
rise to a strictly multiplicatively renormalisable stagjition propagator. For more details we refer
to Ref. [8].

In Ref. [9] it was shown that the inverse of the Coulomb gaugest form factord—1(k) can be
interpreted as the dielectric function of the Yang-Millcuam

g(k)=d (k) , (3.6)

which is shown in fig. 3 (right). By the horizon condition (B#e dielectric constant vanishes in
the infrarede (k = 0) = O, implying that the Yang-Mills vacuum is a perfect dia-ét&cmedium,

in which by Gauss’ law](€E) = p free colour charges cannot exist and thus have to be confined
in colourless states. This is precisely the picture undeglyhe MIT bag model, which assumes
thate = 0 in the vacuum while = 1 inside the hadronic bags. The magnetic analogue of a perfec

2In D = 3+ 1 there are also so-called subcritical solutions [7], &tig d—1(0) # 0.
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Figure 2: Static gluon propagatdt/ (2w(k)) compared to the lattice results (left panel) and static kquar
potential (right panel).
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Figure 3: Running coupling constant (left panel) and dielectric tiort of the Yang-Mills vacuum (right
panel).

dia-electric medium is a superconductor for which the magmpermeabilityu defined byB = uH
vanishes B-magnetic fieldH-induction). In the usual notion of duality, meaning theenchange
between electric and magnetic fields and charges, a meditimrew# 0 is a dual superconductor.
Therefore, the Gribov-Zwanziger confinement scenariorassyd—1(k = 0) = 0 implies by the
identity (3.6) the dual Meissner effect in the infrared.

4. Functional renormalisation group flows

Our ansatz for the Yang-Mills vacuum wave functional candsted by comparison with results
from functional renormalisation group flows (FRG). The badiea of the hamiltonian FRG is to
add an infrared cut-off term quadratically in the quanturtdfie

aSd0l =3 [ &pa(PIR(PIO(-P) @1)

to the Euclidean action, which cuts off momentum modes ofitid ¢ with momentap < k, but
leaves the theory unchanged for momemta k. At large cut-off scalek — Ayy the theory is well
under control due to asymptotic freedom and perturbatienrghcan be applied. In turn, féar— O
one recovers the full theory. The flow of the theory with thé-affi scalek is described by the
renormalisation group flow equation for the infrared rege&d effective actiof[¢@]. For cut-off
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Figure 4: FRG-flows for the propagators.
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Figure 5: FRG-flows for the propagators assuming ghost dominance rabihg the tadpoles.

terms (4.1) the flow equation reads

_1 2) - _ 9
arde - 31| (NP +R) "ar].  a=k3 @2
wherel‘l((z) [¢] + Ry is the inverse propagator gfwith
@ 0°T[g)]
v o] = 3000 (4.3)

The flow equation (4.2) entails the evolution of the IR-regisled effective action frork — co
wherel [¢] coincides with the bare actid§g] to k — 0 wherel'y[¢] is the full effective action.
Here we only are interested in the flow of the propagatorschis obtained from (4.2) by taking
the second functional derivative with respect to the fields

2) 6% 1

_ 2) -
dtrk _5(p5(p§Tr|:(rk [(P]+Rk) dtRk:|

(4.4)

@=0

This equation is diagrammatically illustrated in fig. 4 ftwetpropagators of Yang-Mills theory
and is structurally similar to a Dyson-Schwinger equatigoept that the infrared regulatoyRy
enters the loops and all vertices and propagators are fudlgsdd. For the Hamiltonian flow of
Yang-Mills theory in Coulomb gauge the fields involved are transversal gauge field and the
ghost field. Thus the right-hand side of the flow equation)(#edeives contributions from ghost
and gluon loops. We assume ghost dominance and keep onlgritrdations from the ghost loop
to the right-hand side of the flow equation (4.4). The resglfiow equations for the gluon and
ghost propagators are diagrammatically illustrated inSigwith our choice of the vacuum wave
functional the action is given by
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Figure 6: FRG-flow of the ghost form factat(p) (left panel). Topological susceptibility obtained in the
variational approach from solution (3.3) as function ob¢/o (right panel). The two horizontal lines limit
the range of the lattice results.

S[A,c,(?j:/AwAJr/a—lﬁd)c. (4.5)

We solve the FRG flows shown in fig. 5 for the gluon enesgyp) and the ghost form factat(p)
using the following regulators

k2 p2 ) k2 p2
gluon:R«(p) ~ p exp Z k) ghost:R«(p) ~ p~ exp Z k) (4.6)

where we have suppressed the tensor structure, and péitaripétial conditions at large cut-off
scalek = A

wn(p) = p+ const, da(p) = const 4.7

down to some minimal momentum cut-off sc&lgn. Fig. 6 illustrates the renormalisation group
flow of the ghost form factor. As the cut-off scatas reduced the ghost form factor as function
of the momentunp gets infrared enhanced and eventually becomes infraredgdiat as the cut-
off scalek becomes very small, i.e. the horizon condition emerges wherinfrared cut-off is
removed. This is nicely seen in fig. 7 where the ghost fornofastshown at the minimum cut-off
kmin @s a function of the momentuqm It is also seen that the infrared exponent, i.e. the slope
of the curvedy, . (p), does not change as the minimal cut-off scale is lowered. &g&hows the
corresponding result of the integration of the flow equafimnthe gluon energyw, . (p). The
infrared exponents of the gluon energy and the ghost fortorfaatisfy the sum rule (3.2) found
from the Dyson-Schwinger equation of the variational appto It can be shown that the FRG
results coincide analytically with those of the variatibapproach either for optimised regulators
[10], or if the ghost tadpoles are included. From analogdudiss in the Landau gauge [11] we
expect that for general regulators the infrared exponaetsraaller. Indeed this is the case for the
approximation illustrated in fig. 5 and with the regulatotss]. This can be seen from figs. 7 and
8. The gaps between the solutions in figs. 7 and 8 and the aliierin the exponents gives an
estimate for the systematic error of the present approximaf detailed analysis will be provided
elsewhere.
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Figure 7: Ghost form factody(p) (left panel). For sake of comparison the result of the vamietl approach
is also shown (right panel).
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Figure 8: Gluon energyw(p) obtained from the solution of the RG-flow equation (left ganor sake of
comparison the result of the variational approach is alsavshright panel).

5. Physical applications
An important quantity for hadron physics is the topologsasceptibilityy defined by

g2
X= / d*x(0la(x)q(0)0) ,  a(x) = a2 EXBX), (5.1)

whereq(x) is the topological charge density. It reflects the anomalb(ls symmetry breaking in
QCD and can be extracted from thémass through the Witten-Veneziano formula

6
rrlf,,Jrrr\?,—erﬁzF—%x, Fr= 93 MeV. (5.2)

This quantity vanishes to all orders in perturbation theammy is therefore perfectly suited to test
non-perturbative methodsy is a manifestation of th@—vacuum and can be easily evaluated in
the Hamiltonian approach. Adding the topological teff,, = 6 [ d*x q(x) to the Yang-Mills
Lagrangian shifts the momentum by— M — 0 % B and the Hamiltonian of th@—vacuum reads

1 ? _\° 2
Hg_é/[<ﬂ—9ﬁ8> +B

from which one derives the following expression for the togaal susceptibility Y is the spatial
volume)

, (5.3)
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Figure 9: Graphical illustration to (a) the Dyson series for the Wildoop and (b) the Dyson equation (6.1).

d?(Hg)
a6z |, ,

Vx = (5.4)
Using the Yang-Mills wave functional obtained from the aional principle for the solutiofi)
(3.3) and restricting the intermediate states in eq. (8.8)¢luon states (on top of the vacuum) one
finds [12] the results shown in fig. 6 (right panel), whgres plotted as function of the ratig./o.

o. is the Coulomb string tension, which is extracted from tla¢ictolour potential and used to fix
the scale in the variational calculations whifdas the Wilsonian string tension extracted from the
Wilson loop. Lattice calculations indicate that this rasan the range ob;/o = 1.5. For such
ratios the value obtained foris somewhat larger than the quenched lattice results.

A crucial test for a wave functional would be the calculatidrihe Wilson loop, the order parame-
ter of the Yang-Mills theory. The spatial Wilson loop can iingiple be directly calculated in the
Hamiltonian approach, once the vacuum wave functional aswkn However, the practical calcu-
lation is rendered difficult by the path ordering. A quantitpre easily accessible is the 't Hooft
loop, the disorder parameter of Yang-Mills theory. In Réf3][the 't Hooft loop was calculated
using the wave functional corresponding to the solutigr(3.3) and a perimeter law was found,
which is characteristic of the confinement phase. For furtletails we refer the reader to Ref.
[13].

6. Wilson loop from a Dyson equation

Although the temporal Wilson loop is dual to the spatial tftdoop and a perimeter law in the
latter implies an area law in the former, one would appreciet explicit calculation of the Wilson
loop and observe the emergence of the area law. RecentlysanDgquation has been proposed
in the context of supersymmetric Yang-Mills theory, whiett,least in an approximate fashion,
takes care of the path ordering [14]. It has been applied d¢otemporal Wilson loop in non-
supersymmetric Yang-Mills theory [15].

This Dyson equation applies to trapezoidal lo&s$S T;L) and basically sums up the ladder
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Figure 10: (a) Processes involved and (b) processes ignored in thenl®gaation (6.1).

diagrams shown in fig. 9(a), i.e. the gluon exchange betweenpair of opposite paths. This
Dyson equation is diagrammatically shown in fig. 9(b) anchialgtically given by

S T
W(ST:L) =1+ gzcz/ds/dtD ((x(9) — s0)?) W(stiL) 6.1)
0 0

This equation suffers from the following limitations [16]:

1. Since we include only one pair of paths (see fig. 10(a)) tys0D equation (6.1) is restricted
to strongly asymmetric loops. However, it is irrelevant wiee the loop is a temporal or
spatial one.

2. When one of the two parallel temporal lines is set to zdre ttapezoidal loop degenerates
to a triangle-shaped loop. In this case the Dyson equatidr) y&elds for the Wilson loop

W(ST=0;L)=1 (6.2)

which, in general, is certainly incorrect. This wrong boandcondition is not surprising,
since setting = 0 or S= 0 contradicts the assumpti@T > L in the Dyson equation (6.1).

3. The equation is bounded to produce strict Casimir scalifigch is known to occur only in
the intermediate distance regime.

4. The Wilson loop is a gauge-invariant object. However, rigat-hand side of the Dyson
equation (6.1) depends via the gluon propagator on the gandact, the gluon propagator
can be defined only in a gauge-fixed theory and vanishes ifabhgeyis unfixed.

5. Finally, the Wilson loop is renormalisation group ineent, while the right-hand side of the
Dyson equation (6.1) is not, except for the temporal Wilsmpk in Coulomb gauge (which
we will consider at first).

In Coulomb gauge the temporal gluon propagator has the form
g*Dgo(x.Y) = =8 Ne(|x—y) 8 (< —y°) + P(x,y) 6.3)

whereV(|x —y]) is the so-called non-Abelian Coulomb potential. At smaditainces it has the
ordinary Coulombic~ 1/r behaviour, while it rises linearly at large distanceso.r, with o

10
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Figure 11: Left panel: The Wilsonian potenti&®l(L) obtained from the static gluon propagator (3.5) and
the perturbative potentigher(L). Right panel: The full potential minus its perturbativetpar

being the Coulomb string tension, which is larger than thésd¥iian string tensiow. The non-
instantaneous paR(x,y) is assumed to lowes, towardso. If we ignore the screening paPtx,y),
the gluon propagator is instantaneous and the Dyson equgBit) applies only to rectangular
loopsW (T;L) =W (S=T,T;L)

T
W(T;L) = 1— CVe(L) / AW (L) . (6.4)
0

This equation contains the correct boundary cond®b(Tl = O;L) = 1 and can be solved analyti-
cally, yielding

W(T;L) =exp(—Co\Vc(L)T) . (6.5)

Within the approximation used for the gluon propagator, &eehcorrectly obtained an area law.
It is clear why in this case the equation produces the corestilt: The processes neglected in the
Dyson equation (6.1) (see fig. (10(b)) do not exist for anaingtneous gluon propagator.

For arbitrary (non-instantaneous) gluon propagators,Dixson equation (6.1) can be converted
into a one-dimensional Schroédinger equation

2 02

_W +U(r) ¢n(r) :_T‘pn(r) (6.6)
with the variabler = % and the Schrédinger potential given by

U(r) = —g°CoL?D (L%(1+712)) . (6.7)

The Wilsonian potential can be obtained from the "grountestaergy”

- Qo(L)
L

V(L) = —TIiLnoo %InW(T,T;L) = + const. (6.8)

Applying the Dyson equation to the spatial Wilson loop in (@mb gauge and using the static
transversal gluon propagator (3.5) augmented by its armmalimension (derived in Ref. [17])

11
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to make the gluon propagator well-defined in coordinate espace finds the Wilsonian potential
shown in fig. 11(a). When one subtracts from this potentialgérturbative one, a linearly rising
potential is left, implying an area law for the spatial Witsloop, see fig. 11(b).
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