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Lattice QCD is currently entering the stage when it can usefully be applied to systems of multiple
hadrons. I briefly review the status of recent calculations of scattering parameters in the two
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In the mesonic case, the NPLQCD collaboration has continued its study of systems of up to
twelve pions or kaons and have computed the effect of such a hadronic medium on the static
quark potential. High statistics calculations on anisotropic lattices have allowed for precision
extraction of the energies and scattering phase shifts of various two baryon systems and, for the
first time, the energies of certain three baryon systems have been computed.
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Multi-hadron systems

1. Introduction

Lattice QCD has had major impact in many aspects of particle physics phenomenology and
in describing the spectra and structure of single hadrons. Numerical algorithms and computational
resources have reached a stage where it is now worthwhile to consider more complicated hadronic
observables such as those in the baryon number, B > 1 sector — the realm of nuclear physics. Here,
there are many observables that are phenomenologically important to nuclear structure and inter-
actions and to nuclear astrophysics about which very little (or nothing) is known experimentally or
theoretically. Two important examples are the hyperon-nucleon interactions that enter in the equa-
tion of state governing the evolution of a supernova and the three-body interactions necessary to
describe the structure of nuclei. Systems containing n > 2 mesons are also of interest in a number
of areas from relativistic heavy ion collisions to neutron stars. These systems present a significant
opportunity for contributions from lattice QCD.

For systems comprised of two hadrons, it has been known for many years that, below inelastic
thresholds, the dependence of the eigen-energies on the spatial lattice volume is directly related
to the corresponding two-particle phase shift at that energy. This has been known in quantum
mechanical systems for many years [1] but was proven in the field theory context by Liischer [2]
and only relies on the lattice size, L, being large compared to the range of the interaction, R ~ m!,
such that the two hadron wave-function attains its (unique) asymptotic form. In recent years, this
method has been utilised to study interactions between light mesons, between mesons and baryons,
between baryons themselves, and between baryons and mesons and various hadrons containing
heavy quarks. In Section 2, we review the methodology and recent results.

Recently, the first studies of systems of more than two hadrons have been made by the NPLQCD
collaboration [3, 4, 5, 6]. Mesonic systems involving up to twelve pions or kaons have been con-
structed numerically and the two and three body interactions in these systems and also dependence
of the corresponding isospin or hypercharge chemical potentials on hadron density were extracted.
The effects of the hadronic medium formed in these calculations was also investigated. For baryon
systems, the baryon number B = 3 sector has recently been studied for the first time in lattice QCD
and important observations regarding statistical noise have given hope to the extension of these
calculations to larger B. The results of these studies, for both mesons and baryons, are summarised
herein.

2. Two-particle systems

The last few years have seen significant developments in the study of hadron-hadron interac-
tions in lattice QCD. Here we review how information about hadronic interactions is obtained from
Euclidean correlation functions computed in lattice QCD and survey the recent results that have
been presented.

As first shown by Liischer in the context of a quantum field theory [2], the energy of two parti-
cles in a finite spatial volume depends, in a calculable way, upon their elastic scattering amplitude
and their masses for energies below the inelastic threshold. To demonstrate this method, we con-
sider a correlation function with the quantum numbers of a 777" (isospin I = 2) system in which
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the particles are moving with relative momentum p

Crin+(pit) = Y. Ze’P Y (t,x) ©(t,y) (0,0) £7(0,0)) | (2.1)
Ip|=p %
where 1 (x,t) =u(x,1)y5d(x,t). Typically, the energy difference between the interacting and non-
interacting two-meson states is a small fraction of the total energy, which is dominated by the
masses of the mesons. In order to extract this energy difference we use the single pion two-point
correlation function

Ca(t) =) (7 (1,%)77(0,0)) (2.2)
X
to construct the ratio of correlation functions
C7r+71:+ P7 _SE
Zye ot (2.3)
atemn L,

where the last relation is valid for time-slices ¢ physically separated from # = 0. The energy shifts,
OE,, that appear in this expression are the deviation of the two-particle energy from the sum of the
rest masses of the particles and are related to the interacting center-of-mass momentum p,, by

0E, = E, — 2mg = 2¢/ p2 + m: — 2my . 2.4)

To obtain pcotS(p), where 6(p) is the phase shift, the square of the center-of-mass momentum, p,
is determined from fits of the appropriate energy shifts in Eq. (2.3) and inserted into

1 pL 2
pcotd(p) = HS (271_) , (2.5)
which is valid below the inelastic threshold. The regulated three-dimensional sum is [7]
o <A
S(x) zAhE:O Z . AmA (2.6)

where the summation is over all triplets of integers j such that |j| < A and the limit A — oo is
implicit. Therefore, by measuring the energy-shift, AE,, of the two particles in the finite lattice
volume, the scattering phase-shift is determined at AE,. In the absence of interactions between
the particles, |pcotd| = oo, and the energy eigenstates in the finite volume occur at the expected
momenta p = 27j/L. This expression is valid for any (even infinite) scattering lengths [7]. The
only restriction is that the lattice volume be much larger than the range of the interaction between
the hadrons, which is typically set by the mass of the pion.

An alternative method [8, 9] considers the two particle wave function at separations outside
the range of the interaction where asymptotic scattering solutions are valid. In this region, direct
matching to the expected asymptotic behaviour of scattering solutions is possible and the phase
shift can be extracted at the energy of the system under consideration.! The information obtained

't is possible to use the wave-functions measured in this way to define a two-particle potential (see Ref. [10] for
a review). However, it is important to stress [11, 12, 13] that this potential is dependent on the choice of interpolating
operators used in the construction of the wave function (unlike the phase shift). The potential extracted in this manner is
an energy-dependent object formally containing the same information as the phase shift at the particular energy as can
be extracted from the Liischer method. The reader is referred to the proceedings of N. Ishii at this conference [14] for
further discussion.
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from this method is formally equivalent to that which can be extracted from the eigen-energies.
Nevertheless, the systematics of the two methods differ significantly and it is not yet clear which
approach will ultimately extract the most precise physical results for a given computational effort.

2.1 Meson-meson interactions

For the case of interactions between pseudoscalar mesons, a number of groups have recently
reported results with precision that is better than that of experimental determinations. This is
particular to the case of interactions in channels without annihilation contributions, namely, I = 2
nm,I=3/2 KrwandI =1 KK systems. There were a number of contributions to this conference that
highlighted this [15, 16, 17]. In addition, some progress has been made regarding the numerically
more challenging channels, such as I = 0,1 77 interactions [16, 18, 19] (see also Ref. [20]).

2.2 Meson-baryon systems

In the meson-baryon sector, there has been recent progress from the NPLQCD collaboration
[21] using domain wall fermions on MILC gauge configurations. The five possible meson-baryon
channels with no annihilation contributions (z*X*, 7t=° K*p, K*n and fOEO) were studied
and phase shifts were extracted at multiple quark masses, and at two lattice spacings. Both 2-
and 3-flavour chiral perturbation theory analyses were used to extrapolate to the physical point.
For the interactions involving kaons, the convergence of the chiral expansion at the quark masses
used in the lattice calculations was found to be poor, however consistent results were obtained for
the channels involving pions and the scattering lengths in these channels were determined to be
apry+ =—0.197(17) fmand a;+z0 = —0.098(17) fm with the comprehensive error encompassing
statistical and systematic uncertainties. These results deviate from the current algebra (leading
order chiral perturbation theory) predictions at the one- and two-sigma levels, respectively.

The first measurement of a meson-baryon interaction involving disconnected contributions was
also recently presented in Ref. [22] where the s-wave I = % 7N phase shift was extracted at one
particular energy and at a particular pion mass, m; = 390 MeV. These calculations are encouraging
as it is the channels involving disconnected contractions that are physically relevant in nuclear
astrophysics phenomenology.

2.3 Baryon-baryon systems

A number of results have been reported recently for baryon-baryon interactions from the
HALQCD and NPLQCD collaborations. Significant new results for the various hyperon-nucleon
interactions that are important in nuclear astrophysics have recently been presented [23, 24, 25,
26, 27]. Fig. 1 summarises global results for the various hyperon-nucleon channels, however, care
should be taken in comparing the various results for a given channel as the displayed phase shifts
are evaluated at significantly different scattering momenta.

2.4 Systems with heavy quarks

There have also been recent calculations of interactions between various hadrons containing
charm quarks and between heavy and light hadrons. Channels studied include the phenomeno-
logically relevant J/W-N, D-D* and K-D channels that may answer questions such as whether
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Figure 1: Summary of the hyperon-nucleon phase shift determinations from recent calculations, . Results
are displayed on a single plot for each channel for concision, however direct comparison of the various
calculations is not yet possible as the phase shifts are evaluated at different momenta. The various symbols
correspond to result from Refs. [24] (green), [25] (red), [26] (dark blue; pEO) and [27] (dark and light blue
NA).

charmonium can be bound in nuclei and what is the nature of the various charmonium-like XYZ
mesons? These results were discussed in contribution of L. Liu [28].

3. Multi-meson systems

It has been known for many years how to exploit the volume dependence of the eigen-energies
of two hadron systems to extract infinite volume scattering phase shifts [2] provided that the ef-
fective range of the interaction, r is small compared to the box size L (since r ~ m,! for most
interactions, this constraint is m; L > 1). In recent works, this has been extended to systems in-
volving n > 2 bosons [29, 30, 31] and n = 3 fermions [32] in the case when the relevant scattering
length, a, is also small compared to the box size. The resulting shift in energy of n bosons of mass
M due to their interactions is

AE, = L”L‘;"cz{l— <;’L> I+ (;2)2 (72 +(2n=5) /]

_ <7:’L>3 []3+(2n—7)f/+ (5n* —41n+63) Jif}




Multi-hadron systems

—\ 4
+<">[f4—@ﬂif+w4+n_n%;ﬂ+4@7—wn+nﬂf¥%

(140 — 22712 49197 — 1043).% } }

; 192@ 6na’
e [Mn3L7 (% + Tim) + gz (143) j}
S _
+IC ey oY) (3.1

where the parameter @ is related to the scattering length, a, and the effective range, r, by

_ 2w a
a=a— L3a3r<1 - (ﬂL> f) . (3.2)

The geometric constants that enter into eq. (3.1) are defined in Ref. [31] and "C,, = n!/m!/(n—m)!.
The three-body contribution to the energy-shift given in eq. (3.1) is represented by the parameter
ﬁg (see Ref. [31]). The analogous results for mixed systems of two species of mesons have recently
been derived to '(1/L°) accuracy in Ref. [33].

Lattice QCD measurements of these energy shifts allow one to extract the parameters @ and
N3. To determine the energy shifts, we study the correlators (specifying to the multi-pion system)

Cy(t) o< <<;n(x,t)>n<n+(o,0)>n> . (3.3)

On a lattice of infinite temporal extent,” the combination
Calt)  1—eo ) _aE
G,t) = ——F — B, e " | (3.4)
D= eor
where AE), is the ground state energy shift appearing in Eq. (3.1).

To compute the (n!)? Wick contractions in Eq. (3.3), we note that this correlation function can
be written as

Cu(r) o ((7IIn )*) , (3.5
where
T =) S(x,1;0,0) S'(x,£;0,0) , (3.6)

and S(x,7;0,0) is a light-quark propagator. The object (block) ITis a 12 x 12 (4-spin and 3 color)
bosonic time-dependent matrix, and 1, is a twelve component Grassmann variable. The required
n-meson contractions can be expressed as products of traces of the this matrix. As an example, the
contractions for the 3-7" system are

C3 (t) o< tre,s [H]3 -3 trc,s [HZ] trcs [H] + 2 trc,s [Hg’] , 3.7

where the traces, trc s, are over color and spin indices. Contractions for n < 12 mesons are given
explicitly in Ref. [4].

2Effects of temporal (anti-)periodicity are discussed in Ref. [5].
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3.1 Two- and three- body interactions

The NPLQCD collaboration have computed the n pion and kaon correlators in the previous
section using domain wall fermion [34, 35] propagators on various ensembles of MILC 2+1 flavour
rooted staggered gauge configurations [36] (quark masses, lattice spacings and volumes and fur-
ther details are given in Refs. [3, 4, 5]). In order to correctly calculate these correlators for large n,
very high numerical precision is necessary. By performing a correlated fit to the effective energy
differences extracted from these measurements, we have determined the two- and three-body inter-
actions. The two body interactions extracted from this analysis agree with those extracted from the
two-body sector alone [37]. The resulting three body interactions are displayed in Fig. 2. The three
pion interaction is found to be repulsive with a magnitude consistent with the expectation from
naive dimensional analysis. In contrast, the three K interaction is consistent with zero within
somewhat larger uncertainties.
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Figure 2: Three pion (left) and kaon (right) interactions determined from the MILC coarse (blue) and fine
(magenta) lattices plotted as a function of the dimensionless ratios my/ fr and mg / fx respectively.

3.2 Pion and kaon condensation

The ground state of the n meson systems that are being studied is a Bose-Einstein condensate
of fixed z component of isospin (and strangeness in the case of kaons). It is of great interest to
investigate the properties of such systems. Theoretical efforts have used leading order chiral per-
turbation theory to investigate the phase diagram at low chemical potential [38] and it is important
to assess the extent to which these results agree with QCD. Our numerical calculations allow us to
probe the dependence of the energy on the pion (kaon) density, and thereby extract the chemical po-
tential via a finite difference. The results using the coarse MILC lattice are shown for kaon systems
in Fig. 3. Also shown is the prediction from tree-level chiral perturbation theory, with which we
find surprisingly good agreement. This is encouraging for studies of kaon condensation in neutron
stars where, typically, tree level chiral perturbation theory interactions are assumed amongst kaons
and between kaons and baryons [39].
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Figure 3: Dependence of the strangeness chemical potential on the kaon density, calculated on the coarse
MILC ensembles. The curves correspond to the predictions of tree level chiral perturbation theory (dashed)
[38], the energy shift of Eq. (2.1) (solid) and with the three-body interaction removed (dotted).

3.3 Hadronic medium effects

The hadronic medium formed in these many-meson calculations is naturally expected to influ-
ence the properties of other hadrons that interact with it. A phenomenologically relevant example
is the passage of a J/¥ meson through the medium as J /¥ suppression is taken to be a key signal
for the formation of a quark-gluon plasma [40]. In Ref. [41], a simplified version of this was con-
sidered, and the screening of the static quark potential by a condensed pion gas was computed. In
order to extract the shift in the static potential caused by the presence of the medium, the following
ratio of correlation functions was studied

Cn,W(Rytmtwat)

Gow (R, 1z, by, 1) = , 3.8
w (R 1zt 1) Cu(tr,t) Cw (R, 1,,1) (3-8)
where C,, is defined in Eq. (3.3) and
Cu(Rtnt) = (0] ¥ # (yr,6y.0)[0) |
y,|r|=R
Cow (Rutzs 1) = <0H2n*(x,;)n+(o,1n)}” Y (y+r.iy,h) 0> (39

y.,|r|=R

and # (y,to;y +r,1) is the Wilson-loop operator formed from products of gauge-links joining the
vertices at (y,f), (y+r,%), (y+r,7) and (y,?). At large Euclidean time, this ratio falls exponen-
tially with a scale 6V (R,n) that is the shift in static potential for separation R = |r| and isospin
density p = pon (where py = 1/V ~ 0.064 fm73). Further details are discussed in Ref. [41].
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Figure 4: The in-medium contribution to the radial QQ force, §F(R,n), at a pion number density of po
and 5pg.The inner uncertainty associated with each point is statistical, while the outer is the statistical and
systematic uncertainties combined in quadrature.

As expected from the weak nature of pion interactions with isoscalar objects, the overall
screening effect is small. In the region where the force between the static quark and anti-quark
is constant, F ~ 1 GeVfm !, the shift is ¢(MeVfm™!). The shift in the force was found to vary
linearly with the isospin density of the hadronic system as shown in Fig. 4. This is consistent with
a simple interpretation in terms of a dielectric in the volume of the colour flux tube between the
quark—anti-quark pair. Further calculations extending this study to dynamical charm quarks are
underway. To directly connect with phenomenology, the more difficult problem of finite baryon
density must be confronted.

4. Multi-baryon systems

In Ref. [6], the first lattice QCD calculation of three baryon systems were presented based
on extremely high statistics measurements on anisotropic lattice configurations. These calcula-
tions used anisotropic clover lattices generated by the Hadron Spectrum Collaboration [42, 43]
and focused primarily on a strangeness S = 4, I, = 1/2 system “E°Z%:”. Preliminary results for

EX]

the triton, pnn were also presented. The energies of the “Z°Zn” system was extracted with
a relative precision that is within a factor of two of the extraction of single baryon energies,
Eroz0,, = 3877.9£6.94+9.2+ 3.3 MeV corresponding to an energy-shift due to interactions of

8Ez0z0, = Ezozo, — 2Mzo — M, = 4.6 £5.0£7.9 4.2 MeV.3

3While the precision of these calculations was not sufficient to resolve a nonzero energy shift in this system at
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At present, unlike the situation in multi-meson systems discussed above [3, 4, 5], the analytical
tools are not in place to use the above energy shift and those of the associated two baryon systems to
extract the parameters describing the relevant two- and three-body interactions. While the volume
dependence of the simplest three-fermion systems has been studied in Ref. [32], the mixing we
expect between four closely spaced states (naively, systems comprised of Z°2%, ZOAA, ZLTA,
=0¥+¥~ and their isospin partners are close in energy) complicates the situation.

An important result of this study was the realisation that the exponential growth of statistical
noise expected from simple arguments first presented by Lepage [44] can be suppressed. The
generalised effective energy for the Z°Z%: state is shown in Fig. 5. The salient point is that for a
large range of time-slices, the uncertainties it the measured correlation function remain essentially
constant. In this “golden window”, fits can be performed to the correlator and the energies can be
cleanly extracted. This region appears to shrink as baryon number, B, increases and it is instructive
to delve into this behaviour in detail.
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Figure 5: The effective energy plot for the one-, two- and three- body systems involving the Z° and n.

As argued by Lepage [44], correlation functions involving one or more baryons exhibit statis-
tical noise that increases exponentially with Euclidean time.* In the case of a single positive parity
nucleon, the correlation function has the form

(Oy(0) = ¥ T4 (x, )N (0,0)) — Zy e @.1)

myg = 390 MeV, we note that it would be sufficient to resolve the typical nuclear binding energies of 7-8 MeV per
nucleon.
“4There is an connection between this issue and the sign problem at finite baryon density.

10
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where N%*(x,1) is an interpolating field that has non-vanishing overlap with the nucleon, I'; is a
positive energy projector, and the angle brackets indicate statistical averaging over measurements
on an ensemble of configurations. The variance of this correlation function is given by

N o ~ (63(1)8n (1)) — (Bv(1))’
s ~ 0
= Y I (N (x, )N (3, )NT(0,0)N°(0,0)) — (6w (1))?
Xy
— Zyye MV —Zue N 4 Zag e 4 L Zgge 4.2)

where all interaction energies have been neglected, and N is the number of (independent) measure-
ments (distinct from the nucleon field operator N). Therefore, at large times, the noise-to-signal
ratio behaves as

e(Myv=3mz)t (4.3)

=l Q
Q

More generally, for a system of A nucleons, the noise-to-signal ratio behaves as

O L A imy 4.4)
X WN
at large times. The degradation of the signal-to-noise ratio on gauge-field configurations of finite
temporal extent is exponentially more rapid than that given in Eq. (4.4) due to the presence of
thermal states, as discussed in Ref. [22].

From the signals and variances that we have measured in the one-, two- and three-baryon
sectors, it is clear that there is a suppression of the overlap onto the three-meson state from the NN
source and sink (the variance correlation function of Eq. (4.2)), as encapsulated in the factor Zsy.
If Z37 < Zyy, Z/%, there will be a number of time-slices, near the source of the correlation function,
for which the noise-to-signal ratio behaves as

o 1
X VN’

and does not depend exponentially upon time, or the differences of hadron masses. The correla-

4.5)

tion functions we have constructed lead to an implicit suppression of Z3; compared to Z,y and
72 due to the fact that the overlap onto the three-meson state, or any meson state, is strongly
suppressed when the sinks N*(x,¢) and NP (y,t) do not overlap within a volume approximately
defined by the pion Compton wavelength. Therefore, summing independently over the volumes
for N*(x,7) and N” (y,t) leads to a suppression factor that scales with the spatial lattice volume as
Zan/Zyw ~ 1/A3L?. The pion mass dictates the weakest suppression, and hence we set A = m for
the estimates that follow (if the width, w, of the smearing of the source and sink is larger than the
pion Compton wavelength, then A ~ 1/w). Results consistent with this volume scaling have been
found explicitly in calculations of single baryon energies using domain-wall fermions on MILC
gauge configurations.

By generalizing this argument to systems composed of A nucleons® where each interpolating
field is projected to zero momentum, the noise correlation function is expected to behave paramet-

SThis simple argument holds for A < 4 nucleons and generalizes simply to A < 16 octet baryons. Further general-
izations of this argument accounting for Fermi statistics are straightforward.

11
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rically as

2 2
Nog? o A o3t (A-Dy” @My me)

(mzL)% A (mgL)3A-D 4"
2

+(m L>3ZI e—(2(A—1)M1v+3m7;)t + ZO e_zAMNt—l—..., (46)
T

where we have made explicit the parametric dependence of the overlap factors on the baryon num-
ber and spatial volume. The dependence on A arises from the number of ways that N and N sink
operators can overlap to form one or more three-pion contributions to the correlation function. Pro-
vided that the spatial volume is large compared to the Compton wavelength of the pion, mzL > 1,
there will be a range of time-slices in which only the last two terms in Eq. (4.6) are important.
In this region, the signal-to-noise ratio in the multi-baryon correlation function does not degrade
exponentially faster that the signal-to-noise ratio in the single baryon correlation function. Instead,

=1 Q

1< ,
~—|Z+2Z

y=3mee ) 47
\/N € ) 4.7)

m3 L3

where Z and Z' are €/(1) ratios of overlap factors. Consequently, the signal-to-noise ratio starts
degrading exponentially only after time-slice f,4isc, Which has parametric dependence

2 miL?
Tnoise ™~ ZMN—3m” In |: Xz :| : (48)

It is important to note that #,4;5c depends only logarithmically on the number of baryons.x

With these considerations in mind, it seems likely that the ground state energies of four- and
five- baryon systems are resolvable at the current level of statistics. The impediment to such calcu-
lations is the computational requirements of the quark propagator contractions required to construct
the appropriate correlation functions that grow factorially with the number of quarks involved. This
computational constraint is the reason that the triton correlation function, which requires an order
of magnitude more quark contractions, was evaluated with 1/30th of the statistical statistical preci-
sion of the “E°=%:” correlation function (preliminary results for the triton effective mass are shown
in Fig. ). Currently, progress is being made in constructing fast algorithms for such contractions.

5. Conclusions

The field of hadronic interactions and many body systems in lattice QCD has undergone
tremendous progress over the last few years and is now a significant focus for a number of ma-
jor lattice collaborations. Advances have been made in describing two hadron interactions and also
in n > 2 hadron systems. Perhaps the most far-reaching result of recent work is the recognition that
the signal-to-noise issue that has kept lattice practitioners away from multi-baryon systems can be
greatly reduced, opening the door for computations of the ground state energies of systems of four
and more baryons.
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Figure 6: The generalized effective mass [22] for the ppn correlation function (squares). The horizontal
light band corresponds to three-times the nucleon mass.
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