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, , mmin Kaon
Collaboration Quark action N a[fm] M gv] observables
MILC Improved
[+ FNAL, HPQCD, ...] Staggered 271~ =0045 230 fic, Br
PACS-CS Clover (NP)  2+1 009 156 e
RBC/UKQCD DWF 241  >008 205 [+(0), fk, B,
K —
BMW Clover 241  >007 190 f
Smeared
JLQCD/TWQCD Overlap [231] 0.12 290 Bk
Twisted 2
ETMC Vol e1eq 2007 260 1.(0), fi, B
QCDSF Clover (NP) 2 >007 340 fi

Table 1: Details of the unquenched lattice simulations which hawnhesed for the studies of kaon physics.
The relevant kaon observables computed in these calcodadie listed in the last column.

1. Introduction

Kaon physics has always played a crucial role for our undedihg of fundamental inter-
actions in the flavour sector. Together with B-physics, fdriali however precise experimental
information has become available only in the last decadestady of kaon physics has allowed
fundamental tests of the Standard Model and provides, séptegprecise constraints on its possible
new physics extensions.

While there are few selected processes in kaon physicsthigkeareK — mvv decays, which
can be studied with almost negligible theoretical uncaties, in most of the cases the extraction
of the physical results also relies on our capability of callihg the non-perturbative effects of the
strong interactions and, therefore, on the accuracy a¢éa@CD calculations. This is the case, for
example, of the determination of the CKM matrix elemépifrom the study of semileptonic and
leptonic kaon decays, or the theoretical prediction ofgh@arameter which controls the amount
of indirect CP violation inkK® — K° mixing. The hadronic parameters entering these processes,
namely the vector form factof, (0) of semileptonic kaon decays, the leptonic decay condiant
and the kaon bag parame®y, are the quantities to be computed in lattice QCD calcutatio

In the last few years, the accuracy of the lattice predistifor kaon physics observables is
significantly increased. Extensive unquenched latticaikitions have been performed by various
lattice collaborations, using different lattice methois. (different actions, renormalization tech-
nigues, etc.). A list of these simulations, their main detand a compilation of kaon observables
which have been studied with them, is presented in table ks lsimulations typically involve
ensembles with different lattice spacings, which allow ¢batinuum extrapolation to be eventu-
ally performed. They also include a number of relativelyhtigimulated quark masses, with the
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lightest pion masses now typically smaller than 300 MeVhis mass region, a controlled chiral
extrapolation to the physical light quark masses can b@padd, using in most of the cases chiral
perturbation theory (ChPT) as a useful guideline for theagdlation.

The relative abundance of unquenched lattice calculgtionshich most (if not all) the sys-
tematic uncertainties are kept well under control and whdn different approaches, characterized
by different systematics, has allowed to reach in the detextion of the corresponding hadronic
parameters a significantly improved accuracy. It shouldi$e @oted that a table similar to table 1
for lattice studies of B-physics would present, today, amshworter list.

In this talk | will mainly concentrate on reviewing the retdattice results for the three
hadronic parameters which are of particular interest fankphysics, namely the vector form
factor f, (0) of semileptonic kaon decays, the rafig/ f; of leptonic decay constants and the kaon
bag parameteBg. | will also mostly rely, for this task, on the detailed workhigh is being per-
formed by the FLAG group, that will be introduced in the nesttion. For each lattice calculation,
a colour code rating in the FLAG style will be assigned, andlll aso present my best averages
for the hadronic parameters. | will conclude this talk byellyi summarizing the status of lattice
studies of non-leptoni& — 7T decays.

2. The FLAG working group: rating and averaging criteria for lattice results

The improved control of systematic uncertainties achiénehe last few years by lattice QCD
calculations, particularly for observables in the kaont@ecimplifies the task of deriving the
corresponding lattice averages to be used in phenomenalagialysis. This kind of task is one of
those which is currently being addressed by the FlaviangickaAveraging Group (FLAG) [1], a
working group of the Flavianet European network constituteNovember 2007.

The aim of FLAG is to provide for each considered quantityh network’s working groups
and to the wider community, the following information: i) @llection of current lattice results and
references; ii) a summary of the essential aspects of edmliaiion; iii) averages of lattice results.

The quantities which are being considered in the first FLAGore[1] are the light quark
massesrfy, Mg, Mms), the SU(2) and SU(3) low energy constants, the kaon setaitepform factor
f. (0), the ratio of leptonic decay constarfis/ f; and the bag paramet8k. It is clear from this
list that a significant overlap exists between the FLAG warl the task | have been given at this
conference. | will then take advantage of this overlap, andllluse for this talk several FLAG
results. | am indebted and grateful for that to my colleagndse FLAG group.

One of the FLAG proposals that I'm going to follow in this rewi concerns the way of sum-
marizing the essential aspects of each lattice calculafidris is done by using an easy-to-read
“colour code” classification. Specifically, a number of sms of systematic errors are identified
and a colour with respect to each of these is assigned to edohlation. The prescription is as
follows:

% when the systematic error has been estimated in a satigfactanner and convincingly
shown to be under control;
when a reasonable attempt at estimating the systematiclesobeen made, although this
could be improved;

B when no or a clearly unsatisfactory attempt at estimatieg¥stematic error has been made.
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It should be clear that the precise criteria used in deténgithe colour coding are unavoid-
ably time-dependent. The sources of systematic error afiwiténs which are currently adopted
by FLAG, and which I’'m also going to follow in this talk, are:

e Chiral extrapolation
* Mpmin < 250 MeV
250 MeV < Mymin < 400 MeV
B M;min > 400 MeV
It is assumed that the chiral extrapolation is done withagtl@ three-point analysis. In case
of nondegeneracies among the different pion stistgstands for an average pion mass.

e Continuum extrapolatian
% 3 or more lattice spacings, at least 2 points below 0.1 fm
2 or more lattice spacings, at least 1 point below 0.1 fm
B otherwise
It is assumed that the action@a)-improved. The colour coding criteria for non-improved
actions change as follows: one lattice spacing more needed.

e Finite-volume effects
*  (MznL)min > 4 or at least 3 volumes
(MzL)min > 3 and at least 2 volumes
B otherwise
It is assumed thdtmi, > 2 fm, otherwise a red dot will be assigned. In case of nondagen
cies among the different pion statilg; stands for an average pion mass.

e Renormalizatior(where applicable):
% hon-perturbative
2-loop perturbation theory (with a converging series)
B otherwise

e Running(where applicable):
% non-perturbative
otherwise
B —

Of course any colour coding has to be treated with cautionitagdes without saying that
these criteria are subjective and evolving. Moreover, #terg to which each source of systematic
uncertainty affects the lattice calculation is observatdpendent. FLAG believes, however, that
this attempt to introduce quality measures for lattice ltesin spite of being necessarily schematic,
will prove to be a useful guide.

The other main purpose of FLAG is to provide averages ottttesults. The average should
only include, as far as possible, only “good quality” lagticalculations. This is implemented, in
practice, by relying on the colour coding: unless speciaoas are given for making an exception,
the averages are restricted to data for which the colour dogs not contain any red dot. In
deriving the averages quoted in this talk, | will follow thense criterium.

There are two other criteria adopted by FLAG for computing #lverages which, however,
I'm not going to apply for the purposes of the present revi€@we is related to the publication
status, for which a coloured symbol is also introduced:

4
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e Publication status
A published or plain update of published results
preprint

C conference contribution
The FLAG policy is to consider in the averages only calcokativhich have been published, i.e.
which have been endorsed by a referee. While | find this pgaectly justified for the FLAG
purposes, | also believe that the same criterium is notldeifar the reviewer at the lattice confer-
ence. The latter is asked to concentrate the attention ynairthe new (and typically unpublished)
results presented at the conference. It is the task of thewey, rather than of an external referee
in this case, to judge the quality and the reliability of thegented results.

The other criterium adopted by FLAG is related to the numlbfiagours of dynamical quarks
introduced in the simulation. The policy that is being faled by FLAG consists in presenting
separate averages for thi = 2 andN; = 2+ 1 calculations. This issue has been quite debated
within the working group, and | personally do not consider ¢hoice currently pursued by FLAG
an optimal one for a review of lattice results. There are tgahree reasons for that, in my opinion,
that | would like to mention here, since the issue is alsoveglefor the present review.

i) | believe that it would be useful to present, to the widemeounity of particle physics, the
“best lattice result” in terms of just a single number, rattihean two. When separate averages for
theN; = 2 andN¢ = 2+ 1 results are quoted, the natural interpretation of therats the best result
may not always correspond to the actual situation. The eluerto the quenching of the strange
quark is rather small in most of the cases, whereas othecs®of systematic uncertainty could be
better under control in thes = 2 determination.

il) There are cases, like the one of the semileptonic fornofadiscussed in the next section,
in which the error due to the quenching of the strange quatkemN; = 2 calculation is evaluated
and included in the systematic uncertainty. In other catescomparison between tigy = 2
andN; = 2+ 1 results shows, a posteriori, that the systematic effeettduhe quenching of the
strange quark is not visible within the currently reacheduaacy (to the best of my knowledge,
this is actually the case of all lattice calculations perfed so far). In all these cases, | do not
see any valid reason for ignoring the information comingrftbie N; = 2 calculations and for not
combining together the two sets of results.

iii) The Ny = 2+ 1 theory is not really “full QCD”. Indeed\; = 2+ 1+ 1 lattice calculations
are already being performed (see for instance [2]). | would finreasonable to simply forget the
Nt = 2+ 1 calculations wheiN; = 2+ 1+ 1 results will be available. For all those quantities for
which the error due to the quenching of the charm quark wili twit (a posteriori) to be negligible,
| will suggest again to average togettdyr= 2+ 1 andN¢ = 2+ 1+ 1 results.

For these reasons, in deriving lattice averages for theeptesview, I'm not going to follow
the FLAG criterium as far as the number of dynamical flavosrsdncerned, and | will rather
address this issue on a case by case basis.

3. |Vys| from semileptonic and leptonic kaon decays

The most accurate determinations of the Cabibbo angle,wvadgntly the CKM matrix ele-
mentV,s, come from the study of semileptoriic— 1¢v (K;3) and leptonidK — £v (Ks») decays.
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Very precise experimental measurements ofKaeand of the ratio oK, over 1, decay rates
allow to determine the following combinations of CKM and hamic parameters [3],

Vas
Vud

Tk _ 0.2750959) | (3.1)

Vus| f4(0) = 0.2166448) | :
m

with an accuracy of about 2%o. In eq. (3.1),(0) is by convention the form factor for th€® —
T matrix element. Moreover, botfi, (0) and the ratio of decay constanfg/f; in eq. (3.1)
are defined in the isospin symmetric linmt, = my (keeping the kaon and pion masses to their
physical value) and neglecting electromagnetic corrastid hese are therefore the quantities that
are directly determined in lattice QCD simulations.

A determination of the hadronic parameters(0) and fx / f;, which assumes the validity
of the Standard Model and it is independent of lattice QCzwdations, has been provided by
FLAG [1]. It makes use of the first row unitarity constraint the CKM matrix,

Vudl® + [Vus]* + Vunl* = 1, (3.2)

which holds in the Standard Model. Since within present taggies the contribution ofVyp|

in eq. (3.2) is numerically negligible, the unitarity comsit (3.2) can be combined with the two
experimental results in (3.1) to provide a set of three eégoatand four unknowns{Vyq|, [Vuss

f. (0) andfk /f;. A precise determination &¥,q| is provided by the study of nuclefirdecays [4],
based on the analysis of 20 different superallowed tramsiti

Vud| = 0.9742522) . (3.3)

Using this result, one can then obtain a determination obther three parameters,

2
Vusl = (1= Mual?) % = 0.2254795) (3.4)
f,(0) = 0.960846) | ';—K — 1.192556) . (3.5)
T

The estimates (3.5) of the hadronic parameters are benkhbrfarthe lattice results reviewed in
this talk. Since bott (0) andfk / f; are equal to 1 in the SU(3)-symmetric limit, what it is aclyal
measured on the lattice are the SU(3) breaking effectsheadifferenced (0) — 1 andfx / f;— 1.
Eq. (3.5) shows that, in order to provide a significant teshefStandard Model, these differences
must be determined on the lattice with an accuracy of about 46d 3% respectively. Of course,
when exploiting new physics scenarios beyond the StandaydeM the unitarity relation (3.2)
should not be assumed and the determinations in eq (3.5pdomger valid.

3.1 Semileptonic kaon decays: f(0)

The lattice determinations df.(0) and, in the next section, dk / f;, are now reviewed.

The standard approach to study the vector form factét,@flecays is based on SU(3) ChPT.
In this framework, the vector form factor at zero momentuams$fer has an expansion of the
form f.(0) =1+ fo+ f4+ ..., wheref, = O[mg /(4mf;)"] and the first term of the expansion
is equal to 1 due to the current conservation in the SU(3)rsgtric limit. The Ademollo-Gatto
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theorem [5] shows that the deviation ©f(0) from 1 is at least quadratic in the breaking of SU(3).
Moreover, the first correctioff, receives contribution only from chiral loops and can be cotag
unambiguously in terms of the kaon and pion masses and timedgicay constant. It takes the
value f, = —0.0226 [6]. The problem of estimatinfy. (0) can be thus re-expressed as the problem
of finding a prediction foAf = f, (0) — (1+ f2). The reference estimate for this quantity is still
the one obtained by Leutwyler and Roos in 1984 [7], using &gdmparameterization of the SU(3)
breaking structure of the pseudoscalar meson wave fursctittreadsAf = —0.016(8), which
implies f(0) = 0.961(8).

Lattice QCD studies dk,3 decays started only relatively recently. The strategyctviaillows
to reach the required percent accuracy in the determinatidhe vector form factor, has been
developed in ref. [8], and it is based on the calculation &f $isalar form factor at maximum
momentum transfergf, ., = (mk — my)?) through the ratio

(MSUIK)(TSUIK) _ (Mmoo o (3.6)

(rjUyou| 10 (K|Syos|K) — 4mgmy
where the external states are of pion and kaon at rest. THaedoatio on the I.h.s. of eq. (3.6)
is equal to 1 in the SU(3) symmetric limit, and it can be eveddaon the lattice with sub-percent
accuracy at the simulated values of pion and kaon massespltisical form factor at zero mo-
mentum transferf, (0) = fo(0), is then obtained by extrapolatirfg(gZ,.,, Mg, M) to g°> = 0 and
to the physical meson masses.

A list of lattice results forf_ (0) is collected in table 2, with the colour code in the FLAG style
assigned for each calculation. The relevant simulatioarmpaters for these calculations are given
in table 3. The first lattice calculation of the form factoy, the SPQ,R collaboration [8], was
performed in the quenched approximation and with rathgelaalues of simulated pion masses,
my 2 500 MeV. It gave the resulf, (0) = 0.9605)(7), in remarkable agreement with the quark
model prediction by Leutwyler and Roos [7]. Subsequenthguenched calculations [11, 12, 13],
performed withN; = 2 dynamical fermions but still large values of simulatednpinasses, con-
firmed the quenched result. The first lattice calculatiori gf) which aims to keep under control
all sources of systematic uncertainties has been perfobypdiace RBC/UKQCD collaboration [9].
This year, a second calculation of comparable accuracy é&as presented by ETMC [10]. Both
the update of the RBC/UKQCD 07 result and the new ETMC 09 taticin have been discussed
in the parallel session at this conference [14, 15].

The RBC/UKQCD calculation [9] uses the DWF action with= 2+ 1 dynamical quarks, and
pion masses as light as 330 MeV. The colour code rating ferdalculation, displayed in table 2,
includes a red square for the continuum extrapolation dimesimulation has been performed at a
single value of the lattice spacing £ 0.11 fm). A 4% of systematic error ofl — f, ) due to dis-
cretization effects is assigned on the basis of the par&mestiimatedyisc, ~ (a/\QCD)Z, assuming
Nocp ~ 300 MeV. In the parallel talk at this conference [14], Jamasditi for RBC/UKQCD has
announced that a simulation at a second finer lattice spdaing.09 fm) is being performed and
corresponding results for the vector form factor will begaeted soon. Two other improvements
on the existing calculation are being implemented, nameadiralation at a second value of the
strange quark mass (the valuenaffirstly simulated by RBC/UKQCD [9] was about 15% heavier
than the physical strange quark) and the use of twisted l@yrabnditions. The latters, applied to



Kaon physics from lattice QCD

Vittorio Lubicz

S
o 9
o § & £
§FF&&e
5 & o &
S &S &
N N N)
F & O 5
L L
L ¢ g
Collaboration Ref. Nj g § & & f+(0)
RBC/UKQCD 07| [9] 2+1 A % W 0.9644(33)(34)(14)
[10] 2 A 0.9560(57)(62)
QCDSF 07 [11] 2 C W * MW 0.9647(15)a
RBC 06 [121] 2 A ® MW 0.968(9)(6)
JLQCD 05 [13] 2 C W % MW 0.967(6)
SPQpR 04 8] 0 A H % E 0960(5)7)

Table 2: Colour code rating in the FLAG style and summary of latticgutts for f (0). The results dis-
cussed at this conference are framed.

Collaboration Ref. N; action alfm  (Lmy)™" my/MeV
RBC/UKQCD 07| [9] 2+1 DWF 011 46 >330
ETMC 09 [10] 2 max.tmQCD >007 37 >260

QCDSF 07 [11] 2  clover (NP) 0.08 54 >590

RBC 06 [12] 2 DWF 0.12 4.7 =490

JLQCD 05 [13] 2 clover (NP) 0.09 49 >550

SPQ:R 04 8 0 clover (NP) 007 46 >500

Table 3: Parameters of the simulations listed in table 2.

valence quark fields [16, 17, 18], allow to simulate very elos directly aig® = 0, thus removing
the model dependence associated with the momentum extepol

The ETMC calculation [10] off, (0) has been presented at this conference by Silvano Simu-
la[15]. Itis based on the set bt = 2 simulations performed by ETMC with twisted mass fermions
at maximal twist. Finite size effects on the form factor hbeen estimated by simulating on two
different volumes, whereas discretization errors havenl®mluated by performing, for a single
value of the light quark mass, calculations at three diffetattice spacingg ~ 0.07, 0.09, 0.10
fm).1 In order to get results close & = 0, twisted boundary conditions on the valence quark
fields have been implemented. Both pole and quadratic fits been considered to interpolate to

IThe results on the coarsest lattice have been analysedhetesnference and are discussed in the proceedings [15].
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g? = 0. In the main simulation on the lattice wighr~ 0.09 fm, 6 different values of the light quark
masses have been simulated, with the lightest pion masg bgin: 260 MeV.

The relatively large number of light quark masses simuldigdETMC allows to achieve a
good control over the chiral extrapolation, which représeme of the main source of systematic
uncertainty in the lattice evaluation &f (0). The chiral extrapolation has been performed using
both SU(3) and, for the first time, SU(2) ChPT. The use of SWRPT applied to kaon observa-
bles [19] has been mainly advocated, in the context of &ttedculations, by RBC/UKQCD [20].
For a general discussion on the applicability of the diffiéreersions of ChPT to lattice results see
the plenary talk by Enno Scholz at this conference [22]. Renector form factof . (0), the SU(2)
chiral expansion has been derived at the NLO by Flynn andr8gzh[21]. ETMC finds that the
convergence of the SU(2) expansion far(0) is indeed very good, and contributions beyond NLO
are small both at the physical point and in the region of satmal lattice data. Instead, both ETMC
and RBC/UKQCD observe that the contribution beyond the Nb@i SU(3) chiral expansion,
i.e. the quantityzA f = f(0) — (14 f2), is large and of the same size of the NLO contributign
Nevertheless, the analyses based on SU(2) and SU(3) Chffrped by ETMC leads eventually
to consistent results, and their difference is includedhéfinal estimate of the systematic error.

The ETMC calculation is performed withs = 2 dynamical flavours. The effects due to the
strange quark loops are exactly accounted for, in the aionl, up to the NLO in the SU(3) chiral
expansion. This has been possible, because the NLO terneinhinal expansionf,, can be
precisely computed (in terms of pion and kaon masses oryhéotheories withiN: = 0 [8], N; =
2 [23] andN¢ = 2+ 1 [6] dynamical quarks. Thus, the only uncertainty due toghenching of
the strange quark in the ETMC calculation concerns the NNa@ributionAf. For this quantity,
the relative uncertainty has been estimated by ETMC to blheobtder of 13% which turns out to
be of the same size of the entire differeriaef )N'=? — (Af)NT=0, evaluated using the quenched
estimate ofAf of ref. [8]. This difference is most likely an overestimafetite true error affecting
Af intheNs = 2 calculation, i.e(Af)PMYS — (Af)NT=2,

In order to quote a lattice average fbr(0), | will take into account both the RBC/UKQCD
and ETMC results, i.e.

f,(0)=0.9643)(4) [Nf=2+1, RBC/UKQCD 07]

(3.7)
f,(0) = 0.956(6)(6) [N;=2, ETMC 09].

These are the only results which are obtained with relatilight pion masses and do not get
therefore in table 2 a red square for the chiral extrapalatithe RBC/UKQCD calculation has a
red square assigned for the continuum extrapolation, misthurce of error is subdominant in the
calculation (even if the estimated error of 4% were doublled,impact on the final result would
be small). On the other hand, except for the partial quegghhre Ns = 2 calculation by ETMC
has at present a better control over the other systematartamtties with respect to thiéy =2+ 1
calculation by RBC/UKQCD (3 lattice spacings rather thai® pion masses rather than 4, both
SU(3) and SU(2) chiral extrapolations). Since the uncetyaiue to the quenching of the strange
quark has been accounted for in the ETMC result, | quote asabeestimate of, (0) the average
of the two results in eq. (3.7), obtaining

f,(0) =0.9623)(4) | . (3.8)
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Figure 1: Summary of results for the vector form factor(0) of kaon semileptonic decays. Lattice results,
as obtained from simulations witty = 0,2,3 dynamical quarks, are shown in the upper side of the plot by
red squares. The results of analytical model calculatidhf2p]-[29] are shown in the lower side of the plot
by green triangles. The black circle represents the laitidependent estimate &f (0) given in eq. (3.5),
which is only valid in the Standard Model. The blue square tredgrey band show the average of lattice
results forf, (0) derived in eq. (3.8). This plot has been produced by FLAG godhted for the lattice
conference.

The first error in eq. (3.8) is statistical, and it is evaldaite the standard way assuming gaussian
statistical uncertainties. The second error is systematid it has been taken to be equal to the
systematic error quoted by RBC/UKQCD.

The lattice average (3.8) is in very good agreement with #tecé-independent estimate
quoted in eg. (3.5), based on CKM unitarity and the detertiinaof V4 from nuclear-decays.
Combining the lattice determination (3.8) with the expexirtal result of eq. (3.1), one obtains the
estimate

Vusli,; = 0.225213) , (3.10)

in good agreement with the unitarity determination in ecd).3
A summary of lattice results fof, (0) is shown in fig. 1, which is an updated version for the
lattice conference of a plot produced by FLAG [1]. The blueag and grey band in the plot

2While this contribution was almost finished to be writtenppdated estimate of the form factor has been presented
by RBC/UKQCD [24], which reads
f.(0) = 0.959934)(*31)(14) . (3.9)

The new analysis includes the simulation at a second valtigea$trange quark mass and twisted boundary conditions
to simulate directly at? = 0, as anticipated at this conference. With respect to rgfti@ change in the central value,
as well as the second error in eq. (3.9), are due to the uirdgria the chiral extrapolation, which was not considered
in ref. [9]. It has been evaluated by varying in the SU(3) @hexpansion the value of the LO low-energy constant
f in the range 100-131 MeV (ETMC finds that the effect of a similaange in its chiral fit is smaller than the error
already assigned to the chiral extrapolation [25]). Sireeupdated result (3.9) is in very good agreement with the
lattice average given in eq. (3.8), | find unnecessary to @hdlnis average.
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represent the lattice average (3.8). The lattice-indepeinestimate (3.5) of . (0), obtained using
the unitarity determination df,s, is also shown for comparison. In the lower side of the plat, w
collect the quark model result of Leutwyler and Roos (LR &4)tfgether with the results of more
recent analytical model calculations [26]-[29]. Thes¢elatieterminations of  (0) turn out to be
larger than both the value predicted by lattice QCD and teeltémplied by CKM unitarity.

3.2 Leptonic kaon decays: £ /fx

A detailed review of lattice results for the pion and kaonajeconstants has been given by
Enno Scholz in his plenary talk at this conference [22]. s teason, in this talk | will only
summarize the main features of the new calculations andeaerilattice average for the ratio
fk / T, which is the relevant hadronic input parameter for therdeiteation of the Cabibbo angle.

A list of unquenched lattice results fdk /f, is collected in table 4 (based on the FLAG
work), with the colour code rating in the FLAG style assigriedeach calculation. The relevant
simulation parameters for these calculations are givealilet5.

A first look at tables 4 and 5 is sufficient to reveal the largmhar of unquenched predictions
for fx / f; obtained by the various lattice collaborations in the |lagt or two years. For the purpose
of this conference, the results which are new or have beeateg@dn the last year are framed in
the tables. Moreover, several lattice predictionsffof f; in table 4 are rated without red squares,
indicating that all sources of systematic uncertaintigh@se calculations are kept sufficiently well
under control.

At this conference, an update of the MILC analysis has beesgnmted by Urs Heller [34].
This analysis is based on SU(3) (rooted) staggered ChPThahdles, as a new feature, théL\D
continuum chiral logs. The chiral fits are based on resultaioed with the “fine”, “super-fine”
and “ultra-fine” MILC ensembles and are performed in two stagrhe first one only includes the
lowest quark masses, and it is used to determine the LO andldiiz@nergy constants. Once these
constants are fixed, then the higher order contributionsiehathe complete RLO contribution
together with NLO and N'LO analytic terms, are determined through a global fit oveqark
masses.

The RBC-UKQCD analysis ofk / f;, presented at this conference by Bob Mawhinney [33],
is based on SU(2) chiral fits. While previous results by thiéaboration were obtained at a sin-
gle value of the lattice spacing(* = 1.72 GeV), the new analysis includes data from a second
ensemble with a finer latticea(* = 2.32 GeV), which also includes lighter dynamical quarks. In
addition, on the coarse lattice more configurations have lge@erated, by almost doubling the
statistics from earlier works.

An accurate prediction fofk / f;r has been also presented by the BMW collaboration [31, 32],
based on their extensive simulation performed at threeegatdi the lattice spacing, large volumes
and simulated pion masses reaching down about 190 MeV. Tired elxtrapolation is performed
testing three different assumptions for the quark massrikgee: ChPT, either SU(3) or SU(2),
or a simple polynomial extrapolation. With respect to theliprinary determination presented in a
poster by Alberto Ramos at this conference, the final resulff/ f; given in [31, 32] and quoted
in table 4 has a reduced systematic uncertainty.

The JLQCD/TWQCD collaboration has presented a prelimidatgrmination of the pion and
kaon decay constants [36] based on a simulation Witk= 2+ 1 dynamical overlap fermions, at
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Collaboration Ref. N Q° S & & fk/fn
ALVdW 09 [30] 241 C 1.192(12)(16)
[31,32] 2+1 * K K 1.192(7)(6)
RBC/UKQCD 09 [33] 241 C * 1.225(12)(14)
MILC 09b [34] 241 Ak Kk  x 119829
MILC 09a [35] 241 A * Kk x  1197(3)(*)
JLQCD/ITWQCD 09 [36] 241 C B B 1.210(12)wa
PACS-CS 08 [37] 241 A % E E 1.189(20)
HPQCD/UKQCD 07  [38] 241 A % *  1.189(2)(7)
RBC/UKQCD 08 [20] 241 A * W 1.205(18)(62)
NPLQCD 06 [39] 2+1 A B 1218(2)(1)
MILC 04 [40] 241 A % 1.210(4)(13)
[41] 2 A *  1.210(6)(15)(9)
ETMC 07 [42] 2 A B 1.227(9)(24)
QCDSF/UKQCD 07  [43] 2 C * 1.21(3)

Table 4: Colour code rating in the FLAG style and summary of unqueddattice results foifx / fr. The
new results, obtained in the last year, are framed.

Collaboration Ref. N; action alfm  (Lmy)™" my/MeV
[30]  2+#1 KSuic/DWF 2009 38 2300
[31,32] 2+1 impr.Wilson >007 4.0  >190
[33] 2+1 DWF >008 40  >290
[34] 241 KIS >0045 40 =230
MILC 09a [35] 241 KIS >0045 3.8 >230
|JLQCD/TWQCD 09 [36] 2+1  Overlap 0.10 2.8  >340
PACS-CS 08 [37] 2+1  clover (NP) 0.09 23 >160
HPQCD/UKQCD 07  [38] 2+1  K§SQ >009 38 >250
RBC/UKQCD 08 [20] 2+1 DWF 011 46 >330
NPLQCD 06 [39] 2+1 K§uc/DWF 013 3.7  >290
MILC 04 [40] 241 KIS 2009 38 >250
[41] 2 max.tmQCD >007 3.2  >260
ETMC 07 [42] 2 max. tmQCD 0.09 32 >300
QCDSF/UKQCD 07 [43] 2 clover(NP) >006 42  >300

Table 5: Parameters of the simulations listed in table 4.
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five different up and down quark masses. While the choserpappris definitively a benchmark
for lattice QCD, since the overlap formulation preserveggact chiral symmetry at finite lattice
spacing, the simulation performed by JLQCD/TWQCD reliesore a single value of the lattice
spacing &~ 0.10 fm) and a rather small lattice sizg fn,;)™" < 3), two features which imply the
red squares in the FLAG stye rating of table 4.

Among the otheNs = 2+ 1 determinations ofk / f; collected in table 4 and not presented at
this conference, the ALVdW 09 and HPQCD/UKQCD 08 resultsadse free of red tags and will
be thus included in the determination of the final latticerage.

A determination offx / f; with Ny = 2 dynamical quarks, in which all sources of systematic
uncertainties are kept under control (i.e. no red squartsinolour code rating) has been recently
obtained by the ETM collaboration [41], using maximally $t&d mass fermions. The comparison
with the most precisé&Ns = 2+ 1 calculations suggests that the quenching effect of ttangé
quark in the determination ofk / f; is currently negligible, within the reached lattice acayra
Therefore, | will include this result in the determinatiohtbe final lattice average (in this case,
given the large number of independent determination&@f; which are free of red squares in
table 4, the inclusion of the ETM 09 result has a marginal icpa then obtain

fic / frr = 1.196(1)(10) | , (3.11)

where the first error is statistical, evaluated assuminggan statistical uncertainties, and the
second error is systematic. For the latter, I'm quoting aceutainty which is of the same size
of the typical systematic uncertainty estimated for the trposcise lattice determinations listed in
table 4.

The average (3.11) can be translated into a determinatitimedfaon decay constarf, by
using f; = 13041(3)(20) MeV [44], as determined from the measurement of the leptpioa
decay rate andlq from eq. (3.3). In this way one gets

f« = 1560+ 1.3 MeV . (3.12)

The lattice average (3.11) is also in very good agreementtivi lattice-independent estimate
of fx/fr quoted in eq. (3.5), based on CKM unitarity and the detertitinaof V,q from nuclear
B-decays. By combining the lattice prediction (3.11) witk #xperimental result of eq. (3.1) and
with Vg from nuclear3-decays, one obtains the estimate

Vuslk,, = 0.224919) . (3.13)

This in good agreement with both the determination (3.1@nfK,3 decays and with the unitarity
determination in eq. (3.4).

A summary of lattice results fofx / f;; is shown in fig. 1, which is an updated version for
the lattice conference of a plot produced by FLAG [1]. Theebdguare and grey band in the plot
represents the lattice average (3.11). The lattice-inuigre estimate (3.5) dk / f is also shown
for comparison.
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Figure 2: Summary of unquenched lattice results for the ratio of dexastantsk / f; as obtained from
simulations withiN; = 2 andN¢ = 3 dynamical quarks (red squares). The black circle represbatiattice-
independent estimate &f / f; given in eq. (3.5), which is valid only in the Standard ModEhe blue square
and the grey band show the average of the lattice resulfi fofr; derived in eq. (3.11). This plot has been
produced by FLAG and updated for the lattice conference.

4. KO — KO mixing: Bk

The accuracy in the lattice determination of the kaon bagrpater,Byk, has remarkably im-
proved over the last few years. This progress is well ilatstl by the following sample of lattice
averages presented at the lattice conferences:

Lattice '96 Bk = 0.90+0.03+0.15 S Sharpe [45] (4.1)
Lattice’00 Bk = 0.8640.06+ 0.14 L. Lellouch, [46] (4.2)
Lattice 05 Bk = 0.79+ 0.04+0.08 C. Dawson [47] (4.3)
Lattice 08 Bk = 0.723+0.037 L Lellouch (48], (4.4)

whereB is the renormalization group invariant definition (féf = 3) of the bag parameter. The
second error quoted in egs. (4.1)-(4.3) was an estimateeajuknched error. This uncertainty has
limited the accuracy of the lattice calculationsByf for a long time. It has started to decrease when
the first unquenched estimates have been performed in thfevagears, and in the average B
guoted at the last two lattice conferences it was definitiveinoved. Nevertheless, all unquenched
determinations 0Bk available until last year were obtained at a fixed (and rd#rge) lattice spac-
ing. Thus, a quantitative estimate of discretization éffedfecting these calculations, which could
have been not negligible according to the experience gathiarthe quenched approximation, was
not available yet.

The list of unquenched lattice results fBg available today is collected in table 6, with the
colour code rating in the FLAG style assigned for each cat@uh. The relevant simulation param-
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Collaboration Ref. N¢ BF(Z GeV) Bk

[49] 241 A * * 0.527(6)(20)  0.724(8)(28)
[50] 241 C * % 0.537(6)(18)  0.738(8)(25)
G1f54] 2+1 C % * W N 0.512(14)(34)  0.701(19)(47)
RBC/UKQCD 07 [55,20] 2+1 A W * % 0.524(10)(28)  0.720(13)(37)
HPQCD/UKQCD 06  [56] 2¢41 A W * = 0.618(18)(135) 0.83(18)

[57] 2 C % * 0.518(21)(21)  0.730(30)(30)
JLQCD 08 [58] 2 A m o 0.537(4)(40)  0.758(6)(71)
RBC 04 [59] 2 A R m m % 0.495(18) 0.699(25)
UKQCD 04 [60] 2 A m m m =m 0.49(13) 0.69(18)

Table 6: Colour code rating in the FLAG style and summary of unqueddhtice results foBk. The
symboIlJr means that these results have been obtainélak)min > 4 in a lattice box with a spatial
extensiorL < 2 fm. The new results obtained in the last year are framed.

Collaboration Ref. N¢ action alfm (Lmy)™" m;/MeV  Ren.
[49] 2+1  KSwic/DWF 2009 35 2230 RI
[50] 2+1 DWF >008 40 >290 RI
[51)-[54] 2+1 KSR >006 25 >200 PTY
RBC/UKQCD 07 [55,20] 2+1 DWF 011 46 >330 RI
HPQCD/UKQCD 06  [56] 2+1 KIS 0.12 46 >360 PTY
[57] 2  tmQCD/OS >007 32 >260 RI
JLQCD 08 (58] 2 overlap 012 2.8 >290 RI
RBC 04 [59] 2 DWF 012 46 >490 RI
UKQCD 04 [60] 2 clover(NP) 010 62 >740 PTY

Table 7: Parameters of the simulations listed in table 6.

eters for these calculations are given in table 7.

The novelty this year are a number of new calculations, namAévdw 09 [49], RBC/
UKQCD 09 [50], SBW 09 [51]-[54] and ETMC 09 [57], which are fn&d in table 6 for better
illustration. At variance with the previous unquenchectakdtions, they all involve an extrapola-
tion to the continuum limit foBk, based on two (ALVdW 09, RBC/UKQCD 09) or three (SBW 09,
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ETMC 09) values of the lattice spacing.

While the RBC/UKQCD 09, SBW 09 and ETMC 09 results are stidllipninary, having been
only presented in the proceedings of this conference, théd¥ 09 calculation is already pub-
lished [49]. It uses a mixed action setup, with domain walhfiens valence quarks over the
N; = 2+ 1 staggered gauge field configurations produced by MILC (*farel “coarse” lattices).
The choice of domain wall fermions for the valence allowsraightforward implementation of
the RI-MOM method in order to non-perturbatively renormalthe four-fermion operator relevant
for Bk (in the previous determination @ with staggered fermions by HPQCD/UKQCD [56],
the one-loop perturbative determination of the renormaéilin constant turned out to be affected
by an uncomfortably large systematic uncertainty). Witmdm wall fermions, due to the residual
breaking of chiral symmetry which is allowed by the finiteandion of the lattice in the fifth di-
mension, thdBx operator has a small mixing with operators of wrong chiyallitut not with those
of incorrect taste). The final result for the bag parametebigined after performing a combined
chiral and continuum extrapolation based on NLO SU(3) “rdigetion” ChPT [61, 62], with the
inclusion of some analytic 8O contribution. The final accuracy quoted Bk is about 4%,
where the dominant source of uncertainty is representetidgétermination of the renormaliza-
tion constant.

The new result foBk obtained by RBC/UKQCD, which updates the first precise unghed
calculation of ref. [55, 20], has been presented by Chridykalthis conference [50]. The main
improvement with respect to the previous calculation isube of the second finer lattice ensem-
ble simulated by RBC/UKQCD, which allows to perform a congar5U(2)-chiral and continuum
extrapolation ofBx. This, in turn, has permitted a substantial reduction ofdystematic error
( 3.5%), since in the previous calculation discretizatiffeas represented the main source of un-
certainty. The new calculation also makes use of reweightirthe strange sea sector, with a cor-
responding interpolation in the valence sector, to reaelptysical strange quark mass. Renormal-
ization of the four-fermion operator is performed non-pasatively using the RI-MOM approach
generalized to various non-exceptional momentum renazatain conditions (for a detailed dis-
cussion of this approach see the plenary talk by Yasumicki Aiothis conference [63]).

The new SBW 09 calculation [51]-[54] (where the acronym dadiés the Seoul, Brookhaven
and Washington institutions) uses a mixed action setu) WiYP-smeared staggered valence
fermions, which are effective at reducing taste-breakiffgcts, and the asqtad staggered sea
quarks, i.e. the MILC ensembles. Results are obtained atthalues of the lattice spacing,
namely the “coarse”, “fine” and “super-fine” MILC ensembleBhe chiral extrapolation is per-
formed by using the proper either SU(3) or SU(2) mixed actitaggered ChPT at NLO, with or
without adding an analytical NLO term. The SU(2) result, which is the one quoted in table#&d$
eventually to a smaller error. Since the minimum valuengt in the simulation is about 2.5, this
calculation gets a red square in table 6 for finite volumersrrdhese errors, however, have been
explicitly investigated by the collaboration and they avarfd to be subdominant f@y, smaller
than 1% for the SU(2) analysis. The main uncertainty in theutation comes from the evaluation
of the renormalization constant, which is performed in tows perturbation theory. With respect
to the older staggered calculation of ref. [56], this uraiety is now significantly reduced, mainly
because of the use of the “fine” and “super-fine” MILC ensemlde which the error coming from
the truncation of the perturbative series, of ordgfl/a)?, is expected to be smaller. Nevertheless
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it still dominates the systematic uncertainty. The colfalion plans to reduce this uncertainty in
various way. One is to work on a yet finer lattice, another isige two-loop matching and, fi-
nally, by using the RI-MOM non-perturbative method. Thiddaapproach, which looks the most
promising, has been already successfully applied withgetieagl fermions to the renormalization
of bilinear quark operators, as discussed by Andrew Lytthiatconference [64].

The fourth new result foBx has been presented at this conference by the ETM collabora-
tion [57]. This calculation also uses a mixed action setupph W; = 2 maximally twisted sea
quarks and a suitable Osterwalder-Seiler variant of thstédimass action for the valence quarks.
This setup simultaneously guarantees the absence of mixitngoperators of wrong chirality,
which is usually present with Wilson-like fermions, andamuatic &'(a)-improvement oBg [65].
The calculation is performed at three values of the lattwcig & ~ 0.07, 0.09, 0.10 fm) and
the physical value dBy is eventually reached through a combined SU(2)-chiral amdiicuum ex-
trapolation. Renormalization of the four fermion operasgperformed non-perturbatively with the
RI-MOM method. Discretization effects in the evaluationtioé renormalization constant, which
starts at(g?a?), are further reduced by subtracting from the RI-MOM foumiéon Green func-
tion the leading contribution, explicitly evaluateddr{a®) one-loop lattice perturbation theory, as
illustrated by Fotos Stylianou in a poster at this confeecj6®].

In order to derive the final lattice average %, | consider the three results which are free of
red squares in table 6, namely:

Bk =0.7248)(28)  [Nf=2+1, ALVAW 09 |
Bk =0.7388)(25)  [N; =241, RBC/UKQCD 09] (4.5)
Bk =0.730(30)(30) [N;f=2, ETMCO09].

The agreement among the above determinations, as well hstivditnew SBW 09 determina-
tion [51]-[54], is remarkable. It is also worth noticing thie result obtained wittN; = 2 dy-
namical quarks lies in between the thp = 2+ 1 determinations, showing that also B¢ the
effect of quenching the strange quark is not visible, withimaccuracy currently reached by lattice
calculations. For this reason, | average together the ttesméts in eq. (4.5) and quote as the best
lattice estimate 0By the value

Bk = 0.731(7)(35) | . (4.6)

While the statistical error is evaluated assuming gaussiaiistical uncertainties, the systematic
uncertainty quoted in eq. (4.6) is slightly increased wabpect to the one quoted by the individual
calculations, to account for the preliminary status of tw of the three calculations on which
the final average oBx is based. A summary of the unquenched resultSBfopiis also presented
in fig. 3, which is an updated version for this conference ofa produced by FLAG [1]. The
average value dBx, given in eq. (4.6), is shown in the plot with a blue square adey band.

The &k parameter which controls the amount of indirect CP viotatio K® — KO mixing,
and whose theoretical determination reliesByy plays a relevant role in the unitarity triangle
analysis, both within and beyond the Standard Model. Sintke Standard Model the analysis is
largely overconstrained, it can be also used to extractdhees of the relevant hadronic parameters,
including Bk [67]. The latest determination obtained in this way by thditidollaboration, which
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Figure 3: Summary of unquenched lattice results for the RGI paraniteas obtained from simulations
with Ny = 2 andN¢ = 3 dynamical quarks (red squares). The blue square and thégneyshow the average
of the lattice results derived in eq. (4.6). This plot hasrbpeoduced by FLAG and updated for the lattice
conference.

is therefore only valid in the Standard Model, is
(Bx)5 = 0.87(8) - (4.7)

This estimate also takes into account the long distanceibatibns to both the absorptive and the
dispersive part of thAS= 2 effective Hamiltonian evaluated in refs. [68, 69] and suariaed in
the multiplicative factok;, = 0.94+ 0.02. The Standard Model prediction B from the unitarity
triangle analysis, given in eq. (4.7), shows a tension Withdirect lattice determination (4.6), at
the level of 160. Whether such a tension should persist, with the incregsiegision of both
lattice calculations and of the unitarity triangle anadysi could become a clear signal of physics
beyond the Standard Model.

In new physics models, like for instance the supersymmeftiensions of the Standard Model,
the theoretical expression ef depends in general on the complete basis of elght 2 four-
fermion operators [70]. Due to parity conservation in thergg interactions, only five of these
operators have independent matrix elements. The knowletlifiese matrix elements is then cru-
cial in order to derive reliable predictions fek in the context of specific new physics models.
Lattice calculations for the complete basis&8 = 2 four-fermion operators have been only per-
formed so far in the quenched approximation [71, 72, 73], thedresults turn out to be in poor
agreement among each other. Very preliminary results ofuth basis ofAS= 2 matrix elements
have been presented at this conference by ETMC [57]. Giveinliigh phenomenological interest,
it would be helpful if such a calculation were also addresstiner collaborations using different
lattice approaches.
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5. Non leptonic kaon decays

While not much time (and space) is left to discuss the laticelies of non leptonic kaon
decays, | cannot conclude this talk without at least meirigpithe extraordinary effort which is
being put forward by the RBC/UKQCD collaboration in addiegghis issue. The results obtained
last year by the collaboration have shown that the attraepproach which uses ChPT to relate the
K — mmrr matrix element of interest to the simpler matrix elementk ef mrandK — 0 transitions
is affected, in the kaon mass region, by significantly largeat corrections. This is an intrinsic
uncertainty, which cannot be avoided. Therefore, the tloalculation ofK — 77T matrix elements
on the lattice must be addressed.

At this conference, three talks have been dedicated todhis by RBC/UKQCD [74, 75, 76].
The main indication is that, while a substantial computatlcefforts will be required in order to
obtain a reasonably accurate estimate (i.e. at the levél-@0%b), the direct calculation of both the
Ao andA, complex amplitudes is however feasible. The required gte@ and numerical tools
include, in particular, the use of chiral fermions, nontpdrative RI-MOM renormalization and
finite volume methods.

An exhaustive description of this topic would require a datid talk by itself. For that, |
would like to refer the reader to the excellent review givgnNmrman Christ at the KAON'09
conference [77].

6. Summary and outlook

The number of large unquenched lattice simulations whietbaing applied to the study kaon
physics is rapidly increasing. This effort has allowed thiece in the lattice determination of some
(relatively simple) kaon physics observables an unpratedeaccuracy. In this talk, | concentrated
most of the attention in reviewing the lattice results foethof these parameters, namely the vector
semileptonic form factof . (0), the ratio of decay constanfg / f;; and the kaon bag parametx.
Lattice averages for these parameters have been given.i(8ejs (3.11) and (4.6). Lattice studies
of non leptonic kaon decays are significantly more challegigNevertheless, important progress
has been achieved also in this field, and first, reliable te$ot both theAl = 1/2 rule andg’ /¢
are expected to produced in two ore three years.
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