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simplest supersymmetric model:N = 1 supersymmetry inD = 1. The model is described by a

lattice with spacinga
2, thus containing twice as many sites as the conventional one. The boson

and fermion are related through a 2π/a momentum shift, which can provide an interpretation

of them being species doublers to each other. An exactly supersymmetric lattice action can be

written within this scheme in momentum representation, which however turns out to be non local

in coordinate space.
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1. Introduction

In recent years a number of lattice models with at least one exact supersymmetry at non-zero
lattice spacing have been proposed1. Topological twist and orbifold projection are the main new
ideas behind these approaches, which however allow in general only one exact lattice supersymme-
try. The link approach was proposed to overcome this limitation and realize exactly on the lattice
all supersymmetries in some models with extended supersymmetry [2, 3, 4, 5]. The key new in-
gredient of this approach with respect to the ones mentionedabove (to which it is however deeply
related [6]) is the introduction of extended lattices with additional “fermionic” links on which su-
persymmetry charges sit. As a consequence of the link natureof the (super)symmetry charges,
modified Leibnitz rules have to be applied when (super)charges act on a product of (super)fields.
Hence both the consistency and the relevance of the link approach to the description of exact lattice
supersymmetry has been questioned [7, 8]. However it has been shown recently by some of the
present authors that a consistent mathematical set up for the link approach can be given in terms
of Hopf algebras [9]. The introduction of new links and new sites implies that a larger number
of degrees of freedom is present in the link approach formulation, namely that the theory contains
doublers both for bosons and fermions unless some mechanismis found to get rid of them. This
is one motivation for looking at the simplest supersymmetric system: anN = 1 supersymmetry in
one space-time dimension. In spite of its simplicity the investigation of this model in the frame-
work of the link approach offers some insight into some relevant problems, including the doublers
mentioned above, and it is worth pursuing. This will be the subject of the present talk.

2. D=1, N=1 model

The simplest supersymmetric model is a one dimensional model with just one supersymmetric
charge. It is described in terms of a superfield:

Φ(x,θ) = ϕ(x)+ iθψ(x) (2.1)

with a supersymmetry charge given by:

Q =
∂

∂θ
+ iθ

∂
∂x

(2.2)

and

Q2 = i
∂
∂x

. (2.3)

The free action is given by

S =
i
2

∫

dxdθ DΦ
∂Φ
∂x

(2.4)

whereD is the super derivative. Because of the fermionic nature of the superspace integration
volume no potential can be written in terms of the superfield and the theory is essentially free.

On the lattice the derivative∂∂x is replaced by finite shift∆, defined by:

∆Φ(x) = Φ(x+ a)∆, (2.5)

1For a review see [1] and references therein.
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wherex andx+ a are two neighboring sites separated by the lattice spacinga.

In the link approach a shiftaQ is associated to the supersymmetry chargeQ, and since eq. (2.3)
is replaced by

Q2 = i∆ (2.6)

we haveaQ = a
2. The supersymmetric extended lattice is then given by integer multiples ofa

2, thus
doubling the number of the the original lattice sites. We assume here thatQ acts on the fields as a
shift2 of a

2, just as∆ acts as a shift ofa . The question now is: What makes this lattice different from
just an ordinary lattice with spacinga2? The answer is in the different behaviour of bosonic and
fermionic fields with respect to shifts ofa

2, namely with respect to supersymmetry transformations.
In the continuum a constant bosonic field commutes withQ, hence for a constant field we have on
the lattice:

ϕ(x+
a
2
)−ϕ(x) = 0 (2.7)

which implies thatϕ is constant on the lattice. A constant fermionic field instead anticommutes
with Q: {Q,ψ}= 0 . If we assume that on the latticeQ simply acts as a shift ofa2 , then{Q,ψ}= 0
implies for a constant fermionic fieldψl(x):

ψl(x+
a
2
)+ ψl(x) = 0, (2.8)

namely

ψl(x) = (−1)
2x
a ψ0 , (2.9)

whereψ0 is a constant and2x
a is an integer on the lattice.

Physical fields are fluctuations around constant configurations. One can then tentatively write
a superfield on the lattice as

Φ(x) = ϕ(x)+
a

1
2

2
(−1)

2x
a ψ(x) (2.10)

whereϕ(x) andψ(x) are smooth fields, in the sense that for instanceψ(x + a
2)−ψ(x) is of order

a in the continuum limit. The smooth fieldψ(x) is related to the original lattice fermionψl(x) by
the relation

ψl(x) = (−1)
2x
a ψ(x) (2.11)

so thatψl(x) satisfies the smoothness conditionψl(x + a
2)+ ψl(x) = O(a). Eq. (2.10) resembles

the usual superfield expansion with the sign factor(−1)2x/a playing the role ofθ .

The supersymmetry transformations are given in the continuum by:

δΦ(x,θ) = α [Q,Φ] . (2.12)

The lattice equivalent is

δΦ(x) = a−
1
2 α(−1)

2x
a

(

Φ(x+
a
2
)−Φ(x)

)

, (2.13)

2This is in agreement with the matrix representation of lattice superspace given in [5]. Notice in particular that in
this wayQ does not contain any Grassmann odd parameter.
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where the constant fermionic parameterα in the continuum has been consistently replaced on the
lattice byα(−1)

2x
a . From here one can read the supersymmetric transformationsfor the component

fields as

δϕ(x) = −α
2

[

ψ(x+
a
2
)+ ψ(x)

]

−−→
a→0

−αψ(x) , (2.14)

δψ(x) = 2a−1α
[

ϕ(x+
a
2
)−ϕ(x)

]

−−→
a→0

α
∂ϕ(x)

∂x
. (2.15)

The supersymmetry transformations (2.14) and (2.15) have the correct structure, but they are
still not the right ones. In fact the variation ofϕ(x) at the l.h.s. of (2.14) is not real: ani factor is
missing. In order to restore the hermiticity of the supersymmetry transformations symmetric finite
differences must be used, introducing a shift ofa

4 of the fermionic fields sites with respect to the
bosonic ones. Hence, instead of writing the superfield on thelattice as in (2.10) we shall introduce
Φ(x), with x = na

4, defined by:

Φ(x) =

{

ϕ(x) for x = na/2
1
2a1/2e

2iπx
a ψ(x) for x = (2n+1)a/4.

(2.16)

Again the supersymmetry transformations can be written in terms ofΦ(x):

δΦ(x) = αa−1/2e
2iπx

a [Φ(x+ a/4)−Φ(x−a/4)] . (2.17)

By separatingΦ(x) into its component fields according to (2.16) we find:

δϕ(x) =
iα
2

[

ψ(x+
a
4
)+ ψ(x− a

4
)

]

−−→
a→0

iαψ(x) , (2.18)

δψ(x) = 2a−1α
[

ϕ(x+
a
4
)−ϕ(x− a

4
)

]

−−→
a→0

α
∂ϕ(x)

∂x
, (2.19)

wherex is an even multiple ofa/4 in (2.18) and an odd one in (2.19). As in the continuum case the
commutator of two SUSY transformation is a translation, namely, on the lattice, a finite difference
of spacinga. For instance we have forϕ(x) (the same applies toψ(x)):

δβ δαϕ(x)−δαδβ ϕ(x) = 2iαβ [ϕ(x+ a/2)−ϕ(x−a/2)] . (2.20)

To summarize: even in this extremely simple case exact supersymmetry on the lattice requires the
doubling of lattice sites for both bosons and fermions, withthe lattice spacing halved froma to a/2,
the alternating sign structure for the fermion fields, and, to preserve hermiticity, a relative shift of
a/4 of the boson and fermion lattice sites so that ultimately the effective lattice spacing isa/4.
The price we had to pay for introducing supersymmetry is the doubling of both boson and fermion
degrees of freedom. How to reduce them to the original numberwithout spoiling supersymmetry
is the next task. For this purpose we shall move from coordinate to momentum representation.

3. Momentum Space

Let us consider first the Fourier transform of the component fieldsψ(x) andϕ(x), and denote
them byψ̃(p) and ϕ̃(p) respectively. The lattice spacing beinga/2, the Brillouin zone extends
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over a4π
a interval and besides the physical states atp = 0 will include doublers atp = 2π

a . Hence
we have:

ϕ̃(p+
4π
a

) = ϕ̃(p), ψ̃(p+
4π
a

) = −ψ̃(p), (3.1)

where the minus sign in the case ofψ̃ is due to thea/4 shift in coordinate space. The supersym-
metry transformations (2.18) and (2.19) are then given by:

δ ϕ̃(p) = icos
ap
4

αψ̃(p), (3.2)

δψ̃(p) = −i
4
a

sin
ap
4

αϕ̃(p). (3.3)

Eqs. (3.2) and (3.3) are consistent with both the periodicity conditions (3.1) and with the reality
conditions expressed in momentum space by:ϕ̃(p)† = ϕ̃(−p) andψ̃(p)† = ψ̃(−p).

Let us consider now the Fourier transform̃Φ(p) of the superfieldΦ(x) given in (2.16) . At
each value ofp, Φ̃(p) has a bosonic componentΦ̃b(p) and a fermionic onẽΦ f (p) given by:

Φ̃b(p) = ϕ̃(p), Φ̃ f (p) =
a1/2

2
ψ̃(p+

2π
a

). (3.4)

The periodicity inp of Φ̃b(p) andΦ̃ f (p) are the same as̃ϕ(p) andψ̃(p) respectively. The super-
symmetry transformations can be easily written in terms ofΦ̃(p):

δ Φ̃(p) = −2iαa−1/2 cos
ap
4

Φ̃(p+
2π
a

) (3.5)

which is equivalent to (3.2) and (3.3). The physical fields are fluctuations aroundp = 0 of the
bosonic component̃Φb(p), and aroundp = −2π

a for the fermionic component̃Φ f (p). In terms of
Φ̃, these two physical degrees of freedom have a natural interpretation of being species doublers
to each other. The configurations atp = 0 andp = −2π

a correspond respectively to constant and
alternating sign configurations on the lattice of spacinga

2, as discussed above. Large fluctuations
are, however, allowed on the lattice with the result of doubling the number of degrees of freedom
with respect to the original lattice of spacinga. In particular doublers atp = 0 andp = −2π

a with
the “wrong” statistics will appear. In order to reduce the degrees of freedom to the original number
it appears most natural at this point to introduce a cutoff onthe momentum, limiting the bosonic
modes to the standard Brillouin zone(−π

a , π
a ) and the fermionic ones to(−3π

a ,−π
a ). In other

words wavelengths shorter thata will correspond to fermionic degrees of freedom, wavelengths
longer thana to bosonic degrees of freedom. This amounts to impose the constraints

Φ̃b(p) = 0 p ∈ {−3π
a

,−π
a
} and Φ̃ f (p) = 0 p ∈ {−π

a
,
π
a
}. (3.6)

These constraints are local in momentum space, hence highlynon local in coordinate space and
they allow to express the value of the fields in the half-integer multiples ofa in terms of the values
in the integer multiples. For example, from the first of (3.6):

ϕ(ma+
a
2
) =

1
2π ∑

n

(−1)n−m

m−n+ 1
2

ϕ(na). (3.7)

Non locality in this case does not arise, as in the SLAC derivative, from the definition of the
derivative on the lattice, but rather from the definition of the supersymmetric covariant derivative,
which involve finite differences over aa2 spacing.
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4. The Action

As remarked at the beginning the only possible superfield action for this system is the free one
given in (2.4). This can be put on the lattice in superfield notation as:

S =
a

2π

∫ π
a

− 3π
a

d p Φ̃(−p)sin
ap
4

sin
ap
2

Φ̃(p). (4.1)

The different factors in (4.1) are in one to one correspondence with the terms in (2.4): sinap
4 is a

finite difference of spacinga2 and corresponds to the super derivativeD while sinap
2 is the lattice

version of the normal derivative∂∂x . The superfield̃Φ(p) is the one given in (3.4) and the constraints
(3.6) are understood. For each value ofp, Φ̃(p) is purely bosonic or fermionic. The integration
region covers the bosonic range{−π

a , π
a } and the fermionic range{−3π

a ,−π
a }. The action changes

sign whenp → p + 4π
a , so an integration over the whole8π

a would identically vanish. It can be
checked directly that the action 4.1) is invariant under the supersymmetry transformations (3.5). In
terms of component fields (4.1) can be written as:

S =
a

2π

∫ π
a

− π
a

d p

[

ϕ̃(−p)sin
ap
4

sin
ap
2

ϕ̃(p)− a
4

ψ̃(−p)cos
ap
4

sin
ap
2

ψ̃(p)

]

(4.2)

and it is invariant under SUSY transformations (3.2) and (3.3). The fields in (4.2) are defined in the
{−π

a , π
a } range of the momentum and can be associated in the coordinatespace to fields defined on

a lattice of spacinga3. Let us denote them̂ϕ(an) andψ̂(am) to distinguish them fromϕ(x) and
ψ(x) defined on a lattice of spacinga2. A simple Fourier transform allows then to write the action
(4.2) in the coordinate space, exhibiting its non local nature:

S = ∑
n,m

2
√

2
2π

[

ϕ̂(am)ϕ̂(an)(−1)m−n
(

− 3
16(m−n)2−9

+
1

16(m−n)2−1

)

−iψ̂(am)ψ̂(an)(−)m−na(m−n)

(

1
16(m−n)2−9

+
1

16(m−n)2−1

)

]

. (4.3)

5. Some Conclusions

This simple one dimensional model suggests that, within theextended lattice of the link ap-
proach, component fields of a superfield expansion are associated to different regions of the Bril-
louin zone as if they were species doublers of each other. Momentum representation has a privi-
leged role in this approach4, and an exact supersymmetric action can easily be constructed in this
representation. The price to be paid is some non locality in the definition of the supersymmetric
transformations and ultimately of the action when the coordinate representation is used. This model

3Notice however that if the momentum integration in (4.2) wasextended to the whole Brillouin zone of the extended
lattice, that is the interval{− 3π

a , π
a }, the result would be identical to the one given in (4.2). In fact the doublers at

p = 2π
a have the “wrong” statistics with respect to the symmetry of the lagrangian density, and the integral over the

interval {− 3π
a ,− π

a } vanishes identically. The constraints (3.6) may then be regarded as superfluous: bosonic modes
with wavelength less thana and fermionic modes with wavelength longer thana naturally decouple.

4Momentum representation has been used in studying supersymmetric theories in low dimension. See for instance
[10] and, for some recent developments [11, 12].
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is very simple, in the sense that it contains only one supersymmetric charge with no interaction.
So the extension to higher dimensions, or at least to extended supersymmetries in one dimension is
essential.

This will probably require a non commutative lattice. the argument is the following: consider
a D = 2, N = 1 supersymmetry with supersymmetry algebraQ2

1 = ∂
∂x , Q2

2 = ∂
∂y and{Q1,Q2} = 0.

Then a superfield expansion on the lattice in the spirit of (2.10) would be:

Φ(x,y) = ϕ(x,y)+ (−1)
2x
a ψ1(x,y)+ (−1)

2y
a ψ2(x,y)+ (−1)

2x
a (−1)

2y
a F(x,y). (5.1)

For this superfield to generate a consistent supersymmetricinteraction term the sign factors(−1)
2x
a

and(−1)
2y
a have to anticommute (just asθ1 andθ2 would). This would imply non-commutative

space-time on the lattice, giving

[x,y] =
i

4π
a2 (5.2)

with commutativity recovered in the continuum limita → 0. The relevance of non commutative
lattices in the link approach has already been considered in[13].
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