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1. Introduction

In these proceedings we discuss continuum physical results for lighbhia quantities ob-
tained through a combined continuum extrapolation of the RBC and UKQCDboo#ton’s
32% x 64 and 24 x 64 domain wall fermion lattices withs = 16 and the lwasaki gauge action
at 3 = 2.13 and 225 respectively. The lattice spacings, as determined by the combinedianalys
are around 32 GeV and 173 GeV for the 33 x 64 and 24 x 64 lattices respectively, such that
the lightest unitary pion masses are around 295 MeV and 330 MeV.

The layout of these proceedings is as follows: We first discuss scadimgelen the two lattices,
matching at masses within the range of our simulations. We then discuss our soulsacon-
tinuum and chiral extrapolation, determining the physical quark masseseglafiacings and the
continuum limit of the fitted observables. We make use of reweighfifg [11] istthege sea sector
with a corresponding interpolation in the valence sector to reach a physiitaty strange quark
mass. We then determine the neutral kaon mixing ampliBsdéor which we quote a preliminary
physical value.

2. Scaling at simulated mass points

We compare our two lattices by matching dimensionless quantities at a simulatéggioab)
mass point. The method is as follows. (i) we choose a match point on either lattiggn,
defined as a choice of simulated light quark massind heavy quark mass, (ii) we interpolate
two dimensionless quantiti€ andR, on the other latticel{nerp) until they match those olomatch
These quantities are chosen to be ratios of lattice quantities which sensitive degiied quark
mass. Examples includ® = Mpg)/Mq andR, = Mpsni/Mq, whereMpg) andMpsp are the
unitary light-light and heavy-light pseudoscalar (PS) masses resplgctRrior to the interpolation,
the numerator and denominator quantities of HetlandR, are fit linearly inm andm,, and the
interpolation is performed by varying these parameters until the quantities match

Once the match point has been found, we can determine the ratio of the lattieggZ, by
taking the ratio of a lattice quantitQ, (e.g.aMg) between the two latticeg, = %ﬂfﬁg We can
also determine the ratio of the physical quark masses
- TTHDhyS(Linterp) _ i rhf\(Linterp) 7 — rr‘?,hys(l-interp) o iﬁh(Linterp)
B n]ohys(LmatCh) - Zafy (Lmatch) " n’ﬁhys(Lmatch)  Za M (Lmatch)
whereni= m+ M. Figure[l showg,, Z, andZ, for various choices of match poirk ) andQy,
showing good consistency between the choices.

Picking a representativg andZ, we can determine the matching quark masses for any given
simulated point oinaichk We compare dimensionless ratios of other quantities over a number of
match points in order to demonstrate the scaling of our data. Fjjure 2 showsateb points on
the 24 x 64 lattice, demonstrating scaling violations of less than 2%. Here the Wilsompter
ro was obtained as per ref] [2].

Z (2.1)

3. Simultaneous continuum fits

In order to make the best use of our data, we perform simultaneous fitghdaitices. We
fit all quantities in physical units in a fixed renormalisation scheme. The mesdgation constants
for the light and heavy quarks can be left as fit parameters or carokerfrto a predetermined
value. For this analysis we assume the light and heavy quark renormalisatistants are equal,



Continuum results for light hadrons from 2+1 flavor DWF enbéga

Chris Kelly

1.0:

M M M M M M
Moy PS"({MQ ToMpsi ToMps i ps.f %M psaMa
1 ' PSh 0 Mo ff alr Q
oMps i aM, MPS" fps’" ° Mes.(fosi Mpguff
N psilfes ps,il'ps, . pshl P i
0.98- {{ * { }{ afPS’“ }* { ! h a PS,Il
Foon D
N 0.96 A { A B {{ ﬂ c ﬁ c E ﬁ ﬁ
B
A E
0.94 C D
A: (0.005,0.04) B C: (0.004,0.03)
003 B: (0.01,0.04) D: (0.006,0.03)
: Match 37 against 23 E: (0.008,0.03) Match 24 against 32 E
rM Mg (M
0"'ps|i PSIf7Q
078 roMPs,n MPS,\(MQ ‘M M (M
M Mpg (M M- ff 0"'Ps,hl psnl o
. ToMps i PS‘R/I Q psilfesi ar, aM,, Mos ffos
Qo.m— afty } o F‘Svh(fPSv" } } * Mps,h(fps‘n
:I{) } * A { } afpg,” { b c D { { afpSY"
©
N'ozq A B c E { E
B A { E C
D
B

Figure 1: Plots ofZ;, Z, (top) andZ, (bottom) determined at several match points labelled A-Bath en-
sembles, using differing ratid§ andR, andQ; (labelled in order). In the right-hand panes, for whigkyich
andLinerp are swapped with respect to the left, we plot the inverse myazr/;/a for easier comparison.
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Figure 2: A comparison of different dimensionless quantities betwtee lattices at two match points
(m,my) = (0.005,0.04) (left) and(0.01,0.04) (right) on the 24 x 64 lattice.Z, andZ,, are calculated using
Qi =roMpsii andQp = roMpsni. Q32/Q24 being unity defines the line of perfect scaling.

which is justified by the results shown in figuie 1. This is also expected fesrarmalised field
theory, which predicts that a single fermion mass rescaling is needed tothelatees with different

cutoff scales. We fiXZz, =1 andZyy = m = Z from the scaling analysis of the previous
section. This is equivalent to a non-canonical choice of renormalisatada shich can of course
be corrected tdMS at a later stage. The lattice spacings (and physical quark masseslfare
consistently determined by fixing a set of quantities (detailed below) in the cammtitimit to their
known physical values within an iterative procedure.

We simultaneously perform a partially-quenched (PQ) fit to the followingntities: fpsyy,
fpshy: Mpsxy, Mpshy andMgq. Heremy, andmy, are PQ light valence quark masses. Following our
standard procedur¢][7] we include only light PS data for which the sparding pion mass is
less than~ 420 MeV. In order to allow for a continuum extrapolation, the fit forms drtamed
through a double expansion in ChPT aafgl taking terms of ordemqa2 as higher order such that
only the LO LEC terms have a lattice spacing dependence. The PS quanétféas@NLO SU(2)
PQChHPT fit forms andq, is fit to a form linear in the light quark mass. For example, the NLO
SU(2) PQChHPT fit form for the light PS decay constant in the case of degenerience quarks is
206+ ) 1o (Xx+XI> 16

+= (3.1)
(32m21) 272
3

4
f L5XX )

fogux = f(1+cfa?) — Laxi +

f
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Figure 3: Results forMpgyy (left) and fpsxy (right) on the 33 x 64 m = 0.004 ensemble obtained from
global fits using NLO PQChPT (upper) and leading-order,dimenalytic expansion (lower) fit forms. Un-
filled symbols indicate data that is not included in the fite Thirves show the fit form at the parameters equal
to the data set of the same colour. The red curve is the unitags curve at which, = m, = m. Note that
the curvature apparent in the lower-left pane is a consemiefiplotting M3, /(M + 1fy,) against only a
single term of the denominatam,.”

where xq = 2BZmy. The fits are performed at the physisal as determined self-consistently
through an iterative procedure with the physical kaon mass as input, iesirgghting to iterate
the sea strange mass while interpolating in the valence sector. The physisabbtained by
inverting the pion fit form on the physical pion mass. The two lattice spacirggsimilarly fixed

by requiring that the predicted continuuvi, matches its experimental value and that the ratio of
lattice spacings is equal to that determined from the scaling analysis of tieys&ection.

Figs. [3(d) and 3(p) show the NLO PQChPT fits Mpsxy and fpsxy, not including finite
volume (FV) corrections. Extrapolating to the continuum limit, we predjet= 0.1193) GeV
and fx = 0.147(3) GeV. Comparing to the known physical values we see that these &%
(~ 30) and~ 5% (~ 20) too low respectively. The inclusion of FV effects dp obtained using
FVPQChPT [[J7], provides an upwards shift by2.5%, which is insufficient to account for the
difference. However, this disparity is of the order expected for the @NLhPT contributions
obtained by squaring the NLO contribution, suggesting that a full NNLO fedglired to correctly
reproduce the physical point. An investigation of the full NNLO fit is detaligdMawhinney [1p],
with the conclusion that these fits are not stable when applied to our data.

Although our final fits are uncorrelated, we also performed correlatedifiing covariance
matrices estimated by including increasing numbers eigenveftdrs [12] findisignificant change
in our results within our limited ability to estimate the covariance matrix.

We also detail an investigation using a form of analytic expansion about-zem unphysical
pion mass, as advocated by Lellou¢h [9]. Using this approach we los®itig @ take the chiral
limit and only extrapolate to the non-zero physical point. In 3(c)[dd}I\Be show the results
for Mpsxy and fpsxy Obtained using only the leading order (linear) terms of the analytic expansion
As an example, the LO analytic form fdpsyy is

fesxy = fo(1+ fad®) + fiZm + fuZ (my+my) /2. (3.2)
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Figure 4. Plots of ourf;; (left) and By (right) data on both lattices corrected to the continuumitliamd
the physical strange quark mass, overlayed with the NLO ClitR&sults (orange) and the LO analytic fit

results (grey). On the former the physical valuefgfis marked by a horizontal bar.
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Figure 5: A comparison of simultaneol®J(2) PQChPT fits (upper) and LO analytic fits (lower) to Be
data on the 32(left) and 24 (right) lattices reweighted to the physical strange quasssn

These fit forms provide a better description of the data in our mass rangthndlLO ChPT forms
(c.f. figs.[3(@) anfl 3(b)) even to masses significantly higher than th&é20chiral cutoff. Figure
[(a) shows a comparison between the two fit forms (without FV corregtamthe approach to the
continuum limit. The LO analytic fit gives predicfg; = 0.1293) GeV andfx = 0.151(3) GeV
which agree very well with the known physical values.

We note that fitting an analytic expansion to higher masses and continuing tinsiatio a
region with known chiral non-analytic terms is not without risk, even thatiglorked surprisingly
well for f;. With this in mind we continue to take the central value from NLO ChPT and use the
analytic fits to estimate a robust error: Based on the observation that thecblir€rtions tof,; are
negative in sign and assuming the convergence of ChPT we concludbeehad analytic fits are
likely a good method for estimating the upper bound on the systematic errorsdotities such as
Bk for which there is no experimental value. Results at lighter masses aig seqgaired to bring
down the errors estimated by the spread of these two methods.

4. The continuum limit of Bk

The neutral kaon mixing amplitudg is defined a8k = %, where the four-quark
3'KVYK
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Source 243Mag. %err| NewMag. % err.
stat 0.010 1.9 0.006 11
ChPT 0.010 1.9 0.013 24
FV 0.005 1.0 ?? ??
NPR 0.013 25 0.013 2.4
Scaling 0.021 4.0 0 0.0
Unphys.m, 0.005 1.0 0 0.0
Total 0.030 5.7 0.019 35

Table 1: A breakdown of the quoted error @k (right) compared to that of our previous determinatﬂ)n[4]
(left).
operatordyyaa is defined agiyvaa = (Syud)(Syud) + (Sysyud) (Sysyud). Using the operator
product expansionBk can be perturbatively related &, the measure of indirect CP-violation
in the kaon sectoff1]. The relationship contains the CKM matrix plasehich parameterises
CP-violation in the Standard Modetyk is known precisely from measurementskgf — T and
Ks — mrrdecays, thus the measuremenBgfplaces constraints on the CP-violating phase.

We fit Bk on both lattices simultaneously to tB&J(2) PQChPT fit form

Bk = BY {1+caa2+ CoXi | Xy Xy log (;g) } , (4.1)
X

f2 ' f2  32m2f2
where the kaon has been coupled into the theory at leading order in ttieiséiaexpansion. Here
co andc; are LECs and again we have included a tegyparameterising the’(a?) corrections.
We simplify the fit by freezing the LECB (in xq) and f to the values obtained from the global fit
analysis. As discussed in the previous section, we also perform a leadiaganalytic expansion
fit to the data in order to estimate the systematic error on the fit function. Thedijseaformed
to renormalised lattice quantities. We determii using multiple non-exceptional momentum
renormalisation conditions, which suppress chirality mixing. We used volumeas for good
statistical precision. The conversionMS has been calculated by RBC-UKQCD to one loop for
each of the schemes, and comparison of these gives a robust estimajbesfdrder errors (c.f.
refs. [8] and [21B)).

Figure[5 shows a comparison between the ChPT and analytic fits to our dhtagtysical
strange quark mass. Here, the data on both lattices appears to display aatighbnotonicity in
the light quark mass, which on the 2kttices reverses the mass-ordering of the data with respect
to that on the 32 This effect is sub-statistical and we expect it to be resolved by andsere
in the number of measurements. Figlire 4(b) shows a comparison betweemittrg [, = m)
extrapolations of the data in the continuum limit using ChPT and LO analytic fitdoiT his figure
encapsulates our philosophy that the extrapolation may turn down or it mayvacsimply do
not know but we ensure that our errors cover this difference. Heraifference between the two
physical points is much smaller than that figr, around 24%, but is again of a similar magnitude
to the expected NNLO ChPT contributions.

Using the lattice spacings and quark masses obtained from our globaldédure we quote a
preliminary physical value (BF(Z GeV) = 0.537(19), not including finite-volume effects. These
results will be published in our forthcoming papgr][13]. Comparing this toppavious value of
BNS(2GeV) = 0.524(30)[Al] we see a consistent result with a substantially improved total error.
Table[] contains a breakdown of the total error comparing to our previsigt. Note that with
the inclusion of reweighting in the heavy quark mass and by includifaf) corrections in our fit
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forms, systematic errors associated with the unphysmpaind with scaling violations have been
removed and replaced with contributions to the statistical error.

5. Conclusions and Acknowledgements

By matching the data on our 24 64 and 33 x 64 lattices at an unphysical match point, we
have shown that our data is scaling to within 2% for all quantities we tested. ffidence in our
data we then described a global fit procedure whereby the quantitigs, fpsii, Mpshi, fpsn and
Mgq are all fit simultaneously on both lattices to NLO ChPT fit forms including a patewisation of
the leading(a?) effects. This global fit is iterated within a procedure that determines theigsly
guark masses and lattice spacings. We make use of reweighting in the ssemgeark mass
in order to reach the physical point. We show that NLO ChPT fit forms doregroduce the
known continuum value of;, giving a value around 5%-( 20s5) too low after finite volume
effects are included. We demonstrate that an analytic expansion (asatevdy Lellouch[]J9])
reproduces the physicé; and provides a better fit to the data at mass scales above the chosen chiral
cutoff. Noting the risk of extrapolating these analytic forms down into a regiibim known chiral
non-analyticities, we choose to continue to take the NLO ChPT central vatubd subsequent
analysis of the neutral kaon mixing paramesgr, taking the LO analytic fits to this quantity as an
upper bound on the systematic errors. We emphasise that results at liglsssssae necessary
to reduce these errors. Finally we give a preliminary continuum resuBfoas BF(ZGeV) =
0.537(19), where the 3% quoted error includes all systematics bar the finite-volume corrections
which have not yet been calculated. We use the renormalisation parafggtealculated using
multiple non-exceptional momentum schemes with volume sources for good stafisécision.
The MS conversion factors have all been calculated to one loop giving astalystematic error
estimate. We compare 0Bk value to our previous published resul [4].
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References

1] A.J. Buras, arXiv:hep-ph/9806471.
2] D. J. Antonioet al.[RBC and UKQCD Collaboration], Phys. Rev.13 (2007) 114501

[arXiv:hep-lat/0612005].
3] Y. Aoki et al.[RBC and UKQCD Collaboration], arXiv:0712.1061 [hep-lat]
4] D. J. Antonioet al.[RBC and UKQCD Collaboration], Phys. Rev. Let0(2008) 032001

[arXiv:hep-ph/0702042].
E. Scholz [RBC and UKQCD Collaboration], PoS(LATTICEGE)095.
Y. Aoki [RBC and UKQCD Collaboration], POS(LATTICE 200&22.
C. Allton et al.[RBC and UKQCD Collaboration], Phys. Rev. 13 (2008) 114509 [arXiv:0804.0473
[hep-lat]].
[8] C. Sturm, Y. Aoki, N. H. Christ, T. Izubuchi, C. T. C. Saelula and A. Soni, Phys. Rev. & (2009)
014501 [arXiv:0901.2599 [hep-ph]].
[9] L. Lellouch, arXiv:0902.4545 [hep-lat].
[10] R. Mawhinney [RBC and UKQCD Collaboration], PoS(LATZ)081.
[11] C. Jung [RBC and UKQCD Collaboration], PoS(LAT2009900
[12] C. Dawson [RBC and UKQCD Collaboration], PoOS(LAT200%2.
[13] P. A. Boyleet al.[RBC and UKQCD Collaboration)Continuum limit of i from 2+1 flavor domain

wall QCD, in preparation

~ O U1



