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1. Introduction

The study of mesons containing heavy quarks plays an important roletinl@ghysics by
helping constrain the standard model parameters. The first-principle meihtadce quantum
chromodynamics (QCD) have been used to obtain some of the most acceatittal informa-
tion so far, and connect to the experimental observations of thosertiagmperties. However,
conventional lattice calculations with heavy quarks meet special difficuiase the relatively
large masses of charm and bottom quarks £ 1.25GeV,m, = 4.20GeV) make it impractical to
work with lattice spacing sufficiently small to properly control discretizationrsrofO(ma) [1].
To overcome this problem, a number of improved heavy quark actions signee, including the
heavy quark effective theory (HQET) and non-relativistic QCD (NR)®oth of which have sig-
nificant limitations. The HQET cannot be applied to quarkonia, while NRQCPrimacontinuum
limit.

Another approach, which we have adopted in our heavy quark calqudatsthe Fermilab or
the relativistic heavy quark (RHQ) method [2, 3, 4], where axis-intarghaasymmetric terms are
added to usual lattice action, which takes the following form:

Sat = Y W(moa+yDo+{y-D—Sr(D%)? = Srs(D)?+ 5 ﬁcpoqumw (1.1)
u,v

2 2
where 1
Dutp(x) = S[Up () (x+ 1) —Uy (x—= @ y(x—f)] (1.2)
DAW(X) = U@ (x+ 1) + U (x— 2@ (x— 1) — 2¢(x)] (1.3)
Fww(x):% gZﬂ[US“(X)UgV(erSﬂ)xU_S“(x+sﬁt+s'\7)xU_gV(ers’\“/)—H.c.]L/J(x). (1.4)

This action has several advantages over the others. It works fottalelapacing and approaches
the standard relativistic action in the continuum limit ms becomes small. It supports non-
perturbative methods. And, most important, it contains only 3 parametersdothanquark mass
mpa, an asymmetry parametérdescribing the ratio of the coefficients of the spatial and temporal
derivative, anap, a generalization of the Sheikholeslami and Wohlert term to the case o¢rwnz
mass. By adjusting these coefficients properly, this action can accurastyilse heavy quark
systems. The hardronic masses computed in the resulting theory will cormais eo larger than
(Pa)?[2, 3, 4].

The first thing that needs to be done with the RHQ action is to determine the 3 RHQ p
rameters. We do this here by matching to the experimental data, working in apsamatheter
range where the dependenceroga, {,c, is approximately linear. Then we can use the 3 coeffi-
cients to predict meson masses in which we are interested. Both of the a&gowmesrus to know
the lattice spacing from the beginning. However, if the lattice spacing is unknee can also
work it out from the RHQ action, by just determining it as a 4th RHQ paraméftér.can then
check whether it is consistent with results from other approaches. IActha whole work de-
scribed here has already been successfully done on the RBC/UKQED64lattice ensembles
[5]. The RHQ parameters and lattice spacing there are calculated anpadatea to the physical
light quark mass limit, withmpa = 0.251(9), ¢, = 2.091(17), { = 1.242(10), a,; = 1.730(23)GeV.
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This calculation also accurately predicted the masses gfdhand xc.1 mesons, which are, , =
3.424(11)GeV(exp = 3.415GeV) andm,, = 3.502(14)GeV(exp = 3.511GeV) respectively [5],
within 1 standard deviation of the experimental results.

2. Methods

We have carried out a series of calculations of heavy-heavy ang{sé@nge correlators in
charm system using the RHQ action of eq. 1.1, on a 1k-node partition of @3 machines in
the RIKEN BNL Research Center (RBRC). Specifically, we calculate thagisscalar (PS), vector
(V), scalar (S), and axial-vector (AV) meson masses, which are fitted the time dependence
of the heavy-heavy correlators, and the pseudoscalar, vector srfasseheavy-strange systems.
Following our old convention in Ref. [6], we work with the following mass conaltions, spin-
averagerml = (mifl+ 3m"), mlis = 2(ni+ 3m{’), hyperfine splitting il = m{" — i, n{is =
ms— mi3, spin-orbit average and splittinglh, = 7 (nMi"+ 3m5h), mifs= mih — ml", and the mass
ratio, my /mp, from the dispersion relatiorE? = mg + %pz, with my the rest mass anah, the
kinetic mass. By matchinglf}, il to the experiment results and requirimg/mp = 1, we can
then determine the three parametegs, { andc,.

To start the matching procedure, we choose a sufficiently small region ineiigeborhood
of the physical point in our parameter space, so that the resulting messesrage well fit by a
simple linear dependence on the heavy quark parameters:

Y=A+J-X (2.1)

where X is a vector of input RHQ parameteXs, = (mpa, Cp,{), and Y is made up of computed
masses or mass ratio&] = (mfifa, miha, miSa, S, mih. mlh. my /my). The quantities A and J rep-
resent constant and linear terms in our linear approximation, and catdvendeed by minimizing
x? defined as:

X2=5(A+3-X=Y)T-W-(J-X+A-Y) (2.2)

where W is the jackknifed error matrix:
Woa =) < (Ya—Ya)(Yo —Ya) > (2.3)

and the resulting RHQ parameters are determined by solving a set of lingticers and can be
written explicitly as
Xe = (JT .W_l.J)_l.JT.W_l.<YeXp_A)' (24)

The error onX; is calculated from the jackknifed results dandA which represent the statistical
fluctuations in our lattice ensembles.

In our actual calculation, we pick up 7 sets of input RHQ parameters sholtigure 1. Then
the quantitiesh andJ are directly determined using the following expressions:

)

Ju, —ZJA-i(Yd(X‘f‘Ai)_Yd(X_Ai)) (2.5)

Aq :%ZYd—ZJd.,iXi- (2.6)
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Figure 1. The distribution in the 3-parameter space 1'6f |
(moa,cp, ) of the 7-set Cartesian data. Through- 1 5. ! \ ‘ ‘ ‘

L L | L L L
out our calculation, the central point is fixedat= 2 4 g 8 1012
(—0.06,1.5327,1.1774), and the corresponding incre-
ments aré) = (0.1,0.1,0.02) respectively. Figure 2. Momentum dependence &ps which is

used to evaluate the mass ratig/my.

To determine the 3 unknown RHQ parameters, we need oN}jg.3In fact, we select the meson
masses that are most precisely extracted from the heavy correlatergmiia, mfila, my /my), and
match to the experimental result@xp: ((my, + 3m;/y)a, (Mg — My, )a,my/my), to calculate
(moa, cp, {). The remaining components Yhare used to make predictions in the following way:

To evaluate the lattice spacing for the’3264 ensembles, we treass the 4th input parameter, set
= (mfa, mNa, miSa, my /my), and follow the same steps in the 3-parameter case.

3. Reaults and Discussions

The configurations used in our calculations are generated by the RB@ADKcollaboration,
with properties shown in Table 1. We calculated all correlators on the QCB@chines in the
RBRC. We then look at the effective mass plots as shown in Figure 3, femksamnable plateau and
extract the meson masses by doing a hyperbolic cosine fit over that refjientatio of the rest
mass to the kinetic mass is evaluated from the dispersion relation of the psealdomeson),
which has a longer plateau than other meson, and is shown is Figure 2 tiisopiot we can see
an obvious linear dependence for the 5 smallest momp%ta,(%")z(o, 1,2,3,4),which allows us
to apply linear regression to obtain the ratio. Except when evaluating the sp#oing in the last
section, we use the valee® = 2.32GeV, which can be found in Ref. [7].

volume Ls (mseams)  Trajectory(step) # of configs

3% x64 16 (0.004,0.03) 500-3420(20) 147
3% x64 16 (0.006,0.03) 500-3820(20) 167
3% x64 16 (0.008,0.03) 500-2960(20) 124

Table 1: The dynamical 2+1 flavo = 2.25 lattice configurations used for our charmonium and charm-
strange calculations. The time interval between 2 measmesis 40 time units. For each case a box source
was located at the origin in the lattice. The box source siphosen to be 6, giving almost the same physical
volume as that used for the 2donfiguration.
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Figure 3: Sample effective mass plots of pseudo-scalar and vectesstam charmonium correlators. The
fitting ranges of the effective masses are chosen as 10-BAL@ES0 (v) respectively.

3.1 RHQ parametersand predictions

The resulting RHQ parameters and corresponding meson masses prédioiethem are
listed in Table 2. Here we ignore the results for the scafgy) @nd axial-vector X.1) states due to
lack of statistics, although some preliminary results were presented at the dattigzence.

Msea moa Co { mp(GeV) mp;(GeV)
0.004| 0.050(15) 1.787(38) 1.137(10) 1.976(1)  2.106(1)
0.006| 0.021(14) 1.705(37) 1.153(10) 1.972(1)  2.102(1)
0.008| 0.021(14) 1.674(37) 1.147(11) 1.979(2)  2.099(1)

Table 2: RHQ parameters for the 3% 64 ensembles and meson mass predictions for diffenesnt

We then apply a linear extrapolation on these quantities to the physical lighk ionzess limit,
and obtain the final RHQ parameters which will be used in fuBireB, D — Emixing calculations,
etc, as well as meson masses that can be used to check whether our megrgadxassful. The
extrapolation results are shown in Figure 4 and 5.

3.2 Continuum limit

We compare our predicted massegfandD;, for the 24 and 32 ensembles to the experi-
mental values shown in Table 3. Our results agree with the experimentas waifiliin an error of
6MeV, which means our RHQ methods with 3 input parameters work quite suckhgssfu

meson| 322RHQ(GeV) 24RHQ(GeV) Exp.(GeV)
Mo, | 1.9742(24) 1.964(3) 1.9682(5)
mp; | 2.1123(19) 2.113(7) 2.1120(6)

Table 3: Predicted masses @fs and D} for both the 3% and 24 ensembles as well as the experimental
values. Note, the heavy-strange measurements on ther@2mbles were separated by only 4 units, so the
errors are likely underestimated. An improved calculatsonow under way.

We can now use the 34ind 32 results, together with experimental quantities, to discuss the
scaling limitissue. Since we know that the RHQ lattice calculation removes aletlization errors
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Figure 4: Extrapolation of the RHQ parameters to the physical ligtgrgumass limit atngea= 0.000399.
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Figure 5: Extrapolation of the heavy-strange meson masses to thécphiight quark mass limit.

of O(a), so thatO(a?) errors are expected in the result. However, from Figure 6, the 3 paints f
both Ds andD;, are not exactly on a straight line, instead higher order deviations, lpiso4a®)
needs considering according to our preliminary RHQ calculations. Thispisctéed because the
coefficient of theD(a?) term will be a function ofnea.

3.3 Lattice spacing Deter mination

The lattice spacings calculated from all 3 ensembles are shown in Table 4o e same
linear extrapolation, shown in Figure 7, and obtain the final result at theigal light quark mass
limit, a—* = 2.296(39)GeV, which is consistent with the.22GeV result from Ref. [7].
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Figure 6: Strange-charm meson masses measured

as a function o82. The upper i©: and the lower is Figure7: Extrapolation of the lattice spacing to the
Ds. The solid line is fit tee?, while the dashed curve ~ Physical light quark mass limit

is fit to a3

Msea| 0.004 0.006 0.008  0.000399
1/a | 2.277(18) 2.298(19) 2.261(22) 2.296(39)

Table 4: The lattice spacing evaluated from ensembles wigky, = 0.004,0.006,0.008, and the result in the
physical light quark mass limit.
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