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1. Introduction

A quantitative understanding of interesting propertiethefflavor-singlet mesons is an impor-
tant subject in lattice QCD. The famoug1) problem is a long-standing issue albeit past ceaseless
efforts. It is also well-known that the flavor-singlet andeaiovector mesons mix with each other
almost ideally, though this has not yet been confirmed frost firinciples.

In this article, we report on our study of the flavor-singleepdoscalar (PS) and vector mesons.
There are two salient features of this work: i) we simuldte=2+1 QCD including the effects of
dynamical strange quarks, which have been often ignoredeiviqus studies of the flavor-singlet
mesons, and ii) we use the all-to-all quark propagator [Haiculate disconnected meson correla-
tors, which induce the meson mixings and the mass splitfirags flavor-non-singlet mesons.

2. Simulation method

Our gauge configurations ®; =2+1 QCD are generated on a6 48 lattice using the
Iwasaki gauge action and the overlap quark action. We atsoduce a topology fixing term [2]
into our lattice action to reduce the computational costl simulate only the trivial topological
sectorQ =0 at this stage. The lattice spacing determined ffgms 0.100(5) fm. We take four
values of the degenerate up and down quark masees0.015, 0.025, 0.035 and 0.050, which
cover a range of the pion mass from 350 to 610 MeV. Two vaiags 0.080 and 0.100 are chosen
for the strange quark mass. The physical quark masses figgtM; andMy arem ppys = 0.002
andms phys = 0.065. Statistics are 2,500 HMC trajectories at each comiomatf m andms. We
refer readers to Ref.[3] for further details on our gaugeficpmations.

We measure PS and vector meson correlators using the all-tprark propagator. For each
configuration, we prepare 160 low-lying mod@‘sn ) (k=1,...,Ne(=160)) of the overlap-
Dirac operatoD(m), wheremis the valence quark mass. Their contribution to the quaskagator
is calculated exactly. The higher modes are taken into axtcsiochastically by the noise method.
We prepare a single noise vectpifor each configuration, and dilute [1] it infdy = 3 x 4 x N; /2
vectorsn(@ (d = 1,..,Nq), which have nonzero elements for a single combination afrcahd
spinor indices and at two consecutive time-slices. Theoadl propagator can be expressed as

D(m)~ = 3 vin' W' (Ny = Ne-+No) (2.1)

with two set of vectors

(1) (Ne)
K_Jjur - u (1) (Ng) ® _ f (D No) (1) (N)
Vm —{)\(1) )\(Ne)7Xm, -5 Xm }, w _{u Y AN | }, (2.2)

m

wherex,(ﬁ') is the solution of the linear equation

DMxY = (1 ZU(k) u®hy @ (2.3)

We then construct the following meson field at the temporaldimatet with the Dirac matrix
" and a smearing functio«p( )

Z(p w(x+r, )T v x, 1) D, (2.4)
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Figure 1. Connected (left diagram) and disconnected meson corrslétight diagram). We denote the
flavor matrix and the smearing function for the sink mesorrage by F, and @, and those for the source
operator byF, and ¢. The Dirac matrix is” =y for PS mesons, whereas we average dvery; 3 for
vector mesons. The masses of propagating quarks are dw).

The connected and disconnected correlators shown in Fignbe calculated from these meson
fields. The PS meson correlators, for instance, are given by

Ny
Crabij(At) = N Z Z (Fa)gq q(Fb)qq’ﬁigI:lg(mq;t—i-At)ﬁi:’:p)j (mg;t), (2.5)
g,9'=u,d,sk,

N,
Dpapij(At) = N Z Fa)q/ @Oy a(Myit+at) 5 Y (Fb)qﬂﬁg:z(nh;t). (2.6)
g=udsl= 1 g=u,d,sk=1
For simplicity, we often suppress the indices of the smegitiimctions {and j) in the following.

In this study, we consider the PS and vector mesons in twerdifit flavor bases: i) light and
strange meson§ s andV, s, with their flavor matrice$; = (1/v/2)diag[1, 1,0] andFs=diag0,0, 1],
and ii) octet and singlet mesori&,o andVg o, with U (3) generatorgg o for the flavor matricesRg =
Tg andFy=Tp). We refer to these bases as the light-strange and octesinases, respectively.
The full correlator of these mesons including the discotegkcontribution is given by

Gipv},abij (At) = Cipyy.anij(At) — Dipyvy anij(At) (&b {l,s} ora,be {8,0}). (2.7)

We calculate all possible correlators with the followingefwifferent choices of the smearing func-
tion (namelyi, j=0,...,4)

@(r) =& o, @u(r) O expg—0.4|r]], @(r) O |r|exp—0.4Ir]],

@(r) Oexpg—1.0[r]],  qu(r) = constant (8)

with the normalizatioriy, |@(r)[>=1. The calculation of all these meson correlators is computa
tionally cheap, once we prepare thandw vectors of Eq. (2.2).

Since the quark propagator is decomposed into low- and tmigtie contributions, the discon-
nected correlators can be divided into four contributidres, D = Dt + D 4 DHL 4 DHH . we
calculate these four contributions separately in our nreasent.

3. Meson correlators

In Fig. 2, we show an example of the light PS and vector mesoeletors. We observe that,
at relatively smallAt, the disconnected piedep) is not a large correction to the full correlator
Gp; and it is dominated by the low-mode contributimﬁ Therefore, we may safely ignore the
high mode contributions tBp, namerDP”, DH; andDBf}, to calculate the full correlator as

Gagbﬁh (At) = Cpapjij(At) — Dpab, j(At). (3.1)
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Figure 2: Light PS (left panel) and vector meson correlators (rightgdpat(m, ms) = (0.025,0.080) with
exponential smearingy for source and sink. Open circles, squares and triangles e full (Gpy, 1),
connected@pyy 1) and disconnected correlatoiB 6y 1), respectively. We also plot the low-mode con-
tribution to the disconnected pie&l{ﬁv},” by diamonds, and the full correlat@?;\}t” defined in Eq. (3.1)
by filled circles. We note that the full PS meson correlatar @@onstant term as discussed in Section 5.

Figure 2 actually shows th&p is well approximated bgg;;" in the whole region oft.

As shown in the same figure, the vector meson full correl&@gjy turns out to be noisy at
relatively largeAt. The large uncertainty mainly comes from those of high-modetributions
D\{,T?HL’HH} due to the noise method with the small number of noise sampMesobserve that
Gv,i at smallAt is well approximated by0jit- defined as in Eq. (3.1), and expect that the high-
mode contributionsDé,ﬁ'ﬂHLHH} remain to be small at largeit since they mainly describe short
distance physics. TheBy,; is expected to be well approximated 6;;"" also at largeit.

From these observations, we use the meson correlﬁl?p"\%ab ignoring the noisy contribu-

tions D};?,’?;HH} to study the spectrum of the flavor-singlet mesons. The sagpt “D=LL" is

suppressed in the following for simplicity.

4. Vector mesons

We plot the vector meson correlators in Fig. 3. In the ligihtisge basis, the off-diagonal
correlatorsGy s 4} are about two orders of magnitude smaller than the diagon@sGy (| s -
There is no such large hierarchy @y gg 008008 IN the octet-singlet basis. Since the off-diagonal
correlators induce the meson mixing, the above obsenatimficate that the mixing of the vector
mesons is close to the ideal mixing: nam&yandVy mesons mix significantly with each other to
form w and @ mesons, which are well approximated gyandVs.

For a more quantitative examination, we solve the genewlggenvalue problem (GEVP)

c(at)~Y2c(at)c(at') Y20, = Anly, (n=0,1), (4.1)

whereC(At) is 2x 2 correlator matrix with specified smearing functions fousse and sink

(4.2)

[ Gugs(At) Gv,go(At)
D = (vas(m) Gv,oomt)) '
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Figure 3: Vector meson correlators in the light-strange (left parel)l octet-singlet bases (right panel).
Both panels show results with the exponential smearingtfong, at (m,ms)=(0.0250.080). Filled and
open symbols represent diagonal and off-diagonal comedatespectively.

The creation operators of the energy eigenstates, nampeind w mesons, are determined from
the eigenvectors,. We obtain the following relation for the local operators

{(p = 0.84(5)Vg — 0.55(7)Vp = 1.00(1)Vs — 0.04(9)V{ 4.3)

@ = 0.55(7)Vs+0.84(5)Vp = 0.04(9)Vs+1.00(1)V; ’

which implies the ideal mixing of the vector mesons. We obsdhat this relation of vector meson
operators does not change significantly with other choi¢#iseosmearing functions.

In Fig. 4, we plot the effective massescwofindg mesons determined from the eigenvalﬁgs
exp—En(At —At')]. By taking a sufficiently largét’, the effective masses show small dependence
onAt as well as on the smearing functions. The same figure alsossthatM,, andM,, are close to
those from the connected correlators of the light and stangson€y () ;. This is because the
diagonal disconnected correlatddg ;) ) are small as seen in Fig. 2, and hence they have small
effects toM, andM,,.

In this analysis, we extrapolatd,, ) to the physical point using a simple linear form

Ma(g) = (@) 1 ba(g)M + Co(g)Ms: (4.4)
——— |
m o=l i ,
i I 13- .
[ | g i=j=1 [ [ 7]
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Figure 4: Left panel: effective masses af (solid symbols) ang mesons (shaded symbols)(at,q, ms) =
(0.025,0.080). We also plot effective masses@§, (open circles) an@y ss (open squares). Right panel:
chiral extrapolation oM. Dotted and dashed lines show fit linesatandms phys, respectively.
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As shown in Fig. 4, this fit describes our data reasonably with x2?/d.o.f ~1.3. We obtain
Mg, = 909(25)star(—98)sys MeV andM, = 1102 13)star( —97)sys MeV, where the systematic error
is estimated by including a higher order te(m(p)rrf/z [4] and by using a different inpu¥lg to fix
the lattice spacing. These results are consistent withxpergnental valued/, =783 MeV and
My=1019 MeV. Note, however, that our data may suffer from sigaiit finite volume corrections
at two smallest quark masses = 0.015 and 0.025, where.2<M; L <3.2. We are planning to
extend this work to a larger volume 24 48 for a more precise comparison with the experiment.

5. PSmesons

Figure 5 shows correlators of the light and strange PS mesogentrast to the vector mesons,
the off-diagonal correlatorp s 4y are not so small compared to the diagonal 0@g§; s in the
light-strange basis. This leads to a significant stranggt)liquark component in (n’). For the
local operators, we obtain

n=0.96(1)R —0.28(3)Ps, n’=0.28(3)R —0.96(1)Ps. (5.1)

As in phenomenological analyses [5], more unambiguousmétation of the mixing matrix could
be provided by constructing the localand n’ operators so that their decay constants reproduce
the experimental values. We leave this for a future study.

As predicted analytically [6] and as seen

in Figs. 2 and 5, disconnected contributdpap | E gz?ib'szs ]
induces a constant term in the full correlatorz ¢ fee . v a=s b=l

Gpab at fixed topologye.g. ;510,1 ‘e, " : ®ecc000000ce
o E & ] E

F S " R

Xt Q2 Ca F % n g =
Gp —— 21— =4 , (5.2 s @

mGpy Ao V ( Y 2Xt2V ( ) W | | % | % 5 | LI ! EE R
01— : : : : : : : ——
which is suppressed by/¥. While this term 51% 0.0 T ® 8 ERE R

> hos

is useful to determine the topological suscepti *4 = =* 1
bility x [7], this forces us to us€p 4, at small 0 I A

At to extract the PS meson masMggandl\/l,%, Figure5: Light and strange PS meson correlators.
To eliminate excited state contamination at such setallve solve the GEVP with the 2010
correlator matrix including the smearing degrees of freedo

Gpggoo(At) --- Gpgooa(At)
ca)y=|-. .. _ (5.3)

Gpog4o(At) --- Gpooaa(At)

Effective masses af andn’ mesons are plotted in Fig. 6. Althoughseems to be lighter thayy,
the existence of the constant term in Eq. (5.2) leads to a langertainty oM. 10— 15% already
at simulated quark masses.

From a linear chiral extrapolation in termsmof andms, we obtainM;, =63950)sta: MeV and
M, = 840(136)stat MeV at the physical point. These are consistent with the ex@atal values
M, =548 MeV andM,,; =958 MeV, though the statistical significance of tjile-n mass splitting
(1.40) is not sufficient.
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6. Conclusion

In this article, we report on our study of - ‘ 7
the flavor-singlet mesons W; =2+ 1 lattice ' [ o ; . ﬂzi 2::_2
QCD using the all-to-all quark propagator to [ ° E E E % . 5 g,;:f ?
calculate the disconnected correlators. For [
the vector meson, we observe that the smal o2l .+ . . . - + . . .
disconnected contributions in the light-strangé %] [ | e n Ar=1]]
basis lead to the almost ideal mixing and the [ & x o3| ]
small mass shift. This is consistent with the % 0 § 8§z : ° Ges |7
experimental facM,~M,, and explains why 02? S
the previous calculations dfl, ignoring the ' 5 At 10
disconnected contributions show reasonab,ggure 6: Effective masses ofi’ (top panel) and)
agreement with experiment [8]. (bottom panel) atmyq4, ms) = (0.025,0.080) with differ-

We need to improve the accuracyMf;, ent choices oft’. For a comparison, we also plot effec-
to establish the)’—n mass splitting. This tive mass from the connected strange correl@tas.
could be done by simulating non-trivial topo-
logical sectors as well as by suppressing the fixed topoldiggts in Eqg. (5.2) on a larger lattice.
The latter is also important to suppress finite volume cdioas to the PS and vector meson masses
for a more detailed comparison with the experiment. Suchukitions on a 2%x 48 lattice are in
progress.
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