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Low-energy D+6f1> scattering and the resonance-like structure(Z2430) M. Gong

1. Introduction

Recently, a charged resonance-like struc#iré4430 has been observed at Belle in thg/’
invariant mass spectrum 8— K¢/’ decays|[lL]. This discovery has triggered many theoretical
investigations on the nature of this structule[J2[] 3.4] 3] € @. 8. 9]. Shecavariant mass of the
resonance is very close to tiD, threshold, one possible interpretation is a molecular bound
state formed by th®* andD; mesons[[B]. To further investigate this possibility, the interaction
betweerD* andD; mesons becomes crucial. As is known, the interaction of two hadrons can be
studied via the scattering process of the hadrons. Since the energycbesidered here is very
close to the threshold of th®*D; system, only threshold scattering parameters, i.e. scattering
lengthag and effective rangey, are relevant. Here we briefly report our results obtained from a
quench lattice QCD study using improved actions on anisotropic latfices [10].

2. Strategies for the computation

2.1 Liuscher’s finite volume technique and its generalization

Within Luscher’s formalism[[11], 12], the exact energy eigenvalue ofaparticle system in
a finite box of size.3 x T is related to the elastic scattering phase of the two particles in the infinite
volume. We define a variable® for each diagonalized momentum mode via:

B = \/m. +k2+ \/mB ke, @.1)

It is also convenient to further define a variabfeas:

o? = kL2 /(2m)?. (2.2)

What Liischer’s formula tells us is a direct relationggfand the elastic scattering phase shift
tand(q) in the infinite volume and it readd: [12]
m/2q
tand(q) = ———-, 2.3
D= Zoolt:cP) 23
where Zp0(1;¢?) is the zeta-function which can be evaluated numerically once its argughésnt
given.
In the case of attractive interaction, the lowest two-particle energy levditrbig lower than
the threshold resulting ig? < 0. Wheng? < 0, it is related to the phas®(q) via:
m/?(—iq)
tano(q) = ———~, 2.4
@ Zoo(1,0?) @4)
where(—iq) > 0 and the phase(q) for pure imaginaryq is obtained fromd(q) by analytic con-
tinuation: taro(q) = —itand(q) [L3, [L3]. The phase(q) for pure imaginaryg is of physical
significance since if there exists a true bound state at that particulayenerpave taw (q) = —1
in the infinite volume and continuum limit. In the finite volume, the relation above is mddifie
as: [13] 6
coto(q) = —1+ ————e 2"V BRI (2.5)

21/ —g?
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where the finite-volume corrections are assumed to be small. Thereforqz, 00, we could
compute taw(q) from Monte Carlo simulations and check the possibility of a bound state at that
energy.

The above formulae apply to the case of a box with cubic symmetry. In réallagons,
in order to have more accessible low-momentum modes, it is advantageous &symsmetric
volumes in the study of hadron scatterifg] [[L4,[15, 16]. If the rectangobais of sizel x (n,L) x
(nsL), then Eq. [(2]3) is modified to:

/2
tand(q) = UM U (2.6)

© Z00(1;03n2,n3)

where the modified zeta-functio#ioo(1, 9%; N2, n3) is the analogue 0fy(1;0°%) and its explicit
definition can be found in Refd. [1ff,]15]. Similarly, for negatifethe formula is modified to:

tano(q) = TC%(—iq) Mot . (2.7)

- Z00(1;02;n2,N3)

Close to the scattering threshold, the phase has the following expansion:

k 11,
o) ~ag T2 (2.8)

wheregy is the scattering length amg is the effective range.

2.2 The operators and correlators

To access the on-particle and two-particle energies fobthendD; systems, we need corre-
sponding interpolating fields:

Q%) = [dy'(x),R(X) = [V y°u](X) (2.9)

whereQ;(x) stands foD*(2010 " while R (x) stands foiD1(2420° andi = 1,2, 3 being the index
to specify different spatial components.

A single-particle state with definite three-momentunis represented by the Fourier trans-
form of the above operators: which will be denoted@ét, k) andR(t,k) respectively. With
the operators, one-particle correlation functi@¥t,k) andCP(t,k) for the D** and 52 mesons
are constructed. In the large temporal separation limit, the ertefgy of a single meson with
definite three-momentut can be extracted from the effective mass plateau of the corresponding
correlation functions as usual.

For the two-particle system formed byl and aD1 meson, the quantum numba? of
the two-particle system can bd” = 0~,17,2-. On the lattice, the rotational symmetry group
SQ3) is broken down to the corresponding point group. In our case, inrdodaccess more
non-degenerate low-momentum modes, it would be advantageous to nsmetsic box. This is
particularly useful for scattering processes, as advocated in [Rgf. Fbllowing this strategy, we
have adopted a rectangular box of size (n,L) x (nsL) with n; = 1 andns # 1. In this case,
the rotational group in the continuum is broken down to the basic point gdaujpm what follows,
we will construct operators that transform according to differentiroible representations of the



Low-energy D+6f1> scattering and the resonance-like structure(Z2430) M. Gong

D4 group which has four one-dimensional irreducible representatidasA,, B1, B, and one
two-dimensional irreducible representati@h: The following decomposition rules then apply:

0=A, 1=E@Ay, 2=A®B1&B, & E. (2.10)

Now, we consider the vector spaf@, Q2, Qs} ® {Pi, P, Ps}, which is 9-dimensional. Using
standard group-theoretical methods, it is easy to find out that this 9-dion@hsector space is
made up of two copies ol;, one copy ofA,, B; andB;, each and two copies &. The basis
operators of these irreps can be constructed and we found fronaloutation that only one of the
A; channels yields definite signal. In what follows, we will only focus on thidipalar channel
for which the two-particle operator reads:

oMM (t) = RZG[Ql(t +1,—Rok)Py(t,Rok) + Qa(t +1,—Rok)P,(t,Rok)

S

+ Qg(t+1,—ROk)P3(t,ROk)], (211)

wherek is a chosen three-momentum mode #&hdk the groupD4 andR € G is an element of
the group. Note that in the above definitions we have not included orbigail@nmomentum of
the two-particles. Therefore we are only studying sheave scattering of the two mesons. This
is sufficient for this particular case since near the threshold, the scgtiem@ways dominated by
s-wave contributions. The corresponding correlation matrix is given by:

r(rf‘r%)(l) (t) = <O£;1°~1)(1)T(t)ogA1)(1) (0)), (2.12)

wheremandn are indices for different momentum modes.

Two tricks can be utilized to calculate the correlation functions more efficieDtig is that the
summation oveR € Dy in the definition of the two-particle operator in Ef. (2.11) can be absorbed
into the definition of the source when solving for the quark propagatonsther trick is that the
light quark propagators are needed for the zero momentum wrdgelmplementing these tricks,
the final result of correlation function according for the oper@dw( (1) is as follows:

3
() = &P (1) o5 (ViNe)arpr X (3 Xootra (R oa)”
: chljzl[z g 1¥s)a’p 6bxt+1 RZ obxt+1 }

|:Z eI ROP yJ ya - R,ZEG BaYtVbIO Rl/ )) . (X‘()a)y(to. bo))*:| ’ (213)

with mandn being momentum mode indices with corresponding three-monpeatal g, respec-
tively; R € G being a group element @f4; X being the quark propagators with appropriate sources.
2.3 The effective mass

For each symmetry channel, we have studied 5 different non-zero momembdes in ad-
dition to the zero-momentum mode. To extract the two-particle energy eigesyale adopt the
usual Lilscher- Wolff method [Z1]. For this purpose, a new matfXt,to) is defined as:

NI

Q(t,to) = C(to) "2C(t)C(to) 2, (2.14)
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| | B=25 | B=28 \ B=32
Neonf 700 500 200
as(fm) 0.2037 0.1432 0.0946
lattice | 8x8x12x40 | 12x12x20x 64 | 16x 16x 24x 80
KSax 0.0577 0.0598 0.0595
kid 0.0613 0.0611 0.0606

Table 1: Simulation parameters in this study. All lattices have thime aspect ratid¥ = 5.

wherety is a reference time-slice. Normally one pickt @uch that the signal is good and stable.
The energy eigenvalues for the two-particle system are then obtaindddmndlizing the matrix
Q(t,tp). Thei-th eigenvalue of the matrix has the following behavior in the Idtgety) limit:

Ai(t,to) D e Bt) (2.15)

Therefore, the exact ener@y can be extracted from the effective mass plateau of the eigenvalue
Ai.

The real signal for the eigenvalue in our simulation turns out to be so naisyaimble plateau
cannot be found directly. Therefore, the following ratio was attempted:

Ai(t,to) _SE
RA(ttg) = — > 0Oe = (2.16)
)= & (G0,

whereCp-(t) andCp, (t) are one-particle correlation function with zero momentum for the corre-
sponding mesons. By taking this ratio, the signal to noise ratio is greatly esthaffhe energy
differencedE; can be extracted reliably from the following effective mass:

_E _ Z(t)
OEi=E —mp- —mp, =1In (%’(H—D) . (2.17)

3. Simulation details and results

The gauge action use in this study is the tadpole improved gauge action oir@icstat-
tices [17,[IB[39]. Quenched gauge field configurations are gedeuatag the conventional
Cabbibo-Mariani pseudo-heat bath algorithm with over-relaxationriQuapagators are obtained
using the so-called Multi-mass Minimal Residual{R) algorithm, which can yield the propaga-
tors with different quark masses at one inversipr} [22]. Dirichlet bamndonditions are used in
the temporal direction for the fermion fields. Error estimates are made usiogrkientional jack-
knife method for all quantities. All the relevant simulation parameters are stuizedan Tabl€[]l.
Some of the parameters have been obtained or tuned in[Ref.[23, 21].

From the single-particle correlation functions, both with zero and with rewn-three-momenta,
we have checked that the masses and dispersion relations for the sitigle ptates oD* andﬁg.
With Luscher’s formalism, we obtain the scattering phase shifts, which ar figzr the threshold
to obtain the scattering length and the effective rang® iohannel. After charm quark mass inter-
polations, chiral extrapolations and continuum extrapolationsagandr), the results are shown
in Table[2.
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B 9 coto(q) ao ro
2.5 -0.026(0.003)| 5.23(0.65)
2.8 -0.064(0.005)] 0.16(0.18)| 2.53(0.47)fm | 0.70(0.10)fm
3.2 | -0.053(0.016)| 0.92(0.93)

Table 2: Results for the lowest? and the corresponding values for odt) as given by Eq.2) and
Eq. ) andag andrg as given by Eq.8). Corresponding errors for the quastiéire also given in the
parenthesis.

To explore the possibility of a bound state, we recall that for a bound stetéstiog? has to be
negative and in faaj? — —oo asL — . This results in the condition: cot(q) = —1 as discussed
in the subsectiofi 2.1, Eq._(R.7). On the other hand, a scattering state vetl tfaw (1/L) as
L — oo. Results for the lowest (negativg) and the corresponding values of ogt)) as computed
from Eq. (2.7) are listed in Tab[g 2. It is seen that our results foo gt for the lowest (negative)
¢? are allpositive The absolute values for the lowegtare also not large, not in favor of a shallow
bound state.

One could investigate this possibility from the values of scattering length &ectiegé range.
Since we are studying the scattering near the threshold, it is appropriételydise problem using
non-relativistic quantum mechanics. Within non-relativistic quantum mec$ais known that,
if the potential acquires an infinitely shallow bound state, the scattering lehgthlidsapproach
negative infinityf[L3]. Our lattice results for the scattering lengths indicate that it is quite large b
positive. This usually happens when the potential is on the verge of géngla shallow bound
state.

If we further approximate the potential by a square-well potential, we cewdth estimate
the depthvp and the range of the potentiRlfrom our lattice results oag andrg. We find that,
R=ro=0.70(10)fm andV, = 73(21)MeV. These values for a square-well potential also gives no
bound states. If we fixg = R= 0.7fm, the first bound state will occur at abdgt~ 92MeV.

4. Conclusions

In this paper, we present our quenched anisotropic lattice study foc#tesng ofD* and
D1 mesons near the threshold. Our study focuses os-th@ve scattering in the chann#l = 0~
and the scattering threshold parameters. After the chiral and continuuapetations, we obtain:
ag = 2.53(47)fm andr = 0.70(10)fm, indicating that the interaction betwee®aand aD; meson
is attractive in this channel. Based on our results for the the thresholohgtas, it is unlikely that
they form a genuine bound state right below the threshold in the chdRnrel0~. The lowest
two-particle state is likely to be a scattering state. This result might shed someriighé nature
of the recently discovered™ (4430 state by Belle. To further clarify the nature of the structure
Z7(4430), lattice studies in other symmetry channels and preferably with dynamical fesraie
much welcomed.
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