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1. Introduction

Electromagnetic polarizabilities are fundamental prapsrof hadrons which figure promi-
nently, e.g., in soft Compton scattering. In the low energyitl when the wavelength of the
scattered photons is large compared to the hadron size,dhmton scattering amplitude can be
cast in terms of a gradient expansion in the electromagffieid [1]. The leading terms in this
expansion are determined by the static electric and magpetarizabilities, which are defined
via the hadron mass shift in constant external electric andmatic fields, respectively. In this
work, specifically the static electric polarizability ofegmeutron is investigated, building on earlier
exploratory work [2]. By pushing the calculation down to ampimass of 357 MeV, contact is es-
tablished with chiral effective theory; the approach idyfulynamical, including all disconnected
quark loop contributions. Related efforts have recentlgrbeeported by several groups, cf. [3-5].

2. Expansion of the neutron two-point function

In parallel to the Compton scattering amplitude alludedidove, the response of the neutron
mass to an external electric field can be expanded both watiert to the magnitude of the electric
field as well as its space-time variation. Here, only theilggtkerm in this combined expansion is
of interest,

m(E) — m(0) :—%E2+... , 2.1)

discarding all space-time derivatives of the electric fiaidl terms higher than quadratic in the
samé. The electric polarizabilitya can then be extracted by evaluating the neutron two-point
function, which determines the neutron mass, in the preseheaconstant electric field; the two-
point function can furthermore be expanded in that field fiibm outset, keeping only quadratic
terms. Consider decomposing the action into the zero eadtéigid term and the perturbation due
to the external field5= S + Se¢. Then the two-point function expands as

(Np()Ns (%) = [PUIIDYID] exp(-%) (1~ Sou-+Fa/2+ ) NgWRa() /

[DUIDYIDT exi-S) (1-Su+ Lu/24.)  (22)

As usual, the terms in the denominator cancel statistiahifigonnected parts of diagrammatically
disconnected contributions. The coupling to the exterledtec field still remains to be specified.

In the following, the electric field will be taken to point mthe spatial 3-direction, and will be
introduced via the 3-component of the gauge fidlg= E(t —tp). This choice will be discussed

in depth further below; it decisively influences the phystshe external field method calculation
pursued here. For now, it is sufficient to remark that ofdyis non-zero, that it is constant in the
3-direction, and that it is linear i&. Under these circumstances, the gauge links are modified by
the external field as

Uz — exp(iq/dx?,-Ag) ‘Uz = (1+iaghs — a®q?A3/2+...) -Us (2.3)

1From the outset, the absence of a neutron electric dipoleenbia assumed in the present treatment; this would
of course no longer be accurate in the presence of a noadtdacuumo-angle.
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Figure 1: Diagrammatic representation of contributions to the reuélectric polarizability. Crosses denote
interaction vertices linear in the external field, circledsses interaction vertices quadratic in the same.

(wherea denotes the lattice spacing anthe quark electric charge matrix) and, inserting this into
fermion action discretizations of the Wilson type, the doupto the external field takes the fofm

St = zvéz G(x) [(ia0As —a°q°A5/2) - Us(X) - (~1+ys) - W(x+€3) (2.4)

+ (i80Ag + a%GPAZ/2) -UJ (x— &3) - (1+ ) - (&) |

Thus, two interaction vertices are generated, one linetrarexternal field, and one quadratic. Car-
rying out the fermionic integrations in (2.2), i.e., applgiWick’s theorem, leads to these vertices
being inserted into quark propagators, yielding the diagratic representation of the relevant
contributions to the neutron two-point function depictad-ig. 1.

3. Role of the external gauge field

As already mentioned in the previous section, the extefeatric field will be introduced via
a non-vanishing 3-component of the gauge field,

As=E(t—to) = A+Et. (3.1)

To arrive at a cogent interpretation of the neutron two-pd&imction measured in the presence
of such a field, a detailed consideration of the resultantsigay effects is called for. First and
foremost, note the freedom in the choice of the origin in theetdirection,tp, which is equivalent
to a freedom of adding a constam, to the gauge field. If the spatial directions were infinite,
this choice would be inconsequential, sinkeould be freely shifted by a gauge transformation.
However, on a finite space of linear extdnwith periodic boundary conditions, only a discrete
gauge invariancd — A+ 211/qoL remains, wherey, = e/3 represents the elementary electric
charge present in the system. Apart from this residual iamae, physics, and, in particular, the
mass shift of the neutron depends on the chosen valée Bhe question therefore arises how the
electric polarizability proper can be disentangled fromAhdependence of the neutron mass.

2The renormalization factdfy is due to a technical detail: In the numerical calculatiamary lines in Fig. 1 will
be populated by domain wall fields; however, the couplincheexternal field is not realized via the five-dimensional
conserved current, but via the current obtained by prajgadthe quark modes onto the four-dimensional domain walls.
The fieldsy, @ in (2.4) are the projected ones. This amounts to a renorataliz of the vertices, which is compensated
by Zy. The renormalization factor is determined toXge= 1.14 for light quarks and@y = 1.10 for strange quarks by
measuring the number of valence quarks in baryons.
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Physically, gA enters the quark Hamiltonidras a quark Bloch momentum in the periodic
lattice. Thus, for generd, there is a current of up quarks flowing around the torus wéttheup
quark, on the average, carrying momentue®23, and a current of twice as many down quarks
with, on the average, half as much momentum each in the dppdiséctiorf. Only the complete
(periodic) “neutron”, if it can be viewed as such, maintauaishing momentum. Of course,
the notion of a neutron becomes tenuous when the Bloch mantmtome large; in this limit,
the system essentially consists of two strong, oppositdégnted quark electrical currents with
some residual correlations due to the chromodynamic faBestainly, any mass shift extracted in
such a regime could hardly be construed as representingothezability of a reasonably isolated
neutron. Instead, it is necessary to seek out the regimeentherquark currents cease and a bona
fide neutron, only weakly distorted by the electric fi@groper, is formed.

In the absence of an actual electric field, it is clear how toie@@ this situation; one must
setA = 0. WhenE =# 0, on the other hand, the situation is more complicated,esthe Bloch
momenta change (linearly) in time: In view of (3.1), a shifthe time direction is equivalent to a
shift in A. This is, of course, entirely natural; the electric field elecates the up and down quark
electrical currents. A practical and model-independeny teaidentify when the quark currents
cease is to look for stationarity in physical quantitiestsas the mass shift. If the quark currents
are initially oriented opposite to the acceleration preddy the electric field, then time evolution
will lead to a point at which the currents cease and turn atouBxpanded around that point
in time, the leading time dependence of physical quantiieguadratic. Equivalently, one may
perform measurements of the neutron two-point function fixed time region, but for different
values ofA, and subsequently seek out the stationary point as a funatid. In practice, this calls
for measurements at three differelitpermitting the determination of a parabola in that vagabl
as well as its stationary point.

Before continuing the main line of discussion by turningtte extraction of the neutron mass
shift from its two-point function, cf. section 4, a separatacern associated with the choice (3.1)
of the external gauge field should be addressed. While thigegfield is constant, and thus periodic
in the spatial directions, it must exhibit a discontinuitysame point in the time coordinate in order
to be periodic in that direction as well. At the discontiguthe electric field exhibits a spike, with
the potential of distorting the measurement of the neutrasawshift, which is, after all, intended
to be taken in a constant electric field. As demonstrated jnddch an effect can indeed be
seen if one insists on performing the mass measurement imearégion including the spike. For
selected magnitudes of the electric field, the distortiom lwa avoided, because what is physically
relevant is not the gauge fiell; itself, buté®s; thus, if one arranges the discontinuity to be an
appropriate multiple of &, it has no physical consequences. However, ultimatelg, idgue is
moot, since nothing forces one to perform measurementstheayauge field discontinuity In

3In more precise terms, this would be an effective constitgaark Hamiltonian; the electrical current itself depends
on the effective mass experienced by the charge carrieleggptopagate with a given Bloch momentum.

4In addition to these valence currents, there are, of coafse,analogous sea quark and antiquark currents.

SNote, however, that for the alternative choice of gauge fieJé= Exs, the analogous objection would indeed be
more serious; during the mass measurement, one cannonptéeeneutron from propagating to the spatial location
of the electric field spike. Indeed, if one projects onto d&fimeutron momentum, all spatial positions are explicitly
weighted equally.
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fact, in practice, it is not even necessary to extend the@umb Az over all times; in the present
investigation, just as in a real laboratory setting, theemdl field is merely switched on a little
before the neutron source is introduced, and switched offesbme after it is annihilated. This
does not alter the result of the mass measurement, as tagdhowever, it significantly reduces
the statistical fluctuations in disconnected diagramgesquark loops far in the past and the future
of (and thus not correlated with) the neutron are eliminated

4. Extracting the mass shift from the two-point function

As should be clear from the discussion in the previous sectie neutron Hamiltonian in the
presence of the external field adopted here is not time-gwdgnt; a shift in time corresponds di-
rectly to a shift in the consta{ in the external field (3.1). Before addressing the time ddpaoe,
it is useful to review how the mass shift would enter the rutwo-point function in the case of
a time-independent Hamiltonian depending on two arbitemnall parameterg andA. In such a
case, projecting onto zero-momentum, unpolarized nesiritie two-point function behaves as

G(p=0t)=3 Tr <1+TV° <N(y)|\T(x)>> % W oexp(—mt) (4.1)
y

for large times, where both the overlap between neutroncgoand true ground stat® and the

neutron masm can be expanded iB andA,

W =Wy +WDHAE)+WDAE)+... (4.2)

m=my+m?AE)+... (4.3)

Inserting this into (4.1), the term of second ordeE&imndA in the two-point function becomes
2

GA(p=01t) =3 Wy exp(—mot) (W —mP(A, E)t> (4.4)

implying that the neutron mass shift to second ordeE iandA can be obtained from (minus) the
temporal slope of the correlator ratR{t) = G (t) /GO (t).
Now, the Hamiltonian of interest here is
not time-independent; however, if it is
R(t) sufficiently weakly time-dependent, the
system will adjust adiabatically while
W@ andm(@ vary slowly, and (4.4) still
applie$, except thatWw® and m? are
A B c now time-dependent. This implies that
m@ cannot be simply read off as the
slope ofR(t) anymore; this correlator ra-
Figure 2: Generic behavior of the correlator ratio 10 generically will behave as displayed
R(t)=G@(t)/GO(t). Regions A, B and C qualitat- in Fig. 2. However, as discussed further
ively correspond to the time windows displayed in Fig. 3. above, to obtain the electric polarizability
of the neutron, one in particular needs

6A treatment beyond the adiabatic approximation, in theteelaontext of the acceleration of a proton in an external
electric field, has been described in [4].
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Figure 3: Correlator ratioR(t) in (Gaussian) units dE?a®; in these units, the plots are independent of any
actual value oE used in the numerical computation. In the three measuresntrd neutron source was
placed at the fixed locatian= 0, and the background gauge fiddg = E(t — tp) was varied, with, from left

to right,tg = 6a, ty = 0 andtyg = —10a. This generates time windows corresponding qualitatjietyn left

to right, to regions A, B and C in Fig. 2, respectively; note thariation in the vertical scale. The behavior
indicated in Fig. 2 is thus demonstrated, with the inflecpomt, corresponding to the stationary point of
the neutron Hamiltonian, being captured in the left panel.

only the mass shift at the stationary pointAnor, equivalentlyf. Expanded around that point, the
time dependence &/(? andm(® is quadratic; therefore, at that point, and only there, thaessn
shift m(? is still given by (minus) the slope d&(t), thus permitting the extraction of the neutron
electric polarizability.

5. Results

Numerical measurements were carried out in a mixed actioarse, using 448 dynamical asg-
tad quark configurations provided by the MILC collaboratjéf with lattice spacinga = 0.124fm
and quark massesn = 0.01, ams = 0.05, corresponding to a pion mass of 357 MeV. Quark lines
depicted in Fig. 1 were populated with domain wall quark$dedconnected contributions were
taken into account and were estimated using bulk comp{@x stochastic sources. Fig. 3 displays
three different measurements of the correlator ritig = G (t) /G0 (t) performed with different
shifts A, thus probing different time windows of the behavior diggld in Fig. 2. As a result of
using Wuppertal smeared neutron sources and sinks optimiith respect to their overlap with
the true neutron ground state, as constructed in [7], eXaitates are already negligible for 4a
(wheret = 0 denotes the neutron source location). On the other haaiiststal uncertainties are
under reasonable control up te= 10a. In practice, the average slope of the correlator r&{ip
for ba <t < 9awas determined in each of the three time windows displayédgn3; these three
values define a parabola as a functiorApthe extremum of which yields (minus) the mass shift at
the stationary point;-m(® (Agx,E). The latter was corrected for curvature effects averagea ov
when determining the slope in each window. Alternative psialschemes were explored and yield
consistent results. Finally, supplementingm® (Aga, E)]/(E%a®) with a factor 2 from (2.1) and
a factor—1 from the continuatiort — iE to Minkowski time yields the polarizability, in Gaussian
units,

o =(0.9+1.6)-104m3. (5.1)

Fig. 4 puts this result in relation to chiral effective thgospecifically the small scale expansion
(SSE) expectation [8], with which it is quantitatively coatjble. Although the statistical uncer-
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12 L A — tainty in (5.1) is sizeable due mainly to the discon-
wor | nected contributions, the present calculation thus
L _ establishes contact with the pion mass regime in
- . which chiral effective theory becomes applicable;
an earlier exploratory study [2] &b, = 759MeV,
the result of which is also included in Fig. 4, did
- e not yet allow for a quantitative comparisan
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Figure 4: Electric polarizability of the neutron; @t the result (5.1), it was crucial to carefully take
solid circles with error bars denote lattice into account the physics associated with an exter-
measurements from the present work (at nal gauge field of the form (3.1). As explained in
=357MeV) and from [2] (atm; =759 Me_V)- detail in section 3, on a finite spatial lattice, the
The curve represents the SSE expectation [8], external field induces opposite Bloch momenta for
constructed purel_y from eXper_'memal df'ﬂa' theu- andd-quarks, with a bona fide neutron only
Apart from the pion mass, which is varied havi wunitv to f t ific ti
in the graph, the SSE expression contains a aving an oppgr unity O_ orm a. a Specilic time,
collection of further parameters, among them namely the stationary point at which the Bloch cur-
the nucleon and delta masses, and ga, cf. rents reverse direction under the influence of the
[8]. For these parameters, lattice measure- electric field. That is where the electric polarizabil-
ments on the same ensemblergt=357MeV ity can be extracted. The measurements displayed
exist; substituting those values into the SSE jn Fig. 3 illustrate how, in a background field cal-
expression yields the open square. This can ¢ ation of this type, the polarizability emerges as
be viewed as the result of an alternative, .

) . a rather small residual effect compared to the sub-
partially resummed effective theory. .

stantial Bloch momentum dependence.
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