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ete -annihilation | 690.3(5.3) x 107° [1]
713(15) x 10710

[2]

LQCD 74821) x 10710
446(23) x 10719 [3]
in progress [4]

Table 1: Some recent results for the leading hadronic contributiché muon anomalous momeaf

1. Introduction

As recently summarized in [1] the current experimental edlor the full muon anomalous
magnetic moment ig, = 116592086.3) x 101 which has to be compared to the Standard
Model prediction ofa, = 116591796.5) x 1010 Although there are discussions about how to
correctly estimate the size of the systematic errors thersigis a tension between experiment
and theory which amounts to around three standard dev&ati®mr in the comparison quoted
above). The muon anomalous moment is a remarkable obserivatiiat all three sectors of the
SM contribute considerably. While perturbation theorynigptoyed in order to predict QED and
weak contributions, the leading and next-to-leading haidraontributions are non-perturbative
effects. Lacking reliable and precise theory computatfoois first principles the current SM pre-
dictions for the leading hadronic contributiaa’j,ad are derived from experimental measurements
of e"e -annihilation into hadrons leading to a world average [I]tfee hadronic contribution of
al??=6903(5.3) x 10 ™.

Table 1 summarizes previous attempts to compﬂﬁé in lattice QCD in comparison with
the determination frone™e~ annihilation. Without going into the technical details b&tvarious
attempts to computz-x{}ad on the lattice it is obvious that currently the purely theioed predictions
can't match the level of precision which can be reached \éaettperimental determination. But
yet, an independent confirmation of the result frehe -annihilation matching it in precision and
by means of a SM calculation is clearly desireable.

The leading hadronic contribution to the muon anomalous ewins the convolution integral

= 4 <ain'v')2/dK2f(K2) (N(K?) —n(0)) , (1.1)
0

whereK is the Euclidean momentum and the functitiiK?) in (1.1) diverges fokK? — 0 (see e.g.
the discussion in [5])[1(K?) is the vacuum polarization which for a theory wida quark flavours
is defined through

N , iax /: (N.,EM) . . (Ng,EM
M (6) = (@ut — GuaN (&) =1 [ a%e™ (Moo o), @2)
. (N¢,EM) . , ,
wherej, is the corresponding electromagnetic current.
Apart from the usual sources of systematic errors in sirmaratof lattice QCD (unphysically
heavy quark mass, finite volume, cut-off effects) we iderttiree sources of systematic errors that
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have to be brought under control in order to be able to makege@redictions foeﬂ;,ad from first
principles:

1) sincef(K?) in (1.1) diverges folK? — 0 it is crucial to have a good momentum resolution
for N for small values oK. Given that the smallest Fourier mode in egn. (1.2) on thiedat
for typical simulation parameters % ~ 250MeV (L being the spatial extent of the lattice
and usually the time-extent is choseriTas 2L) one currently extrapolates results fo(g?)
from the region where lattice data is available using sonempimenological ansatz

2) carrying out the Wick contraction in (1.2) reveals cdmitions from quark-disconnected
diagrams which are notoriously hard to compute in latticedQC

3) Aubin and Blum [2] found strong signs for vector dominaircéheir lattice data which has
to be modelled in order to allow for a reliable descriptiontlé data within an effective
theory frame work.

Here we suggest a computational strategy that should atl@ystematically reduce the uncertain-
ties due to 1) and 2). Concerning 3) we will follow [2] as lorgthe simulated quark masses are
unphysically large. They used a model where a vector paitichdded to the chiral Lagrangian as
an additional degree of freedom in order to better deschibie lattice data fof1(g?). This work is
part of a major effort by the Mainz group aiming at a precissomputation of the leading hadronic
contribution to the muon anomalous moment (see also Halitig’s talk [6]).

2. New strategy for Ny = 2

Partially twisted boundary conditions [7, 8, 9, 10, 11, 13, 14, 15] have now been used
successfully to improve computations of observables ofgsses that depend on the hadron mo-
mentum. However, as already stated in [9] the net effect efttvist in flavour neutral hadrons,
like e.g. ther® is zero since the twist of the quark and the anti-quark carides situation is sim-
ilar here - the electromagnetic current is flavour diagohahce a naive application of (partially)
twisted boundary conditions is ruled out.

The correlator entering eqn. (1.2) flf = 2 is

(W PE) = g<1ﬁ“13“> S<Jﬁ“1‘3d> S<Jﬂd13“> ;<Jﬂd18d>, (2.1)
where we make the flavor content of the quark bilinear cusremplicit and where we have fac-
torized out the electromagnetic charges of the quarks its wrie on the r.h.s.. The first and the
last correlator on the r.h.s. receive contributions frorthl@quark-connected and a disconnected
diagram and the second and third correlator are discorsheotdy. After carrying out the Wick
contractions and using iso-spin symmetny & m, = M), the two point function one has to com-
pute in a lattice simulation is

™ (@) = 3 e { (§T{@ %A a0 a0} +
X _ _ (2.2)
ETr{%a(0q00} Tr{1.a(O)d0)} ) | .
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which again using iso-spin can be written in the equivalenf
™ (@) = 3§ (T {Twd(0d(0)yuu(0)} ) +
~ci @)
3(Tr{wd(9d()} Tr{yu©Oa0)} ) }.

ECLZ\;disc) (CI)

(2.3)

By using iso-spin we are able to express the vacuum polaneat terms of two correlation func-
tions C15™°" (q) andC{5"*% (q) with their individual continuum and infinite volume limitsThe
crucial point to note is that in this way the coupling of theofun to the quark in the connected
piece has been replaced by a coupling to a flavour non-didgomant and partially twisted bound-
ary conditions can be applied. We note that a similar trick ii@en used for computations of the
electromagnetic pion form factor in [16, 17].

We are still left with the question of how to treat the discected part. To this end we resort
to the description of the vacuum polarizationSb(2) chiral perturbation theory at NLO. IBU(2)

the electromagnetic current receives a singlet contobuti

= 30(V200+ o)y j99 = 3U(V200— 08) YW

. — . . — . 2.4
= sP(atio)yy  ji= sU(oi—ic)yy (@4)

wherey™ = (u,d), g; fori = 1,2, 3 are the Pauli matrices ag = /1/21,,». The effective theory
that describes thi; = 2 vacuum polarization iSU(2) chiral perturbation theory as formulated in
[18] but including atO(p*) terms with non-vanishing flavour-trace,

L@ = 25(UTL L URFYY + 4hp (R REY + Ly LHY) +4hs(Ryy + Ly ) (REY +LFYY | (2.5)

flavour off—diagonal flavour—diagonal

where angular brackets indicate a flavour trace andhéténdicates that the latter has been sub-
tracted (cf. [19] for further details on the notation). Ndbe additional low energy constahg
multiplying the flavour diagonal term.

The diagrams contributing at NLO are illustrated in figurentl aur preliminary result is

NS (g)= N (@) + 3N’ ()
2\ (AR (2 4 1 m2
— (Gl — Guv?) (4B21(cP,m2) + s o) + 4ha(ko) + §hs+ 7z In (1) )

i
Ho

(2.6)

whereLy is the renormalization scale av@l(qz,m%) is a loop integral (cf. [19]). The contribu-
tionsl‘IE,a\;a) (a=0,1,2,3) are the effective theory descriptions of 2pt-correkmnstructed of the
currentsciy, , 0alp, wherec € C is a normalization. We add that %% (q?) = M(®9 is momentum
independent at NLO and only depends on the low energy cdristan

Alternatively it is possible to express the quark-conng@ed disconnected contributions in-
dividually in the effective theory (the linear combinatiof which should of course again yield
egn. (2.6)). We computed the corresponding expressions as

(2.con (qZ): 1_90|—|(373)(qZ)7

(2.7)
I-I(Z,disc) (qZ): % (n(OO) _ |-|(3,3)(q2)) )
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Figure 1: Diagrams in chiral perturbation theory that contributehte ¥acuum polarization at NLO.

SinceMN(©9 js independent ofi?, the quark-disconnected part turns out to have the same mome
tum dependence as the connected part up to a finite shift gii@pal to hg,

M(2disd (?) = én(O,O) _ 1io|‘|(27‘30”)(q2). (2.8)

Assuming the validity of chiral perturbation theory at NLietknowledge ohg allows to fully
predict the quark-disconnected contribution.
The leading hadronic contribution to the muon anomalous ertris computed from

M(e?) = N(g?) —N(0). (2.9)

One immediate observation is, that at NLO in chiral perttidmatheory this expression is free
of low energy constants since the loop integrals carry &lrtftomentum dependence. A crucial
consequence which to our knowledge hasn't been realizentéef, that e.g. in the case 8U(2),

(qZ)‘disc _ _i
(02) |con 10

This is a remarkable result which tells us that at this ordenhe effective theory the disconnected
part shifts the central value of the connected part by mienger cent.

|

(2.10)

3. Conclusions and outlook

To summarize, we have shown how partially twisted boundanditions can be used to im-
prove the momentum resolution in lattice computations effthdronic vacuum polarization of a
photon. It was shown how to analytically predict at NLO inrehperturbation theory the contribu-
tion of quark-disconnected diagrams to the leading hadroontribution of the muon anomalous
magnetic moment. It turns out that it's effect is to reduae¢hntribution of the connected part by
10%.

We are currently working on extending these arguments todke ofN; = 2+ 1 flavours. One
complication there is that the iso-spin argument that adldws to write the quark-connected and
disconnected pieces as individual correlation functiorntsé case oN; = 2 does not work straight
forwardly since the strange quark doesn't have an iso-spitner. Naively they, s-contribution to
the EM current can therefore not be written in terms of a flafédiagonal current. Our strategy
is to extend the flavour group fro®U(3) to SU(3+1|1), i.e. to a graded flavour group with an
additional partially quenched quark (which we calljuark) that behaves like a mass-degenerate
iso-partner of the ssquark. Then the quark-connected and disconnected piecebecwritten in
terms of individual correlation functions.
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Since quark-disconnected diagrams are extremely difftoutbmpute on the lattice, we will
investigate if our method to predict their contribution letframe work of chiral perturbation
theory can be applied to other phenomenologically intergsibservables in QCD.

Following [9] we are also computing the finite volume effeftis the vacuum polarization
including the effect of partial twisting.

Another task that remains to be finished is the inclusion oforedegrees of freedom in order
to be able to extrapolate the lattice data to physical quarkses and to assess the vector particle’s
effect on the stability of egn. (2.10).

As a joint effort the Mainz group has implemented correlafionctions relevant for a lattice
computation ofaf® in a C-code. First computations on gauge configurationslof= 2 non-
perturbatively improved Wilson fermions which were gemetaas a collaborative effort within
CLS (cf. the talks by Hartmut Wittig’s [6] and Stefan Schéfi2@] at this conference) have been
carried out on the Mainz Wilson-Cluster.
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