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1. Introduction

In this report we present our lattice study of td— y*){*) form factor. The photons could
be either on-shell or off-shell. The goal of this study is #ietd. The first is to reproduce the
contribution of the Adler-Bell-Jackiw (ABJ) anomaly [1] the form factor, which validates the
following application. The second is the application to #stimate of the hadronic light-by-light
(L-by-L) scattering amplitude, which is significantly impant to the calculation of the muan- 2,
ab_by_L [2]. Since, in contrast to the vacuum polarization diagramgexperimental result gives
useful information to the estimate of the L-by-L diagramregdy theoretical estimate is required.
However, the L-by-L diagram is the four-loop one containimanperturbative pieces, and hence it
is not easy to estimate it from the first principles [3]. Onéhaf well motivated phenomenological
estimates is based on the assumption that the L-by-L sicegftamplitude is dominated by the
effective diagram containingy* — n° andr® — y*y* transition form factors connected by a pion
propagator. Then various model dependent calculationkisfsupposed dominant contribution
result inab'by'L = (80~ 130) x 1071 [4,5, 6, 7, 8]. Therefore, model independent calculation of
m° — y*y* transition form factor is a valuable step toward the pretiseof the Standard Model [9]
together with testing the assumption of the effective diagr

We study ther® — y*y* transition form factor in soft Euclidean momentum regiofmigr
attempt is seen in [10], in which the technique of [11] forrchanium decay to two photon state is
applied. Since the axial-anomaly plays a key role, the estasichl symmetry and flavor SU(2) sym-
metry are desirable in the lattice calculation. We therfmpply the overlap fermion formulation.
We use theN; = 2 dynamical overlap fermion configurations generated on®a<1® lattice at
B = 2.3 [12], which corresponds to the inverse lattice spaeint= 1.67 GeV. Topological charge
is fixed toQ = 0, which induces an improvable finite size effect [13]. Fdralextrapolation, we
take four values of quark massg = 0.015 0.025 0.035 0.05, approximately covering the range
of ms/6 to ms/2 with ms the physical strange quark mass.

2. m° — yytransition form factor

In the continuum theory the® — yy transition form factorf o, (P1, P2), is defined through a
matrix element of two electromagnetic (EM) currextE” between the pion state and the vacuum,

/d4xei p2X<nO(Q) |VVEM(X)V/JEM (O)|0> = Euvaﬁ ptlx pg fnoyy( Pa, p2)7 (2-1)

wherep;, pe are Minkowski photon four-momenta and= —p; — p2 is the pion four-momentum.
f0,,(P1, P2) can be extracted from the three point function of an axigkaecurrent and two EM
currents via

[ d'x [ diye 1@ P9 0T {OAOVEM(YVEM(0)}0)

f ¥
- _7_q§+7nz Euvap PR P froyy(PL P2) 4+ --. (2.2)
U

with the pion decay constarft; = 131 MeV. The ellipsis represents excited state contribstio
which have the same quantum number with a pion. In the Ewtidattice calculation, we only
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have a direct access to the negatigeegion, and we mainly focus on the small negatige Thus,
in the following preliminary analysis, we assume that thstfierm of (2.2) gives the dominant
contribution, and the excited state contributions areligdo

To evaluate the three-point function on the lattice, we usenabination of the conserved axial-
vector currentA7') and the non-conserved local EM currerw§"(”°°). With the overlap fermion
formulation the conserved current takes a non-local faff(x) = Zyvzq_(y)raKﬁ(y, z,x)q(z) where
Kﬁ(y, zx) is a kernel derived from the flavor non-singlet axial transfation [14]. 12 is the gen-
erator of flavor SU(2) Lie group normalized byrir? = 2. The local EM current is defined as
V/PCEM (%) = Zq(x)Qeyya(X) with a quark charge matrife = diag(2/3, —1/3). The renormaliza-
tion factorZ = 1.38423) is obtained non-perturbatively [15]. This local currenedaot satisfy
the charge conservation and thus unphysical contaminfétitiice artifacts) can appear in the re-
sult as will be discussed later. Since the EM current cansithe flavor triplet and singlet parts,
the evaluation of the three point functigAS’ 3V °°EMy/IcEM) requires to calculate both connected
and disconnected quark diagrams. Since we do not calcukterthected ones, we simply ignore
it in the following analysis.

We define two three-point functions of type (axial-vectEM vector)-(EM-vector) and (pseudo-
scalar)-(EM vector)-(EM vector) by

G (P2, Q) = 3 €™ (DAY3(\ 2B (y)vj°EM ) ) (2.3)
Xy

c

—u[°QE( Y e P2ReTIS(0Y)IKAY IS WK% OW]).  (24)

Xyy,zZ
GE\\//V (P27 Q) — Z efiQx—iF’zy<2mq ProtS(X)VJoc EM (y)VILOC EM (0) > (25)
X7y

Cc

= 2mytr[rQ)( ¥ e P2ReTIS 0.y )Y NS YW SO ), (26)

XY,y

where(). denotes the connected contractigndenotes the statistical avera§g(x,y) denotes the
quark propagator anbp(x,y) = (1— Do,/Mp)¥s(X,y). “tr” represents the trace for flavor indices
and “Tr” represents the trace for color and spinor indicebe F; », Q are Euclidean momenta
of two photons and a pion, respectively. On the lattice theydicretized as #n,, /(L a), with
the lattice spacin@ and the lattice sizéyy, = 16, Ly = 32. The pseudo-scalar density operator
P3(x) = q(x)T35[(1 — Dov/Mo)d](x) forms the axial-Ward-Takahashi identity wisfy3. The
reason for considering (2.6) will become clear soon. In th@va equation]A® denotes the for-
ward derivativeJA™ (x) = 5 5 [A'(x+p) — AZY(x)]. We apply the source method for spatial integral
overy with P, = (0,0,0,P») andv = 1. After making Fourier transformation fay andx, we ob-
tain Gy (P,,Q) and G}V (P, Q) for eachy = 1 ~ 4 andP,;. The remaining momentur®; is
determined by the momentum conservatien= —Q — P..

The flavor non-singlet axial Ward-Takahashi (AWT) idenfity the three point functions can
be expressed as

G (P2,Q) = GLVY (P2, Q) + ((SRV, CEMV/2CEM) (R,) 6%(Q)
+ (VP EM(BRV/PeEMY )¢ (P2) 6*(Q) + - (2.7)
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where the second and third terms are contact terms comimg fattice axial transformation,
SVP = QysYu 210+ Ay T°T2)5(1— Doy/Mo) for (V,°CEMV2CEM) These terms do not contribute
to f,0,,(P1,P2) asQ = 0 impliesP; = —P,, for which the three point function (2.2) vanishes due to
its Lorentz structure. Since we ignore the disconnectegrdia, there may be some contributions
denoted by ellipsis. Thus, we calculate the both sides moidgntly to estimate the potential size
of disconnected diagrams.

The ® — yy transition form factor is extracted from the three-poimdtion with the follow-
ing momentum assignments:

P = (O, Ply,O, 0) atu=3, or P= (0, 0, P]_Z,O) atu =2 (2.8)

Then the only nonzero term is the one proportiondhteP,g€,,vq5- Furthermore, these momentum
assignments suppress a class of lattice artifact due toidhegion of Lorentz symmetry and EM
charge conservation. Sindég and P, are orthogonal to each other and have only one nonzero
component, Lorentz violating terms such(&§, + P5,)PraP2p€,vqp Vanish. Therefore we obtain

£
FR(PLPo) = GIY (P2, Q) / (3 PraPoptuvap) = — 'y oz vy (PLPD). (29
af U

up to contributions from excited states and disconnectadrdms. Sincé; , are defined in the
Euclidean space-time, the on-shell condition is realizalgt at zero momenturl®, = P, = 0. Note

that we numerically check the consistencyFdt' obtained fromG/YY and GFYY within the sta-

tistical error. F'3(P, P,) from (2.9) are averaged over the two physically equivaleatn@ntum

assignments in (2.8).

3. Reaults

First we test if the ABJ anomaly [1]

fnoyy(oa 0) = i (3.1)

a2 f;’
is reproduced in the chiral and the photon’s on-shell linfihe data are extrapolated to the zero
momentum and zero quark mass limit assuming a fit functiome Me consider the vector meson
dominance (VMD) model as an ansatz. Since we neglectedrthsected diagrams, the EM vector
current only couples tp meson. The functional form is

e
VMD W) n
F (P17P21Xa) - Qz_’_rn%XaGV(Plan]\/)GV(PZan]\/)’ (32)
with a free parameteX,, which is supposed to correspond to the axial-anom@lys ffm,,(0,0).
The vector meson propagator is
mg

GV(P> rn\/) = P2—|— n_e? (33)

wherem, denotes a vector meson mass. The vector meson mass is tet@rindependently
from an exponential fit of a smear-local vector current datoe. Performing chiral extrapolation
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Figure 1: Lattice results foF'at(Pl, P;) ata fixed(aP1)2 ~ (0.154 as a function oﬁaPz)2 and fit function of
FYMP (P, Py; X,) (solid curve) andsYMP+(Py, Py; Xy, C3,¢4) (dashed curve) for each quark mass. Thin lines
denote the VMD (dashed-dotted) and VMD+(solid) in physjuaiht.

with a linear functionm, = m + c,m?, we obtainm = 0.79819) GeV, which reasonably agrees
with the physicalp meson mass 0.775 GeV. Since we encoded the quark mass deperafe
FYMD (P, P,; X,) into m2 andm,, only one free parameteq, is left for the fit of the lattice data. In
Fig. 1, we plotF'@(Py, P,) at (aP;)? = 0.154, which is the minimum non-zero value, as a function
of (aP,)?. The fit results at different quark masses are also shown Iy sarves, where the fit
point is taken to béaQ)? = 0.039. From this plot we can see that lattice data BMYP (P, P>; Xa)

are in good agreement at the lowest momentum. We obtain

Xa=0.0260Q6), (3.4)

which is fully consistent with the expectatiofy = 1/(417) = 0.02533 despite of various crude
approximations. The main reason is the exact chiral synynéte existence of the conserved
axial-vector current significantly reduces lattice adifa

Going beyond the minimum value of the momenta, the fit cunesgatie from the data point.
To accommodate this deviation, we modify the fit form by immrating an excited vector meson
state as

mé2
FVMD+(P1, Py; Xa,C34) = — Qzﬁxa[%ev(ﬁ, m,)Gy (P2, my)
T

Cqs—C3

+ (Gy(P,my) + Gy(Po,my)) +1— c4] , (3.5)

with mass dependent couplingss = 2 — ¢ + c'mZ andcs = ¢ + c'm2. In this fit form, the
propagator of the excited vector meson is approximated mnatantG,, (P, m,) ~ 1 (see Fig. 2).
We have four free parameters. This parametrization [163fszg the anomaly relation (3.1). We
impose a constraint ligz_,o(Cs +€4) = 2, so that the transition form factor in the hig? limit
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Figure2: Vertecies ofi® — y*y* decay. The dashed and waved lines show pion and photon fatapaand
double-line and dotted lines show vector resonance anddgited state propagator respectively.

scales as AQ? as suggested by perturbative QCD [17]. We note that a phemalogical estimate
leads to(C3 + C4)/2|phenom= 1.06(13) [16]. Setting the fit range t0.039 < (aP,)? < 0.347, we
obtain the dashed curves in Fig. 1. Compared with the naivéO\it|(3.2), the agreement of the
fit with the data in momentum range @P>)? > 0.039 is improved especially at larger quark mass
region. Fit parameters obtained using (3.5)cre 1.20(21), cI'= —8.4(8.6), cf' = —1.3(5.8) and

Xa = 0.024329). Again X, is consistent with the expectation. Furthermofés consistent with
unity, which implies that the VMD approximation is reasoleabnd the coupling with the excited
vector meson state gives a sub-leading contribution. In Eigye also show the comparison with
VMD and VMD+ curves in the physical pion ammmeson mass. The difference between the two
lines are almost negligible.

The construction of reasonable fit function figg, - over higher momentum region is impor-
tant when estimating the hadronic L-by-L diagram, becatiseecessary to integrafgo ... (P1, P2)
from zero to infinity in bothP? andPZ. This study provides suggestive information that the VMD
model describes the data b, (P1, P,) reasonably well, and inclusion of its excited state signif-
icantly extends the safe usage to larger momentum region.

4. Summary

We studied the® — yy transition form factor by calculating the three point fuant (AVV),
on theN¢ = 2 dynamical overlap fermion configurations. The datd,gf. . is fitted to the VMD
motivated functions, and in the chiral and the on-shell phdimits the ABJ anomalyf,,(0,0) =
1/(41Pf;), is reproduced. It is also found that the fit function basedrenVMD model well
describes the behavior of mass dependence at the lowestmhomi which the higher resonance
contribution is small. Although the present work is feasiiudy and there are many things which
have to be understood, our result encourages us to applye toai-perturbative estimate of the
hadronic L-by-L scattering amplitude.
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