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1. Introduction

At the previous RADCOR Symposium we presented [2] two newltesFirst, corrections of
ordera? the (non-singlet) part of the cross section for electrositpon annihilation into hadrons
in QCD with ns = 3. Since then the first result has been extended to QCD witbrgevalue of
the quark flavours; [3].

Second, the five-loop contribution to tiefunction of quenched QED which has revealed an
unexpectet This fact has raised some doubts on the correctness of ther€Zil for the ordeo?
and resulted in a call for an independent testing and/omtaation of our results [6, 7].

At the present Symposium we are happy to report about two asuits [1] which are not only
of interest by themselves but also provide us with a highly-titvial confirmation of the validity
of calculations of [2, 3]. Namely, we discuss calculatidms érderaZ contributions to the Bjorken
sum rule for polarized electron-nucleon scattering andhéo(hon-singlet) Adler function for the
case of a generic colour gauge group. These two seeminglgrdiected quantities are related in
a non-obvious way by the (generalized) Crewther relatigr®][8 The results are checked to be in
full agreement with the constraints imposed by the Crewtdlation.

2. Adler Function and R(s) to order a2 in a general gauge theory

The Adler function is defined through the correlator of thetgecurrentj,,

BQN(QY) =1 [ dxe™(OTju(1#(0)0), @)
as follows
d 3 o
D(Q%) = —12n2Q2d—QzI'I(Q2) =dr <1+ 21cF as+ i; di a'S(Q2)> , (2.2)

where Q> = —¢f, dr is the dimension of the quark colour representation (for QD= 3),

as = as/1 and the normalization scalg? is setu? = Q. In fact, the Adler function is the
main theoretical object required to study such importantspal observables as the cross sec-
tion for electron-positron annihilation into hadrons ahe hadronic decay rates of both thAe
boson and tha-lepton (see, e.g. [10]). The relation between the Adlecfiom and the ratio
R(s) = g(ee” — hadrong/o(ete” — utu~) is (in the next expressiop? is set tos)

R(s) =D(s) — nzﬁoz{d—?jaSJr (d2+ %dlﬂl)aﬁ} +.-=0dr <l+ %CF as+ i ri ais(s)> . (2.3)

HereB(as) = p? d_ﬂzas(“) = —Si-0Bas"? is the QCDpB-function with its first termBy = 11Ca —
%nf being responsible for asymptotic freedom of QCD. Note thatcansider only the so-called

“non-singlet” contribution to the Adler function and do nwtite explicitly a common factok; Qi2
(with Q; being an electric charge of thieh quark flavour) folR(s).

lUnexpected, because there existed a wide-spread belighehationality property is not accidental but holds also
in higher orders [4, 5] appearance of the irrational corisfgiat five loops.
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Our results for the coefficientl andr, for a general gauge group réad
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HereCr andC, are the quadratic Casimir operators of the fundamentaltanddjoint representa-
tion of the Lie algebraT is the trace normalization of the fundamental represemtali; = T n;,

2The full expressions for lower order terms can be found iroifiginal publications [11, 12].
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with n¢ being the number of quark flavors. The exact definitiond@$9daPcd and dgbddabed are
given in [13]. For QCD (colour gauge group SU(3)):

15

5
2 ’ débcddabcd ~ (26)

Cr =4/3,Ca=3,T=1/2,dr = 3, d2>°dggbcd — >
It is of interest to note that the coefficietit is free fromdy, Z32 andd{g. Separate diagrams do

contain such contributions, however, thediycancel each other out a non-trivial way in the final

result. The reasons for such mysterious cancellationsrarlear (see for some more details [14]).

3. Bjorken sumruletoorder af in a general gauge theory

The Bjorken sum rule expresses the integral over the spintdisons of quarks inside of the
nucleon in terms of its axial charge times a coefficient fiam€8iP:

1
rEQ) = [ 676 Q) — ox Q)ldx— Lo, +Z”2égz. SRNCEY

wheregﬁp andgs" are the spin-dependent proton and neutron structure @ns;ta is the nucleon
axial charge as measured in neutfecay. The coefficient functic®BiP(ag) = 1+ ¢(as) is pro-
portional to the flavour-nonsinglet axial vector currgnt” s in the corresponding short distance
Wilson expansion. The sum in the second line of (3.1) dessribr the nonperturbative power cor-
rections (higher twist) which are inaccessible for pQCDe TimctionCBIP(ag) is known to order
ag from [15]. It can be conveniently represented as

CBIP(Q?) =1- S Crast i cal(Q@%), 1/CBIP(@?) =1+

) 3 Cr as+i; bial(Q%). (3.2

4

We have computed the nest term inCBiP(as) using the same methods as in [3] as well as the
“method of projectors” [16]. The result fdy; reads:

by = 7débc(:(:'§bw [136 - %153 - §Zs} +ns 7dgbc(;j(:'§b0d [—1—2 — {3+ 55} Béi;—k 253}
+ CETy [ ;3—7;1— 35%153 14555} +CET [2?2 2253} +CET? {—g%.g]
+ CECa |~ 3o+ 6. <2 ag 5] *CETIC |~ Tamgat G o~ 14l £
+ CrT7Ca [12%5723%3 %53— 50+ = 53} +CFCA[ 453552423265_ %53 —55 3855}
+ TR |- gy - gt 185;5(5 Ez =]
o[ 5, i, g
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4, Crewther relation to order af

The Crewther relation has the foPm

D(a0) Co1°(a) ok |1+ £ k(e[ Kiaw) =Ko+ ekt b aiat o ()

The term proportional th@-function describes the deviation from the limit of exachfaymal
invariance, with the deviations starting in ordef (hence Ko = 0), and was suggested [9] on the
basis of¢'(ag) calculations oD(as) [11, 12] andCBIP(as) [15]. A formal proof was carried out in
[18, 19]. The original relation without this term was firsbposed in [8] (see, also, [20]).

The Crewther relation is trivially met at ordet. It was demonstrated in [9] that fulfillment of
(4.1) at ordersr? anda? puts as many as 2 and 3 constraints on the differedgces, andd; — bz
respectively. At orden? the number of constraints on the differertbe- by is increased to 6 and
our results do meet all of them (see [1] for details).

Here we mention only three most simple relations, namelgahmetween coefficients in front
4 gabcdgabed gabcdgabed i ) i i
of colour structuresCg, ns =+ = and %) appearing inds andby. As it follows directly

from eq. (4.1) the coefficients must be (pairwise) identiGdle prediction is indeed in agreement
with our results as expressed by egs. (2.4) and (3.3)!

In particular the equality of the coefficients Gf in egs. (2.4) and (3.3) provides us with a
strong check of the correctness of the result for the fivg-[déunction of guenched QED published
in [2]. Note that the test was first suggested in [6, 7].

5. Conclusion

The calculations have been performed on a SGI ALTIX 24-ndglénterconnected cluster
of 8-cores Xeon computers and on the HP XC4000 supercompitimre federal state Baden-
Wirttemberg using parallel MPI-based [21, 22] as well asdtrbased [23, 24] versions of FORM
[25]. For evaluation of color factors the FORM progr&®LOR[26] has been used. The diagrams
have been generated with QGRAF [27].

This work was supported by the Deutsche Forschungsgenmaifiso the Sonderforschungs-
bereich/Transregio SFB/TR-9 “Computational Particle$¢s” and by RFBR grant 08-02-01451.
We thank V.M. Braun for useful discussions.
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