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1. Introduction

Next-to-leading order (NLO) is the first order at which the normalization, and in some cases
the shape, of perturbative cross sections can be considered reliable [1]. A great deal of effort has
recently been devoted towards the calculation of complex cross-sections at NLO. A prioritized list
of NLO cross sections was assembled at Les Houches in 2005 [2] and added to in 2007 [3]. This list
includes cross sections which are experimentally important, and which are theoretically feasible (if
difficult) to calculate. Basically all 2 → 3 cross sections of interest have been calculated, with the
frontier now extending to 2 → 4 calculations. Often these calculations exist only as private codes.
To reach full utility, the codes should be made public and/or the authors should generate ROOT
ntuples providing the parton level event information from which experimentalists can assemble
any cross sections of interest. Of course the ultimate goal will be the ability to link any NLO
calculation to a parton shower Monte Carlo [4].

2. K-factors

Experimentalists typically deal with leading order (LO) calculations, especially in the context
of parton shower Monte Carlos. Some of the information from a NLO calculation can be encapsu-
lated in the K-factor, the ratio of the NLO to LO cross section for a given process, with the caveat
that the value of the K-factor depends upon a number of variables, including the values of the
renormalization and factorization scales, as well as the parton distribution functions (PDFs) used at
LO and NLO. In addition, the NLO corrections often result in a shape change, so that one K-factor
is not sufficient to describe the impact of the NLO corrections on the LO cross section. Even with
these caveats, it is still useful to calculate the K-factors for interesting processes at the Tevatron
and LHC. A K-factor table, originally shown in the CHS review article [1] and then later expanded
in the Les Houches 2007 proceedings [3], is shown below. The K-factors are shown for several
different choices of scale and with the use of either LO or NLO PDFs for the LO calculation. Also
shown are the K-factors when the CTEQ modified LO PDFs are used [5].

Several patterns can be observed in the K-factor table. NLO corrections appear to be larger
for processes in which there is a great deal of color annihilation, such as gg− > Higgs in which
two color octet gluons produce a color singlet Higgs boson. NLO corrections also tend to decrease
as more final-state legs are added 1. The K-factors at the LHC are similar to the K-factors for the
same processes at the Tevatron, but have a tendency to be smaller.

3. W + 3 jets

The cross section for the production a W boson and 3 jets has recently been calculated at
NLO [6], [7]. The scale dependence for this cross section is shown in Figure 1 for the Tevatron and
for the LHC(14 TeV) [6]. It can be observed that, using a scale of mW , the K-factor at the Tevatron
is approximately unity, while at the LHC it less than 0.6.

1A rule-of-thumb derived by Lance Dixon is that the K-factor is often proportional to the factor Ci1 +Ci2 −C f ,max,
where Ci1 and Ci2 are the Casimir color factors for the initial state and C f ,max is the Casimir factor for the biggest color
representation that the final state can be in. Of course, this is not intended to be a rigorous rule, just an illustrative one.
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Fact. scales Tevatron K-factor LHC K-factor

Process µ0 µ1

�
(µ0)

�
(µ1)

� ′(µ0)
�

(µ0)
�

(µ1)
� ′(µ0)

� ′′(µ0)

W mW 2mW 1.33 1.31 1.21 1.15 1.05 1.15 0.95
W +1 jet mW pjet

T
1.42 1.20 1.43 1.21 1.32 1.42 0.99

W +2 jets mW pjet
T

1.16 0.91 1.29 0.89 0.88 1.10 0.90
WW+1 jet mW 2mW 1.19 1.37 1.26 1.33 1.40 1.42 1.10
tt̄ mt 2mt 1.08 1.31 1.24 1.40 1.59 1.19 1.09
tt̄+1 jet mt 2mt 1.13 1.43 1.37 0.97 1.29 1.10 0.85
bb̄ mb 2mb 1.20 1.21 2.10 0.98 0.84 2.51 –
Higgs mH pjet

T
2.33 – 2.33 1.72 – 2.32 1.43

Higgs via VBF mH pjet
T

1.07 0.97 1.07 1.23 1.34 0.85 0.83
Higgs+1 jet mH pjet

T
2.02 – 2.13 1.47 – 1.90 1.33

Higgs+2 jets mH pjet
T

– – – 1.15 – – 1.13

Table 1: K-factors for various processes at the LHC (at 14 TeV) calculated using a selection of input
parameters. In all cases, for NLO calculations, the CTEQ6M PDF set is used. For LO calculations, �
uses the CTEQ6L1 set, whilst � ′ uses the same PDF set, CTEQ6M, as at NLO, and � ′′ uses the LO-MC
(2-loop) PDF set CT09MC2. For Higgs+1 or 2 jets, a jet cut of 40 GeV/c and |η |< 4.5 has been applied. A
cut of pjet

T
> 20 GeV/c has been applied to the t t̄+jet process, and a cut of pjet

T
> 50 GeV/c to the WW+jet

process. In the W (Higgs)+2 jets process, the jets are separated by ∆R > 0.4 (with Rsep = 1.3), whilst the
vector boson fusion (VBF) calculations are performed for a Higgs boson of mass 120 GeV. In each case the
value of the K-factor is compared at two often-used scale choices, µ0 and µ1.

The K-factors for W + 1, 2 or 3 jets, at a renormalization/factorization scale of mW , are plotted
in Figure 2 (along with similar K-factors for Higgs + 1 or 2 jets) 2. In this plot, a pattern becomes
obvious. The K-factors appear to decrease linearly as the number of final state jets increases, with
a similar slope at the Tevatron as at the LHC (but with an offset). A similar slope is observed
for Higgs boson+ jets at the LHC. To further understand this pattern (in addition to the color flow
argument discussed in the previous section), we first have to review jet algorithms at LO and NLO.
At LO, one parton equals one jet. By choosing a jet algorithm with size parameter D, we are
requiring any two partons to be a distance D or greater apart. The matrix elements have 1/∆R
poles, so a larger value of D means smaller cross sections. At NLO, there can be two partons in
a jet, and jets for the first time can have some structure. No ∆R cut is needed since the virtual
corrections cancel the collinear singularity from the gluon emission (but there are residual logs that
can become important if the value of D is too small). Increasing the size parameter D increases
the phase space for including an extra gluon in the jet, and thus increases the cross section at NLO
(in most cases). The larger the number of final state partons, the greater the differences will be

2For these plots, the NLO CTEQ6.6 PDFs [8] have been used with both the LO and NLO matrix elements, in order
to separate any PDF effects from matrix element effects. If a LO PDF such as CTEQ6L1 were used instead, the LO
cross sections would shift upwards, but the trends would be the same.
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Figure 1: The scale dependence of the cross sections for W + 3 jet production at the Tevatron and LHC (14
TeV) [6].

between the LO and NLO dependence on jet size.
In Figure 3, the cross sections for W + 1, 2 and 3 jets are plotted as a function of the jet size and

of the jet transverse momentum, at LO and NLO (for the 1 and 2 jet case). The NLO cross sections
are observed to increase with increasing jet sizes, while the LO cross sections decrease (except for
the trivial behavior for W + 1 jet, where there is only 1 parton in the final state. The slope for the
LO cross sections becomes steeper as the number of partons increases. NLO predictions for W + 3
jets are not available, but would be very interesting to plot for comparison.

In this context, the K-factor for W + 3 jets, at a scale of mW , can be at least partially understood.
The problem does not lie with the NLO cross section. That is well-behaved. The problem is that the
LO cross section sits too−high, due at least partially to the collinear enhancement that comes from
a small jet size (0.4). For soft gluons (on the order of 20 GeV/c), there is in addition a residual
impact from a soft singularity. The K-factor for W + 3 jets at the LHC would be smaller if (a)
a larger jet size were used (b) a larger jet transverse momentum were used, or (c) a larger scale
were used. In Ref.[6], it has been shown that a scale such as HT results (at the LHC) not only
in a K-factor closer to unity for W + 3 jets, but in similar shapes for kinematic distributions at
LO and NLO. Scales that are typically used at the Tevatron, such as mW or m2

W + p2
T,W lead to low

normalizations and kinematic shapes that can be significantly different at LO than at NLO. Another
study (Ref. [9]) has found that the kinematic shapes at LO and NLO can also be made similar if a
local scale, such as that obtained with the CKKW [10] procedure is used. The connection between
these two observations is not obvious and deserves further investigation.

4. Jet Sizes

From the experimental perspective, in complex final states such as W + n jets, it is useful to
have smaller jet sizes so as to be able to resolve the n jet structure. Smaller jet sizes can also reduce
the impact of pileup and underlying event [11]. From the theoretical perspective:

• hadronization effects become larger as R decreases

• for small R, the ln R perturbative terms referred to previously can become noticeable

• the restriction in phase space for small R can affect the scale dependence, i.e the scale uncer-
tainty for an n-jet final state can depend on the jet size

4
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Figure 2: The K-factors (NLO/LO) are plotted for W production at the Tevatron and LHC and for Higgs
production at the LHC as a function of the number of accompanying jets. The kT jet algorithm with a D
parameter of 0.4 has been used.

The jet sizes to be used at the LHC should depend primarily on the needs of the experimental
analyses. However, it will still be important to understand the impact that any choice of a jet size
may have on the LO and NLO predictions, and the relation between the two predictions. This is
another motivation for the use of multiple jet algorithms (and parameters) at the LHC in order to
fully understand/explore the wide range of QCD dynamics for both standard model and beyond the
standard model physics [12].

5. Conclusions

The technology for NLO calculations has progressed to the point where 2 → 4 processes are
being completed. In this contribution, I have examined the impact of the jet algorithms applied
to the LO and NLO components of the multi-parton matrix elements and have demonstrated the
tendency for the K-factor to decrease as the number of jets in the final state increases.
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Figure 3: The cross sections for W + + 1, 2 and 3 jets at the LHC at LO and NLO (for the 1 and 2 jet case)
as a function of the jet size (using the kT algorithm) and of the jet transverse momentum.
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