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1. Introduction

Theories of cosmological evolution usually include an agsion that rather hot early uni-
verse with the temperature of the order of a few hundreds & &w®l unbrokerSU(2),, x U (1)y
symmetry of the ground state (characterized by zero Higg\yacuum expectation value - v.e.v.)
was transformed with the decrease of temperature to thewsttt nonzero Higgs field v.e.v., so as
a result of such electroweak phase transition the elecakwgmmetry was broken spontaneously
down toU (1)enm. Investigation of the temperature evolution beyond thex@&ied Model is impor-
tant as a basis for models which describe generation of thy@ibasymmetry, nature of the dark
matter and also for some inflationary models of early unaers

In the following we are going to analyze the equilibrium stadf the effective finite-temperature
potential (free energy) for the two-Higgs doublet model D)

Uer (1, P2) = — HE(DID1) — 3 (DPID,) — o D] D) — pZy (PFD1) + A (T )(PIP1)% + A (T ) (P 2)?

(1.1)
25T (@]0y) (]02) + 25 1) (@) (@)

+26(T) (®T01) (DTD2) + A6 (T) (D] D1)(PFD1) + A7 (T) (®5D2) (GT02)+ A7 (T)(DF D) (D] 1)

+A3(T) (D] 1) (PID,) +Aa(T) (P o) (Ph1) +

where the temperature-dependent background field v.are’sb;) = (0,v4(T))/v/2 and(®,) =
(0,v2(T))/v/2. Local properties oblgt¢(Vi,Vo,A1,...A7) are defined by a number of well-known
theorems in the framework of the catastrophe theory (MonseTdnom theorems for the reduction
of a potential function to the canonical form by a nonlingansformation [1]). They describe
properties of the stationary stdi#Jes¢(v1,v2) =0 defined by the stability matrix (also called the
HessianlJij = dZUeff/dVide.

2. Bifurcation setsin the two-Higgs-doublet model

Thermodynamical evolution of the two-Higgs-doublet paitdn(1.1) as a function of the two
variables of state; andv, and six temperature-dependent control parametgfB), ...A7(T)

2 2 A A A A A
UG vo) =~ - BB v, + T+ 2+ 22022+ D0, + g (21)

from some high temperature of the order of several hundred GeV down to zero is defined not
only by a temperature evolution of effective paramefars,(T) but also by the parametric depen-
dence ofA1 7 on masses, couplings and mixing angles which exist in @iffesectors of a model
under consideration. In the following numerical analyses stall use the one-loop temperature-
dependent\; 7 calculated symbolically in the framework of the MSSM, see3R We denote
Az45 = A3+ A4+ ReAs. Conditions of the extremurilU (vq,Vv2) = 0 distinguishing an isolated (or
nondegenerate) critical points

V2 VS
pZ = Ave+ )\34552 —Repb,tgB + 7‘3 (3ReAsctgfB +ReAstgf), (2.2)
2 Vi 2 VZC%
UZ <AV + )\3455 —Relictgf + - (ReAgctgP + 3ReA7tgf), (2.3)
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where

: V2

Reu?, = sinf cosB[ma + — (2Reds +ReAectgf +ReArtgp)),

are also mentioned as the minimization conditions whichaseero the linear terms in the physical
Higgs fieldsh, H andA and ensure a local extremum at any point of the surfhge(vi,v2) in the
background field space (see e.g. [A]jnportant input parameters of the two-doublet potential ar

tgf = v»/v1 and the charged Higgs boson mass

2
Hi = mﬁ, +mE— = ReAAs —AAy) (2.4)

where the effective temperature-dependent mass of théuaoimal W-boson isrﬁ\,L (v, T)=mg,(v)+
Mw (T), Mw (T) = 5g3T2/2 (with the one-loop Standard Model and third-generatiarasks con-
tributions included in the polarization operatong, = v2g3/2). Thermal evolution of the system
in thevs1(T),v2(T) space is, as a rule, an equilibrium process, which consémeesinimization

of U with respect to the scalar fields oscillation in the extremdmfined by current values of
v1(T),v2(T). Such assumption continuously admits the interpretatiotine system in terms of
scalar mass eigenstatesd andA, thenu?, u2 andpy, can be expressed by means of the effective
parameterd; 7 [4].

For simplicity we consider the cagg = A7 = 0. The two-doublet Higgs potential withog
andA; terms has been considered in the context of discrete P@uieir symmetry [5]. Noniso-
lated (or degenerate) critical points in thev, plane are defined by the conditiaat 92U /dvidv; =0
which can be written in the form

2)\1V1 R —Hfp+ Agasvive

det
— U2+ AzasviVe  2ApV3 + lev2

(2.5)

where the minimization conditions (2.2) and (2.3) (or, &gléntly, the conditions for isolated
points ofU (v1,V2)) have been substituted. The system of two nonlinear equsafarv, v,

A
MV; + %Svlv% — Vi — pfv2 = 0 (2.6)
)\2V3 + 345V2V2 — 2V2 — [.112V1 =0
can be factorized by the rotation in tiag v» plane

vy = \71003[;— \Esin[?, Vo = \Esinﬁ—l— \72COSE (2.7)

where

(2.8)

w2ty g — 1] 062 — |uf — 13|
2" 2/ (12 — 12)2 + 4yt \/ (M2 — )2+ 4uy

1Although only the CP-conserving limit is considered, wegkége notation of real parts for the variables where a
phase factor could appear in the general case.

I\)Il—‘
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Then the factorized equations (2.6) are

A+ 20 ) = (2.9)

_ A
V2(A2V5 + 345\? 13)

where

1
o= S(E + B\ (2 — 12)2+ 4yt (2.10)

and the four types of bifurcation sets defined by the stgbititricedU;; (v1,v2) can be easily found
2012 AzasViVy

1) A2+ 2852 _ (12 —0 andApV3 4 245v2 — 12 =0, U; = L
(1) Awvi+ =55v5 — g andAav; + 238vi — py =0, Ujj (va,V2) AsagiiVs 222

2hvg

_ 0
2) A2 — 12 =0 andv, =0, U;; (v, Vo) =
(2) Avi — g 2 |J(172) 0 _I*—l22+AST45\7%

~M+ 25 0
0 2%

(3) \/_1 =0 and)\g\Tg — I,_lz2 =0, Uij (V]_,Vz) =

m? 0

(4) v1 =0 andv, =0, Ujj (v1,V2) = — H 0 12
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Figure 1: Left panel: bifurcation set (1), contour of negatively defindeterminaniiA; — )\3?45/4 (dark
grey area), see Eq.(2.11), in the & Ay, 1) plane at the temperature 150 GeV. The squark sector pazamet
valuesmg =500 GeVmy =200 GeVmp =800 GeV are in line with the case of light stop quark. Rightgdan
bifurcation set (2), contour of negatively defined deteamiti4A; + Az4s) (4A2 + Azas) — (3345 — A1 — A2)?
(dark grey area), see Eq.(2.17), at the same parametesvalue

Bifurcation set of the case (1), which is defined &yt 92U /dvidv; =0, can be understood
in the elementary language. The surface of stationary palgts(vi, Vo) = —(A1v] + Axvs +
)\345v§v§) /4 is positively defined and unbounded from above if the Sybrés criteria for the
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quadratic formJes(V2,V3) is respected

A2
A <0, A2<0, AtAr— 145<o (2.11)

At the critical temperature defined by the equatlai, — A§45/4 =0 the positively defined potential
surface of stationary points starts to develop the saddiigrration which is unbounded from
below. The "flat direction" at the critical temperature whis developed at the anglg 20 =
2M345/(Af —AF), or

A345
A1 Dol = /(M1 = A2+ A2y

is defined by the control parameteXs(T), A2(T) and Az45(T) not depending on the; and vs,.
The contour for Sylvester’s criteria (2.11) is shown in Eigt the temperaturé =150 GeV in
the A=A = Ap, u) plane. The squark mass parametexg my andmp are fixed, the A,u)
parameters are chosen in the vicinity of the contours whegtarsate positively and negatively
definedA -parameters in (2.11). The critical temperature in thissdasslightly above 120 GeV,
insignificantly dependent on the values Af ¢, 1) if they are changing along the contours in Fig.1,
separating the light grey and the dark grey areas. The strafighe electroweak phase transition

tg0 = (2.12)
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Figure 2: Contours for the cnten#— = 1in the A=Ay, ) plane. In the light grey regmn& >1. In
order to include qualitatively the effect Bfyssw for the left plotE = 2Egy and for the right ploE = 4Eg.

Ag = A7 =0, charged Higgs boson masg+ =150 GeV. Set (A), the case of light stop, is used for the squark
sector parameter valuesig =500 GeV,my =200 GeV,mp =800 GeV).

along the direction (2.12) can be roughly estimated usiegetfuation

v(T)  2V2E
T A(6)

(2.13)

whereE is a temperature-independent factor in front of the cubimte ETV? in the effective
potential rewritten in the polar coordinates= |/v2+V3, 8 = arctan(v2/v1) ), andA(6) is a
factor in front of the quartic term*/4. The cubic term is given by corrections coming from the
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resummation of the multiloop diagrams in the infrared ragitn the case of a heavy stop which
decouples [6], the effective potential is similar to Stamdglodel potential and

Eom = 202 263+ (6 + 6397 — Y2 2T ), @2.14)
In the case of a light stop one can use an approximdiiea Esy+ Emssw Where an additional
term [7] .
2V2 50 A3

Emssm= 73Nt (1~ %) : (2.15)

stop mixing parameter helg = A — 1/tgf. The quartic term along the direction (2.12) can be
written in the form

A1+ )\345th9 + )\ztg49 + 2)\6tg6 + 2)\7tg36
- (1+1tg%6)? '
The conditionv;/T; >1 [8], necessary to avoid sphaleron transitions which efasbaryon asym-
metry initially generated at the electroweak phase trammsitan be respected in a rather extensive
regions of the A,u) plane. The contours of/T. >1 in the @,u) plane (see Fig.2) separate the
regions not only around the origi\{)=(0,0), but also the areas withA,{1) of the order of 1 TeV,
where the quartic term (6) changes sign crossing zero along the flat direction (2.12).

For the general case of nonzekg and A7 which are defined at the one-loop in the finite-
temperature MSSM, see [2, 3], the effective potentigdt(vi,V2) = —(A1V] + A2V3 + Azqsvavs +
2)\6v§vz + 2)\7v1v§) /4 always demonstrates a saddle configuration for the sudbstationary
points, which slopes become steeper with an increase oéthpdrature.

Bifurcation sets in the cases (2) and (3) are different froehifurcation set in the case (1).
For the case (2) we found

(A1 + Azas)VE + (4A2+ Azas)Vs + (BAzas — 2A1 — 2A2)V3V5 = 0 (2.17)

A(0) = (2.16)

The regions of positively and negatively definedandA, and the contour for Sylvester’s criteria
for the form (2.17) are shown in Fig.1 at the temperaflire150 GeV in the A= A, = Ay, L)
plane. The phase transition for the case (2) is developdtkiditectiond of the {/1,v,) plane
4(3A345— Al - )\2)
(4A1+ A345)2 — (4A2 + Azss)?
Bifurcation set in the case (4} =0 andv, =0 defined by the equatioﬁlzﬁz? =0 can also
be understood on the elementary level as a result of the midigation of the effective potential
Uefr = —“?12 2 “722v§ — U2,V2V2 by the rotation (2.7), giving the foridess = —p2v2 — u2v3. In
such regime all other sectors of the model decouple, dorhiz@mtribution is given by the "mass
term” of dimension two in the fields. The critical temperatig defined by the equation [10]

ELE = i (2.19)

which is equivalent tqiZ =0 or 2 =0. If A; are small enough the critical angle can be expressed
as

tg20 = (2.18)

1 1
tg20 = tg2B — : e (2.20)
(3 — 1) %ﬁ?zsw@ﬁ —Aaas+ 2P+ ap
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where

ar = )‘—25 + %()\ectgﬁ +ArtgB), 02=2Ae(tg2f —ctgB) — Ar(tgB +tg2P). (2.21)

A number of contours in the MSSM parameter space for this casde found in [3].

3. Summary

Four types of bifurcation sets for the effective finite-tesrgiure two-Higgs-doublet potential
Uetf(V1,V2) are found. In the MSSM the bifurcation set (1) defined by EqXPdevelops a phase
transition in the direction fixed by Eq.(2.12) in the (v2) plane. Numerical investigations in the
MSSM show that the parameter set with soft SUSY breakingrpararsA and i of the order of
1 TeV, inherent to known MSSM scenarios [9] of strong CP iola (CPX), combined with the
squark-Higgs boson sector parametegs=500 GeV,my =200 GeV andnp =800 GeV, gives an
acceptable configuration of the surface for stationary tsdjparaboloid with a global minimum
at the origin at high temperatures and a saddle at low temyeg). In the region of the MSSM
parameter space characterizedgy my andmp as indicated above or close to these values, the top
scalar quark is light (not much above 100 GeV). The bifuoratontour (also called the separatrix
in the catastrophe theory terminology) in th& (1) plane for the set (1) is shown in Fig.1, left.
Alternatively, parameter sets with the light sbottom anavyestop always, both at a high and at a
low temperatures, give a saddle configuration for the sarédcstationary points. The bifurcation
sets (2) and (3) are similar, demonstrating a phase transitithe direction defined by Eq.(2.18)
in the (1, v2) plane. The bifurcation contours in tha,(u) plane for the set (2) are shown in Fig.1,
right. Again, only the parameter set with the light stop desimtes a necessary configuration
of the equilibrium surfaces. The bifurcation set (4) indada phase transition in the direction
of Eq.(2.20) at the temperature defined by Eq.(2.19). Armlegcase was analyzed earlier in the
literature in the context of the one-dimensional effecpetéential. Summarizing, in all four cases
the global minimum at the origim = v, =0, Ue££(0,0) =0 at high temperatures is transformed to
a local minimum withUe¢¢(v1,Vv2) <0 at a lower temperature for the MSSM parameter sets with a
light superpartner of the top quark, but the directions afisition to this minimum in thev(, v»)
plane are different.

Rough estimate for the strength of the first order phaseitr@msising the approximation for
vc/Tc defined by Eq.(2.13), when the mimimum at the origin is on #raeslevel with the minimum
atv, separated by a low potential barrier along a critical dioe; demonstrates a rather extensive
regions of strong first order phase transition in the i{) plane (Fig.2). They increase with the
decrease of the quartic term parameté@), Eq.(2.16), being less significantly dependent on the
factorE, see EQq.(2.13), in front of the cubic term.
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