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Equations of Markovian processes for compatible events

1. The development of innovative technologies particularly in the questions of information
processing and transmission stimulates further research of probabilistic model of physical systems
and stochastic processes in them. The research of the mathematical structure of the quantum theory
from the viewpoint of the probability theory provokes a big interest. A number of works can be
offered where original results and surveys of this sphere are presented, for example [1] — [5].

At present, markovian processes are widely used for random process description [6] — [8].
Consider a certain physical system to construct the equations of Markovian processes, the state
of which state at each moment of time ¢ is characterized by a set N of random events, which can
be realized with the certain probabilities. Let’s designate these events at the moment ¢ = 0 as Ay,
k=1,...,N and at the moment? > O as B;, j=1,2,...,N.

The first rule of the Markovain process theory is the statement that the probability P'(B;) of
the event occurrence B; at the moment ¢ is defined by the realization of one of the events A at the
previous moment ¢ = 0, that is

N
P(Bj) =P (BN (U Ar))- (1)
k=1
The second rule is the condition, that the events Ag, k = 1,2,...,N are incompatible with each

other, that is
N

N
P({JAx) =) P(Ax). (2)
k=1

Taking into account (2) we’ll write down the equation (1) as

N
Z (B;NAy) (3)

The formula (3) is the equation of Markovian process for incompatible state determined by events
Ay, Bj. It can be conveniently presented as

N
Z, (Bj|Ax)P" (Ak). (4)

Here P°(A;) is the probability of event occurrence Ay at the moment ¢ = 0, where

Pt(Bj ﬂAk)

P'(Bj|A) = PO(AL)

(5)
is the conditional probability of event realization B; at the moment ¢ under the condition of event
realization Ay at the moment ¢ = O (the probability of transition from event Ay to event B; for an
interval of time ¢).

In this work the models of stochastic processes in space of random events are offered, in which
the Markovian condition (1) is preserved and the condition (2) of events incompatibility with each
other at each moment of time of system supervision is removed.

We’ll show, that the equations for one of the presented models are compatible with the equa-
tions of the quantum mechanics. The construction of Markovian chains equations for compatible
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states was earlier considered in work [9].

2. Let’s consider the evolving physical system, which is characterized by combined random
events Ag, k =1,...,N. The probability of one of them at the time moment (specifically, at t = 0)
is defined by (see e. g. [71,[8]):

N N
UAk :Z K)— Y P(AcNA;)+
= k=1 k<l
N N
+ Y P(AnANAL) +...+ (=D TP(( Ab)- (6)
k<m<l k=1

Taking into account (6) the equation (1) gives the equation for Markovian processes with
compatible states, which determine the possibility P'(B;)

i (BjNAL) — i P'(B;N (AcNA;j))+
k=1 k<l=1
N N
+ Y P(Bin(AnANAR)) +...+(=1)"'P(Bin ([ Ax)). (7)
k<l<m=1 k=1

In accordance with definition of conditional probabilities it is convenient to write equation (7) in
the form

N N
Z BilADP (Ax) — Y P'(Bj|ArA) PO (ArA))+
k=1 k<l=1

N
+ Y PUBjAAAL) P (AAIAR)—

k<l<m=1
— . (=DNIP'(Bj|A 1A, .. AN) PP (A1As .. Ay), (8)

where P(A;), P°(AzA;), P°(AtAA, ...), PP(A] ... Ay) are the probabilities of events Ay, AzA;,
ArAJAy, ..., Al ... Ay correspondingly at initial time moment ¢t = 0;

P'(Bj|Ax) = W
|  P(B;jN(AkNA))
P'(Bj|AA)) Pé(AkﬂAz) (9)

_ P'(Bin(AiN...NAy))
N PO(Al ﬂAzﬁ...ﬂAN)

— conditional probability of event B; at t > 0 when events Ay, Ay NA,, ... are correspondingly
realized at 1 = O (probability of transition from events Ay, Ay NAy, ... to B; during time interval 7).
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3. Let’s consider physical system at any time moment, which similarly to the system from

12, is characterized by compatible random events Ay, k = 1,2,...,N. But there are conditions for
events A, ', k= 1,2,...,N which are realized in the system. The events A, are
N
A=A/ (J(ANA) L #£kK), k=1,2,...N. (10)
=1

For the case of N = 2 we have

A7 =A1/(A1NAy) =A1 /A,

11
AZ_ :Az/(AzﬂAl):Az/Al ( )

The probability of events unification (11) is determined by equation [8]
P(A7 UA; ) =P(A1) +P(Ay) —2P(A1 NA). (12)

With mathematical induction method the probability of unification of N events can be proved to be
presented like

N N N
P(JA ) =Y. P(A)—2 ) P(ANA)+
k=1 k=1 k<=1
+4 Z P(A¢NA;NA,) — —(—2)N*1P(ﬁAk) (13)
k<l<m=1 k=1

Consider Markovian stochastic process in this system, going under the next conditions. Ran-
dom events B; occur at z > 0, if one of the events A, took place at = 0. In accordance with the
former condition the probability of B; is defined as

C=

P'(B))=P (B;n(|JAy)). (14)

k=1

Using equation (13), the equation (14) can be written in the form

N
P'(BjNAy) —2 Y, P'(Bjn(AcnA)))+
1 k<l=1

M=

P'(B)) =
k

N
+4 Y P(BiN(ANAINAR))+...+

k<l<m=1
+(=2)V'P' (BN (A1 N...NAY)). (15)
Substituting transition probabilities (9) into equation (15) we derive

N
P'(BjlAOP () —2 Y. P(BjlAAI) P (ArAr)+
1 k<l=1

™=

P'(Bj) =
k

N
+4 Y P(Bj|AAIAR) P (AkAlAm) + ...+

k<l<m=1
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+(=2)NIP(Bj|Ay ... AN)PO(A; ... Ay), (16)

where P(Ay), P°(AA;), P°(AA/A,,), ... are probabilities of events realization at initial time mo-
ment ¢ = 0.

Equations (15), (16) describe markovian processes in compatible events space of some physi-
cal system.

4. The model of the process, describing the system evolution, where both compatible events
Ar, k=1,2,...,N and events A,j are realized, is an alternative to the model of Markovian process
that is given in 13.

Let us consider the system, where there are only two compatible events A; and A, and two
events AT,A;r correspondingly, and specify the properties of introduced events. The probability of
events unification A] UAJ is determined as

P(ATUAY) =P(A))+P(A2) +2P(A1 NA). (17)

On the basis of expression (17) formula for probability of unification of N events A,j is found
by the mathematical induction method

N N
UA+ Z 2 ) P(ANA)+
— k=1 k<l=1
N N
+4 Y P(AnNAINA) +...+ 2V P(N4). (18)

k<l<m=1 i=1
The existence of the events AZ’ and the expression (17) for the probability of their union cannot
be explained in the framework of the Kolmogorov’s axiomatics.This fact must be taken as a new
statement.
The equations (17), (18) may be derived taken into account the structure of events AZ’ model
without the limits of Kolmogorov’s axiomatics. Let us define the events A,j

N
A =AU (U(AkNA), L #£k), k=1,2,...,N, (19)
=

—_

under the conditions:
- The events A, and (U?/:l (Ak ﬂAl) s k), k=1,2,...,N, are not compatible, i.e. the equations

A # A, (AkNA) #0, k#1=1,2,...,N (20)

take place simultaneously;
- The events (A NA;), (A;NAg), under the condition k # [ are not compatible, i.e. the equations

(AcNA)U(AINAL) #AcNAL (AkNA) U (AINAE) # (AINA),k#1=1,2,....,N  (21)

hold for their union;
- The probabilities of events (Ax NA;), (A;NAyg), under the condition k # [ are invariably equal

P(AkNA;) =P(AINAL), k,1=1.2,...,N. (22)
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One thing is clear, this definition of events A,j should be considered as additional postulate in
Kolmogorov axiomatics. Using the definition (19) and conditions (20) — (22) one can easily prove
the formula (17) for N = 2.

Let us consider in this model the Markovian process, where probability of event B; atz > 0 is
realized if one or more events A;r, i=1,2,...,N took place at t =0, i.e.

N
P'(B;) =P'(B;n (UA[)- (23)
i=1
With using (18) the equation (23)can be written in the form

N N
P'(Bj))=Y P'(BjnA)+2 Y P(Bin(AcnA))+
k=1 k<=1
N
+4 Y P(Bin(AnNANAy))+...+2V P (B;N (A1N...NAy)). (24)
k<l<m=1
Equation (24) (similarly to equation (15)) can be transformed by adding the event possibilities at
the initial time and transition possibilities

P'(Bj|A))P°(A;) +2 i P'(Bj|(AiA))P°(AiA )+

[ i<j=1

P'(Bj) =

=

N
+4 Y P(Bi|(AAA)) P (AAA) + ...+

i<j<k=1
+2VLPN(B|(A ... An))PO (A ... A). (25)

Equations (24),(25) of Markovian processes for compatible events in this model of physical system
are of the same structure as equations (15), (16) under the condition that all terms are positive.

S. Let us derive the equation of Markovian process in compatible event space for a physical
system, associating the models mentioned before in 13 and 14.

Consider both compatible events Ay, k = 1,2,...,N and events A, , k =1,2,...,N; and A,j,
k=1,2,...,Ny (N; +N, = N) in order to describe a physical system state at every time moment.

For the case of N = 2 the possibilities of events unification P(A] UA;), P(A] UAJ) are
defined by expressions (12), (17). It is provable that probability of events A|" and A;r unification
(P(A] UAY)) is given by the equation

P(A] UAy) = P(A] UA]) = P(A1) + P(A2). (26)

Denote A; the event, which can be either event A, or event AZ’. Using this denotation formulae
(12), (17), (26) can be written as

P(AjUA,) = P(A)) +P(A) +2g12P(A1 NAy), (27)

where gj» = —1 or +1 or 0 depending on event choice Ay, As.
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The probability of unification of N events Ay is given by formula that generalizes equation
27):

N N N
U Z (AN +2 Y euP(AcNA)+
k=1 k=1 k<l=1
+4 Z SumP (A NAINAL) + ..., (28)

k<l<m=1
where gy, gum and other multipliers take one of the values 0, +1, —1 depending on the selected
events Ay, A, Ay, .. ..
Markovian process in such a physical system will be described via equation that gives the
probability of event B; at t > 0 if one of the events A, k=1,2,...,N took place at t =0

P'(Bj) = P'(B;n (

TC=

Ay)). (29)

With using (28) the equation (29) for Markovian process can be written as

N N
PZ(B]) = ZPI(BjﬂAk) +2 Z gjkIPt(Bjﬂ (Ak ﬂA[))-F
k=1 k<l=1

N
+4 Y giumP (BiN(ANANAR)) +.... (30)

k<l<m
In order to simplify equations (30) we introduce probabilities of transitions from events Ay at
t =0 to events B; at 7 > 0 (9) and probabilities of events Ay at initial time moment ¢ = 0 (P° (Ak),
PO(AA)),...).

N
Z (Bj ’Ak Ak +2 Z gJ;dP (Bj ‘AkAl) (AkAl)-l-

k<l=1
N
+4 Z gjklmPt (Bj |AkAlAm)PO (AkA]Am) +.... (31)
k<l<m

6. Equations (8), (16), (25), (31) describe Markovian processes in compatible events space, repre-
senting a certain physical system. The equations enable us to find to find P(B;) — the probability
of realization of event B; at r. As it is provided by the model of investigated physical system
there should be initially defined the probabilities P*(A;), P°(AA;), ... of compatible events A at
t = 0 and probabilities of transitions from Ay to B; at time interval ¢ (P'(B;|Ax), P'(Bj|AkA;),...)
combined with coefficients g i g jkim,- - - -

The conformity principle is fulfilled for equations (8), (16), (25), (31) when events are incom-
patible and the following conditions are true

PY(AA) =...=P°(A,...Ay) =0, (32)

and equations take form (4) of Markovian chains for incompatible states.
If events are compatible in pairs, i.e.

PO(A) #0,  PO(ArA)) #0 (33)
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P'(BjlAx) #0, P'(Bj|AiA;) #0 (34)
and simultaneously the conditons
P(AAA) =0, ..., PYA,...,AN)=0 (35)
P'(Bj|AAiA,) =0
..................... (36)
P'(Bj|A;...Ay) =0
take place then the equations (28), (30), (31) are simplified und take the form
N N N
P(UA) =Y P(A)+2 Y guP(AcNA), (37)
k=1 k=1 k<i=1
N N
P'(Bj) =Y P'(BiNA)+2 Y, giuP' (BiN(AcNA)), (38)
k=1 k<l=1
N N
P'(Bj) =Y P'(BjlA)P (A) +2 Y gjuP' (BjlAA)P (AA)). (39)
k=1 k<i=1

7. The introduced equations (8), (16), (25), (31), are supposed to describe stochastic processes
in certain real physical systems. Equations (37) - (39), which describe processes in the space of
random mutually compatible events, are specifically equivalent to quantum mechanics equations.
In this case we have a base to investigate the possibility of using the equations (31) to describe
processes in the physics of elementary particles.
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