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1. Introduction

The calculation of mesonic and baryonic matrix elementmftattice QCD has made good
progress in the last few years. Simulations with fully dyi@hquarks have reached the physical
pion mass at large lattice sizeslof> 5 fm. For many mesonic matrix elements the overall uncer-
tainties are of a few percent and no discrepancies betwgmriments and theory can be detected.
Baryonic matrix elements have not yet reached this accufeayinstance the axial charge or the
electric form factor are not compatible with the experina¢deta, even for the largest volumes and
the smallest pion masses [1].

In this study we will focus on the electro-magnetic and akiain factors of the nucleon. The
matrix element of the vector current can be expressed by ttee-Dand Pauli form factorg; (¢?)
andF>(g?) in the following way:

(N(p',8) [Vu|N(p,s)) = t(p',9) {VuFl(quiC;f’r;:” Fz(qz)} u(p,s), (1.1)

where|N(p,s)) is the nucleon ground state with momentymand spins, andu(p,s) is a Dirac
spinor with massny. The momentum transfer is given loy= p— p’ andoyy = [yu, w]/2. The
matrix element of the axial current can be expressed in teftise axial form factoiGa(g?) and
the induced-pseudoscalar form fac@s(g?):

(N(p,$)|Au|N(p,s)) =U(p',9) {VuwsGA(q )+vs2q—“G (q )}U(p,S)- (1.2)

We will neglectGp(g?) here completely and focus on the electro-magnetic fornofacind the
axial form factor at zero momentum transfer, which corresisao the axial chargga.

The observed discrepancy between the experimental amcklakta may be due to systematic
effects. These can be lattice artifacts, finite volume é&ffdarge pion masses and contaminations
from excited states. We will focus on the excited state doutions here but plan to address the
other effects later due to our lattice setup of variousdattizes, lattices spacings and pion masses.
Our ensembles for computing matrix elements were geneestgadrt of the "Coordinated Lattice
Simulations™" (CLS) initiative [2]. For our measurements wge fully dynamicaly'(a)-improved,
two flavor Wilson fermions where our solver is Schwarz prefittoned and deflation accelerated
[3]. Here we will present data for one lattice spacing @6® fm and two lattice sizes of 64323

and 96x 48°. The pion masses vary between 300 and 900 MeV [4, 5].

2. The standard plateau method

The two-point function in Euclidean space time for a nuclendefined as [6]:

Ze—w)xrp Jv t X)Ju(o)> oo, %e—EptTr [rp(—ip/%—m)}- (2.1)

p
We use the interpolating field, = sabc(uaCygdb)u‘f, to create a nucleon whefe represents the
charge conjugation matrix, greek letters Dirac indices laftid letters color indices. The energy
E,, of a nucleon with momenturp is related to its mass via the dispersion relati@fn= n? + p?.
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The factorZg is the coupling strength of the baryon-state with the vacutior the polarization
matrix '° we use%(1+ ¥o)(1—iysys) which projects the nucleon to positive parity and polarizes
in thez-direction. To optimize the overlap of the nucleon corielafunction with the ground state
Jacobi-smearing [7] with HYP-smeared links in the spatigblacian [8] is used.

The computation of the three-point functions is more inedhthan for the two-point functions
due to the necessity of computing extended propagatorsthEarector and the axial vector form
factors the following two diagrams contribute:

.t

zd(Y70;t57 ﬁ/) = ;eliry ® U@f,tS ? (22)

.t
u

Z,(Y.0s. F) = Y ‘ 2 - (2:3)
X

The quark propagators are contracted at a fixed sink tineggland the outgoing momentugi is
induced via a Fourier transformation. The initial momenigrmlways set to zero so the momentum
transfer carried by the photon ¢gg= —p’. This object is then used as a source for a new set of
inversions to create a so called extended propagator [9].

The three-point function can be constructed from the exddnmfopagators as

Ca(@tts) = 5 Tr[P (2u(0,9) £ 24(0,)) O(y)S(y,0)] €7, (2.4)
y

where the plus sign corresponds to the isoscalar form fagtidrthe minus sign to the isovector
form factor. Here we focus on isovector form factors wheralisgonnected contributions arise.
The usual quark propagatsfy, 0) closes the Feynman diagrams of eq. 2.2 and 2.3 and the operato
Oisinserted at timeslice

At the hadronic level and for large Euclidean time the catreh function can be written as

Ca(t,ts) = Y e ™'e vt UzE, /rE"—gTr [FPu(p’,$) (N(p.S)|OIN(0,9)) u(0;s)] . (2.5)
sS

where the matrix elemenrN(p’,s)|O|N(0,s)) can be expanded in terms of the form factors as
shown in eq. 1.1 and 1.2. We use in our simulations the locakntsV,(x) = W(x)y,¥(x),
Au(X) = P(x) sy, W(x) whereW(x) is au- or d-quark spinor. The local currents need to be renor-
malised and in the case of the electro-magnetic form fathis€an be done by requirirge (0) = 1
which imposes charge conservation. For the axial currentiseethe non pertubatively computed
renormalisation constaii from [10].

Matrix elements computed witl¥’(a)-improved Wilson fermions are not automaticaty(a)-
improved. An improvement term has to be added to the axiakotrbut we are interested in
the axial charge only which is extracted from a spatial conemb at zero momentum of the axial
current and so the forward matrix element of the improventesmd vanishes. Here we neglect the
improvement term for the vector current but it will be inchatlin a later stage of our analysis.

The standard way to extract form factors from Euclideanetation functions like eq. 2.5 is to use
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ratios between two- and three-point functions. Our paldicchoice is [11]:

R Lt - SELY \/cz@,ts—t>cz<6,t>cz<6,ts>_

Cz(o, ts) Cz(o, ts— t)Cz(q,t)Cz(q, ts)

This ratio cancels the exponential factors and gives usl@llg plateaux with small errors. With
our choice of the polarization matrix we get access to tHevoehg quantities:

(2.6)

. m+ Eq 2 ﬁlz 2
2y -Re[R(d,t,ts)y] = 2, {Fl(q )—ma(q )}, (2.7)
Zy-Re[R@tts)y);_,, = &P m {Fu(c?) +Fa(q?) }, (2.8)
2
Za-Im [R(0,1,1s) | = mZTE;Eq {GA(qz) - Z—r?]?’Gp(q )} Limid ga.- (2.9)

The masses and energies in the pre-factors of the bare catidse determined from the two-point

function of the nucleon. In principle the form factors cascdabe extracted from other components
of the ratio but these turned out to be too noisy within theddad approach.

The plateau method should give the ground state value of #texelements, but higher state con-
tributions can lead to wrong plateau values. In the left pahig. 1 we show the connected part of
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Figure1: Examples for the standard method Ygrandga

the zero component of the isoscalar vector form factor fardtdifferent source/sink combinations
on a 64x 32 lattice with a pion mass af,; = 550 MeV. The black points are from a point source,
the purple ones from a Jacobi-smeared source and the redronea smeared source/sink com-
bination. All three graphs give reasonable plateaux yet #re not compatible within statistical
errors.

In the right panel the ratio for the axial charge for thrededé@nt sink positionss and a Jacobi-
smeared source on a 64323 lattice with a pion mass of,; = 415 MeV is shown. The ratio
should be independent of the position of the sink but it isialsty not. Finally we cannot con-
clude that the real plateau value is obtained even for tigesasink timeslicé;s = 15.

3. The summation method

We will now argue that the large dependence of the ratiokg and different smearing levels
is mainly induced by higher order corrections and proposethaa to reduce them. The ratio for
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an arbitrary operator can be written as:
R(G,t,ts) =Rs+ & (e™) + 0 (e*A’Grt)) . 3.1)

It can be expressed in terms of the value of the ground Ratend the exponentially suppressed
excited state contributions. The energy gAmndA’ can be different for different quantum num-
bers at source and sink. Assuming these gaps come from aibwcsiate these contributions are
large for small pion masses and sntiall

To deal with these effects an alternative method can be usadrkas the summation method [12].
The basic idea is to sum the ratiotinp tots. Doing so results in

ttzso R(G,t,t) = Ro - ts+ C(A,A) + & (te %) + 0 (tse‘MS) , (3.2)
where again only the first excited state is taken into accolihe ground state can be extracted
from the slope of a linear function i3. Also here an exponantially suppressed higher order cor-
rection survives but in contrast to the standard methodaihig ts-dependent and so much smaller.
Fig. 2 illustrates how well the summation method works. W fiie zero component of the con-
nected part of the isoscalar vector current for four différ@omentum transfers. The behavior is

summed ratio for Vi,

Figure 2: The summation method faf and different momenta

linear as expected and no deviation from the linearity catdbected. This means that even for the
smallests the excited state contributions are depleted.

In order to compare the summation method directly with tl@dard method we show in fig. 3
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Figure 3: Examples for the standard method and the summation methdf Emdga
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the graphs of fig. 1 again, but now including the values frommgbimmation method. In the left
panel the purple line represents the summation method asingelation function with a smeared
source. The thick line in the middle corresponds to the meduevand the thinner outer lines show
the statistical error. The summation method depletes thjieehistate contribution in both cases at
the expense of a larger statistical error. In the right preehmbiguity ins is completely resolved
by using the summation method (purple lines) and the treathse¢o end there.

4. Results

Our results for the axial charge and the vector form factoespseliminary. As mentioned
before the improvement term for the vector current is notlémented yet and the scale is not set
to its final value so the momenta and pion masses may chandealdés were extracted with
the summation method. In fig. 4 we show our results for the Daad the Pauli form factors.
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Figure4: Preliminary results for the Dirac and the Pauli form fac@xacted with the summation method.

While our values for the Pauli form factor for the largestita with the smallest pion mass is in
good agreement with the experimental curve the Dirac fotofashows a different slope. So the
excited state contributions seem not to be the only effeéthvbauses the discrepancy between
lattice results and experiment.

In fig. 5 we show our data for the axial charge for differentid¢atsizes and pion masses. Data from
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Figure5: Preliminary results for the axial charge extracted withghenmation method.

the RBC/UKQCD collaboration [13] are shown for comparisbmncontrast to other collaborations
we do not see a downward trend for small pion masses. The tnepdee summation method is
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larger for small pion masses because the energyfyapslA’ decrease and the influence of excited
state contributions increases.

5. Summary and outlook

We showed that the control of excited states is crucial atiwagh plateaux of baryonic ma-
trix elements extracted with the standard method may loakaeable this method is insufficient to
ensure the absence of excited state contributions. Sngeapimears not to be enough to suppress
these contributions so we introduced an alternative metthedsummation method. It is promis-
ing to help with excited state contributions but more iniers are needed and the statistical error
grows compared to the standard method. To minimize thesebdicks this method will be opti-
mized and tuned.

To be able to extrapolate the matrix elements to the phygiciat simulations with smaller pion
masses and different lattice spacini@s= 5.2,5.5) are being analysed. In the analysis of the vector
form factors theZ(a) improvement terms will be included, and finally we are alderiested in the
full axial form factorGa(g?) and the induced pseudo scalar form faceKq?).
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