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1. Introduction

This article deals with the compact three-dimensiond) (3(1) lattice gauge theory (LGT),
whose partition function can be written as

Z([, :/ —— expSw|, 1.1
B = | [ PS@ (L.1)
whereA is anL? x N, lattice, Sis the Wilson action, which reads
Sw] = BsH cosw(ps)+ By cosw(pr) (1.2)
Ps P

and sums run over all space-likps] and time-like ;) plaquettes. The plaguette angtesp) are
defined in the standard way. The anisotropic couplifigand 3s are defined in Ref. [1]. To study
the theory at finite temperature, periodic boundary conditiin the temporal direction are imposed
on the gauge fields.

At zero temperature the theory is confining at all values ef lthre coupling constant [2],
while at finite temperature the theory undergoes a deconénephase transition. It is well known
that the partition function of thed3U (1) LGT in the Villain formulation coincides with that of the
2d XY model in the leading order of the high-temperature expan@p When combined with the
universality conjecture by Svetitsky-Yaffe [4], this rédeads to conclude that the deconfinement
phase transition belongs to the universality class of theX¥ model, which is known to have
Berezinskii-Kosterlitz-Thouless (BKT) phase transitiohinfinite order [5, 6]. In particular, one
might expect the critical behaviour of the Polyakov loopretation functionl” (R) to be governed
by the following expressions

1
rR) = = (1.3)
for B > B; and
M(R) =< exp[-R/&()] , (1.4)

for B < Be,t =Bc/B —1. Here,R>> 1 is the distance between test chardess the temperature
and& ~ "’ is the correlation length. Such behaviourfoflefines the so-calleelssential scaling
The critical indicesn(T) andv are known from the renormalization-group (RG) analysishef t
XY model:n(T;) = 1/4 andv = 1/2, whereT; is the BKT critical point.

The direct numerical check of these predictions was pesdrion latticed 2 x Ny with L =
16,32 andN; = 4,6, 8 in Ref. [7]. Though the authors of Ref. [7] confirm the expedBKT nature
of the phase transition, the reported critical index is antbree times that predicted for ther
model,n (T¢) ~ 0.78. More recent numerical simulations of Ref. [8] have beestiy concentrated
on the study of the properties of the high-temperature pHaghese papers it was found that, for
the isotropic latticgBs = = B with L = 32 andN; = 8, the pseudo-critical point Byc = 2.30(2)
for Ref. [7] andf. ~ 2.346(2) for Ref. [8]. Values off3 above these values were taken implicitly
as belonging to the deconfined phase.

In Ref. [1] we have studied the model on extremely anisotrdgitice with3s = 0. By a
simple analytical analysis we showed that in the limits adhb@mall and larggs; such anisotropic
model reduces to thed2XY model with some effective couplings. Then we performed nicak
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simulations of the effective spin model for the Polyakovdaghich can be exactly computed in the
limit Bs = 0. We used lattices with = 1,4,8 and with the spatial extehite [64,256 and found
that the index) is well compatible with theXY value. We may thus assume that, at least in the
limit Bs=0, the 31 U(1) LGT does belong to the universality class of X¥ model.

Here we consider the isotropic model on the lattice W¢h- 8. Our strategy is the following:
we postulate that the scaling laws of ti& model are valid and use them to determine the critical
indices of the gauge model. In doing so we have encountengdirtesurprises: (i) the infinite
volume critical coupling turned out to be essentially higtiean the values for the pseudo-critical
couplings reported in Refs. [7, 8]. As a consequence, theegabf used in Ref. [8] to study
the deconfinement phase lie well inside the confinement plvhsa the thermodynamic limit is
considered; (ii) the index extracted from the scaling of the pseudo-critical cougdingth L
does agree well with the expecté valuev = 1/2, but the index was found to be strikingly
different from theXY value, namelyn ~ 0.50. While the valuen ~ 0.78 obtained in Ref. [7]
could, in principle be attributed to rather small latticegd,L = 32, and to an incorrect location of
the critical point, our result is almost insensitive to vagythe spatial extent if is large enough.

2. Numerical results

We simulated the system on lattices of the tyge< N, with Ny = 8 fixed andL increasing
towards the thermodynamic limit (for details, see Ref..[8})the adopted Monte Carlo algorithm
a sweep consisted in a mixture of one Metropolis update aedrierocanonical steps. Measure-
ments were taken every 10 sweeps in order to reduce the awgiation and the typical statistics
per run was about 100k. The error analysis was performed djattkknife method over bins at
different blocking levels.

The observable used as a probe of the two phases of the fimpetature 8 U(1) LGT is the
Polyakov loop, defined as

whereUp(Xt) is the temporal link attached at the spatial pointThe effective theory for the
Polyakov loop is two-dimensional and possesses glolfd) symmetry. Since the global sym-
metry cannot be broken spontaneously in two dimensionsgtithe Mermin-Wagner-Coleman
theorem, the expectation value of the Polyakov loop vasishéhe thermodynamic limit. On a
finite lattice (33 P(X)) = 0 due toU (1) symmetry (if the boundary conditions used preserve the
symmetry). This is confirmed by the numerical analysis onphkodic lattice: in the confined
(small B) phase the values taken by the Polyakov loop in a typical Bi@drlo ensemble scatter
around the origin of the complex plane forming a uniform dowhereas in the deconfined (high
B) phase they distribute on a ring, the thermal average baingldo zero in both cases. What
really feels the transition is then the absolute valué ofvhich has been chosen to be the order
parameter in this work.

At finite volume the transition manifests through a peak miagnetic susceptibility of the
Polyakov loop, defined as

X =L(PR) (P P=3 SPR) 22)

X
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The value of the coupling at which this happens is the pseuiiocal coupling,3,c. By increasing
the spatial volume, the position of the peak moves towarelgribnuniversal) infinite volume crit-
ical coupling, .. The value off, for a givenL is determined by interpolating the values of the
susceptibilityx, around the peak by a Lorentzian function. In Table 1 we surimmane resulting
values off3,c and the peak values of the susceptibilfyfor the several volumes considered in this
work (we included also the determination for= 32, taken from the first paper in Ref. [8]).

Table 1: Bpc and peak value of the Polyakov loop susceptibifityon the latticed.? x 8.

L | Bpc XL,max

32 | 2.346(2), Ref. [8]

48 | 2.4238(67) 12.93(41)
64 | 2.4719(39) 20.09(66)
96 | 2.5648(96) 38.8(1.6)
128 | 2.6526(59) 60.1(3.5)
150 | 2.68(1) 92.6(8.0)
200 | 2.7336(69) 144(12)
256 | 2.7780(40) 220(20)

There are, in principle, two hypotheses to be tested in cmmdocate the infinite volume
critical coupling;: first order and BKT transition. The hypothesis of first ortfansition is not
incompatible with data for the peak susceptibility for 128. However, the corresponding scaling
law for the pseudo-critical couplings,

Bpc = Bc+§ ) (2.3)

seems to be ruled out by our daxa?(d.o.f equal to 5.6 fok. > 96, 3.7 forL > 128, 2.1 forl. > 96).
Assuming the essential scaling of the BKT transitioa, & ~ €””, the scaling law foiBpc
becomes

Bpc = Bc+ (2.4)

(InL+B)?
A 4-parameter fit of the data f@ic(L) given in Table 1 with the law given in Eq. (2.4) leads to
unstable values of the parameters. Instead, when the pemarris fixed at theXY value,v =1/2,
the fit is stable for lattices with size not smaller tHarieading to an estimated value of the infinite
volume critical coupling3; = 3.06(11) (see Ref. [9]).
By finite size scaling (FSS) analysisf& we can extract other critical indices. An interesting
one is the magnetic critical inder,, which enters the scaling law

XL(Be) ~LET (2.5)

Actually in this law one should consider logarithmic cotiens (see Refs. [10, 11] and references
therein) and, indeed, recent works on ¥ universality class generally include them. However,
taking these corrections into account for extracting @altindices calls for very large lattices even
in the XY model; for the theory under consideration to be computatigriractable, we have no
choice but to neglect logarithmic corrections.
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Setting the coupling at the value of our best estimation 18, i.e. 8 = 3.06, we determined
the susceptibilitieg (B¢) for several volumes. Then, following FSS, we fitted the resswith the
law x. (Bc) = AL>~" and got

A=0.0171(10), n =0.49615 (x2/d.0.f.=0.60) . (2.6)

This value forn is by far incompatible with the @ XY value, nxy = 0.25. The most ex-
treme consequence of this finding is that the deconfinemamsition in the 8 U(1) LGT at finite
temperature does not belong to the same universality cta&s AY spin model. This would con-
tradict the Svetitsky-Yaffe conjecture, raising a problerthe understanding of the deconfinement
mechanism in gauge theories. We will further comment onisisise in the discussion section.

In such a situation, it becomes particularly useful to havetlzer determination of the index
n, by an independent approach. Following Ref. [1], we defineféectiven index, through the
2-point correlator of Polyakov loops, according to

_ log[M(R)/T'(Ro)]
r’ef'f(R) — IOg[RO/R] ’

with Ry chosen equal to 10, as in Ref. [1]. This quantity is constdiah such a way that it exhibits
aplateauin Rif the correlator obeys the law (1.3), valid in the deconfipbdse.

The analysis of the behaviour gt#(R) has been repeated settiffigat our estimated value
for B, i.e. B = 3.06, and increasing the spatial extent of the lattice. Itgwut (see Fig. 1) that
a plateau develops at small distances whéncreases and that the extension of this plateau gets
larger with L, consistently with the fact that finite volume effects aredming less important.
The plateau value offerr can be estimated ag(R = 6) on the 256 x 8 lattice and is equal to
0.4782(25); it agrees with our previous determination efittdexn.

(2.7)

3. Discussions

We have studied the critical behaviour of thé 3(1) LGT at finite temperature on isotropic
lattice with the temporal extensidd = 8. The pseudo-critical coupling was determined through
the peak in the susceptibility of the Polyakov loop; the imdirvolume critical coupling has then
been computed assuming the scaling behaviour of the forf), (e result being; = 3.06(11).
The deconfinement phase is the phase wiere3.. A thorough investigation of the deconfine-
ment phase was performed in Ref. [8]. However, @Values used there are smaller than the
infinite-volume critical coupling. When the thermodynantiioit is approached the critical cou-
pling increases so that the numerical results of Ref. [8]ld/ioefer rather to the confinement phase
of the infinite-volume theory.

We found also that the indax turns out to ba) ~ 0.496. This value is essentially larger than
expected and requires some discussion. The easiest eiptan@auld be to state that the spatial
lattice size usedL(€ [32— 256)) is still too small to exhibit the correct scaling behavioence
the wrong values foB; andn follow. However, if one makes a plot (L) vsL, one can see, by
looking at the trend of data, that it is unlikely th@tis much larger than our estimate. In fact, our
fits with the scaling law (2.4) show thgt decreases when larger lattices are considered. Therefore,



L 58 :_ o L=64 _:
0.56 = —
o L =128 -

- L =150 ]
o5 -_ <« L =200 "
0.48 mnmnnmlllIIIIIIIIIIIHH :
040 e@q% s T | -

0. 38
0.36
0.34

0.32

0 3 1 ] 1 ] 1 ] 1 ] 1 ] 1 ] 1 ] 1 ] 1 ] 1 ] 1 ] 1

10 20 30 40 50 60 70 80 90 100 110 120
R

o

Figurel: neg vs Rat fc on lattices with several values bf

our result is most likely an overestimation. This implieattthe truen is likely even larger than
what we found.

Moreover, neglecting logarithmic corrections to the swalaw (2.5) cannot have such a strong
impact to decreasg to half of the value we found.

Let us give a simple argument why the indgxan be different from itXY value. Consider the
anisotropic lattice, in the limit of larg8; = . Here the spatial plaquettes are frozen to unity and the
ground state is a state where all spatial fields are pure gaagdeén(x) = WV, , N=1,2. Under
the change of variablédo(x) — WWUo(X)Vy ¢, in the leading order of the larggs expansion the
partition function factorizes into the product idf independent @ XY models. Since the Polyakov
loop is the product of gauge fields in the temporal directiba,correlation function factorizes, too,
and becomes a product of independgivtcorrelations, i.e.

Mo (Bs=,B) = Mxv(B)I™ . (3.1)

Hence, for asymptotically large>> 1, we get

1 1N
Mo (Bs=o,B > B) = [R,]XY] : (3.2)
This leads to a simple relation
N(Bs=,B") = Nt nxy - (3.3)

Some conclusions could now be drawn. The critical behawbthre 31 U(1) LGT in the limit
Bs — o is also governed by thed2XY model. Nevertheless, the effective indgxappears to bl
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times of itsXY value. Now, forfis = 0 we haven (Bs = 0,3") = nxy. This relation and formula
(3.3) allow to conjecture that

nxy < N(Bs,B") < N nxy . (3.4)

Bs = 0 corresponds to the lower limit whilBs = « corresponds to the upper limit. In general,
n could interpolate between two limits wiiBy. Whether this interpolation is monotonic or there
exists critical valugB$", such thatn (Bs < Bs",B%") = nxy andn changes monotonically above
B$', cannot be answered with data we have and requires sirngatio the anisotropic lattices. In
the paper [12] a renormalization group study df\3(1) model at small3s will be presented and
computations of the leading correction to the laigdehaviour will be given. The results of our
computations support the scenario that the ingedepends on the ratiBs/ . Recently, we have
obtained the results of simulations iy = 2,4 performed by A. Bazavov [13]. His results also
point in the direction of our scenario.

Finally, it is worth mentioning that the factorization inettharge3s limit does not affect the
indexv. It follows from its definition (1.4) that in this limit = 1/2 as in theXY model. We expect
therefore thav equals ¥2 for all s and is thus universal.

In view of our results it might be worth to perform numericethalations for small but nonva-
nishing s and for larger volumes.
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