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In this proceedings we summarize our calculation of the phtiagram of QCD at non-zero
temperature and chemical potential 8hx S* from one-loop perturbation theory [1], which is
valid in the limit R << AééD, whereR is the radius ofS®. We calculate several observables
including the Polyakov lines and the quark number, for langmber of colordN and large number
of quark flavordN¢, onSt x S, and compare with results for the same system iith 3, and with
results forN = 2 lattice QCD. FoN > 2 the action is complex and the dominant contributions to
the path integral occur in the space of complexified gauge €iehfigurations. This results in the
expectation values of the eigenvalues of the Polyakov liirgyloff the unit circle and out in the
complex plane. This is an important issue for the lattice} also for the calculation 08" x S

in the largeN limit where we obtain analytical results using the saddl&fpapproximation. It is
thus necessary to adapt available techniques to locatédtiensry solutions in the complexified
gauge field configuration space.
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1. Introduction

Calculation of the phase diagram of QCD as a function of teatpee and chemical potential
is complicated by what is known as the sign problem: the aafcQCD becomes complex in the
presence of a hon-zero chemical potential. This prevemsgertional methods of lattice simula-
tion because the Boltzmann factor can no longer take a pilgipabterpretation. If the chemical
potential is not too large several useful alternative mashaf calculating the phase diagram from
lattice simulations have been developed (for a recentuiesée [2]). These are valid for/T < 1.
Calculation of the phase diagram at asymptotically largendbal potentials and low temperatures
is also possible from perturbation theory [3]. The regiothef phase diagram that is most difficult
to access is that for moderate chemical potentials and lmpéeatures, where the sign problem is
thought to be more severe, and both conventional lattidentques and conventional perturbation
theory are not available (However, simulations using caxplngevin techniques have the poten-
tial to probe this region. See [4] for a recent report on tregpess and issues using this technique
in the XY model.).

At the moment, to calculate in the regime of moderate chdmpiotentials and low tempera-
tures a sacrifice is necessary. We have opted to sacrificartee Volume limit, compactifying the
spatial volume such that perturbation theory becomes YRlid< AééD whereR is the radius of
the S*). On a hyperspherical manifol& x S* (as opposed t¢S')#), small volume results for the
phase diagrams of related theories, such as Yang-Millsyhead adjoint QCD, qualitatively re-
semble lattice results (see for example [5,6]). A thermaahyic limit of sorts is obtained by taking
N — . In this case sharp, well-defined phase transitions ardlpessven in finite spatial vol-
ume. Thus it sometimes happens that larger volume lattgdtecof a smalN theory more closely
resemble the small volume lard&theory, than the small volume theory of the saxhdt is useful
to consider both perturbative results and lattice resaltigtinguish between small volume effects,
lattice artifacts, larg®\ effects, and non-perturbative contributions. This prdaggs reviews our
perturbative results for QCD o8 x S [1], comparing with lattice results fa¥ = 2 [7].

2. Background

For our perturbative calculations, all quantities are\agtifrom the 1-loop action of QCD
on St x S$°, which was originally derived in [5, 8] for theories with neogeneral matter content,
and summarized for QCD in [1]. For QCD witk colors andN; quark flavors with mass and
chemical potential: and at a temperatur®e = 1/f3 the action is given by

w N

s(6) - 21% (- a(nﬁ/R))_Zlcos(me. -6))
i ") (2.1)

)

ZI [enﬁwine. i efnﬁufine.]

where theg, are the angles of the Polyakov line matRx= diag{€?, ...}, andz, z; are the
single particle partition functions for (vector) gaugediehnd fermions, respectively, defined by

l (vT) l
z(B/R) = /Z dDepe —2 /Z ((0+2)e PR 2.2)
/=1 =1
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Figure 1: Quark number (Left) and Polyakov lines (Right) as a functibthe chemical potential for QCD
onSt x S, (Right).N =3,N¢ =1,m=0, 3/R= 30 (lowT).

2 (/R MR) = ,Z dDepe’ =2 ; 0(0+ 1)e PV DPHTPRR (2.3)
/=1 =1

3. N = 3results: Quark number .4 and Polyakov lines #; and &_1

We are interested in calculating quantities that are delévaom the partition function, which
in the low temperature limit takes the form

00

S % [ TTA(P") + (~1)"N¢z¢ (nB/R mRiePH Tr,:(P”)]] R
n=1

2(B/R) = [ [de exp[—

where[d6] = .,d6. We consider a few observables in this proceedings (moreacelated
in [1, 7]), specifically the quark numbe#” and the Polyakov lines?;, &7_4, given by

- u
v =5 (%) s 5 ey SRS
B\ ou B—w Z 1 eBu 1 g 16+B¢

Py = % / 6] eS (iieﬂﬂ> . (3.3)

ForN = 3 we are able to calculate these observables numericalfusedhere are only the integrals
over 8; and6, to compute sinc® € SU(3). Figure 1 shows the quark number and Polyakov lines
as a function ofuRin the massless limit. The level structure in Figure 1 (Lefthhe quark number
is caused by the Fermi-Dirac distribution function in eq.2j3wvhich results from taking thg
derivative. In the low temperature limi(— ) the Fermi-Dirac distribution function is zero for
U< sl(f) =(+ %)/R, and 1 foru > sl(f), S0 asu passes each energy level the quark number rises
another step. Thus, the quark number oflthelevel is given by 4 = NNs zbzlzz(u 1).

Close inspection of Figure 1 (Right) shows that the Polydkwes have the property?; #
Z* 1. This results at non-zerp for N > 2 from the fact that the dominant contributions to the

o N
> Zl%(£+1)

] e
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path integral lie in the space where the Polyakov line an@lese complex, a consequence of the
complex action. This will be important to our larggeanalysis since there the saddle point method
is valid. It is also interesting that the Polyakov lines aaraction ofu have a deconfinement spike
at each energy Ieveq(f), which results due to the finite separation of ﬂﬁ@ on a finite volume
and indicates that deconfinement only occurs during qua&ticn. Asu is increased pasq(f) the
newly created quarks combine and form color singlets.

4. Large N theory

Performing the sums overin eq. (2.1) we obtain for the action

1 X — 6; N
@) =5 Y [ IogS|r12< ) Z 21(1 + 2)log[cosHBe)) — cos6 — 6))] | +N ZIV(G)
i,j=1 i=
(4.1)
whereg" = (I + 1) /Rare the energy levels for transverse vectorSbr S* and
V() =iA6-3 o [Iog (1+eﬁ(“‘slf>+i9) +log (1+ eﬁ(‘“‘flf)‘ie)} : (4.2)
=1

whereg; = Z%I(I +1) and we have added the Lagrange multipli¢f to enforce the d&? = 1
constraintj.e. 3; 6 = 0.

The equation of motion in terms of the Polyakov line eigenealz; = €% and the energies
g, g taking 2 5N, — ® — §, Lp(2), becomes

e
: dz’
=P —

<,§2Tl1

7 o Blu+e)
z+ e Blu- 5|) zZ+ eB(Il+5|f)]

: +2) (222
Z (Z - zé3f| zerBflb)]
where% is the contour on which the eigenvalues of the Polyakov liegfbllowing [9, 10], but
taking the contour to lie off the unit circle). In the configiregions of theu — T plane the contour

is closed and the most general form of the eigenvalue depgity, determined from the pole
structure of the right hand side of eq. 4.3, is given by

4.3)
z’+z

ap bipy e bpa. L Cl P1
2 + B( Z +Y - %
Giz+ePh-a) | fizrebl-g)  Gzipehhre)
(4.4)
where the factors op.; indicate coefficients of terms with or without polesd respectively.

Solving the EOM and applying the constrayh’%p(z) = 1 gives the final form

il

41 | Nf zkekBqu'-H (kB/R mR) +z ke KPHz (kB /R, mR) @9
N 1-z(kB/R) 7

p(z) = a_1p_1+ +
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1
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wherebip; = —0j + 25,2 k(k+ 2)bi__1p1, (I <L), andA+L =257 ,1(1+1)e P4 . The
contour® is given byz(s) and is obtained by inversion @f(z)dz = ids, which takes the form

d5 —zexp g (=Dt [Z—ke—kﬂu (i by py B )]
k=1 k I=1

e ZeBuZ (KB /R) — z-ke *Prz; (KB/R) o)
pk; k | N 1—z(kB/R) '

In the low temperature limit this reproduces the resultslin [n the deconfined phase the eigen-
value densityp(z) develops a gap gsis increased towards an energy Ie&zlgl). To solve the EOM

in this regime we can no longer use Cauchy’s theorem in agéitifarward way since the contour
is not closed. Instead, we must define a resolvent

dz y z+7

wz)=— | 5:P2), (4.7)

and take the eigenvalues of the Polyakov line along a sqoateoranch cut [9, 10]. The EOM is
then obtained from the Plemelj formulae in terms of the ayeiaf the resolvent over the cut

1
2V (2) = _E[w(H £)+w(z—¢)], ze?, (4.8)
and the density is obtained from the discontinuityuif) across the cut
1
20(2) = 5 [w(z+e) - w(z—¢)], 2€%. (4.9)

Thus, observables can be computed from the resolvent byngetble contour off the cut and
collecting the surrounding poles using
. %p(z)F(z) = (g%w(z)F(z) . (4.10)

It is now possible to calculate observables in both the cedfiZnd deconfined regions. The
Polyakov lines can be obtained frogf., = ¢, 2"—7§p(z)zil in the confined regions, and from an
expansion of the resolvenb(z) = F1+F ZZﬁzlﬁlﬁil in the deconfined regions. The quark
number (normalized bi?) is given by the Lagrange multiplier” in the largeN limit (as shown
in [1]), which can also be calculated in both the confined agxbdfined regions. In the confined
regions it is found by solving the equation of motion to obttiie densityp(z) and applying the
normalization conditiorf g—pr(z) = 1to getan equation fart". In the deconfined regions the EOM
is solved for the resolverb(z), and the deP = 1 constraint/ 4"—7§Zw(z) logz = 0 gives an equation
for 4. The full details and results for the calculation of both Bayakov lines and the quark
number are presented in [1] and resemble what is observed foB, with the notable difference
that the largeN results reveal more sharply defined transitions. As for tidemoof the transitions
in the largeN theory, the normalized quark numhef is continuous as a function of the chemical
potential. Alsod.#"/du is continuous. But the third derivative of the potential 88t /du?, is
discontinuous, indicating that the transitions are thidko, of the Gross-Witten-Wadia type [9,10].
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Figure 2: The phase diagram in tHgtR TR) plane for QCD at larg&l andN; for zero quark mass (Left)
and large quark mass (Right).

T

[B———"——

* RI— ——
L i ! ¥ & 54
e N/N i 4
SAT . L
== Polyakov ling ; FT 46
; b
Foole 0Xq/25 ; ‘;.} B
; i ! s 3g
H i } 1’:
i b Bgl n
05- 1 . ox z il
L e oo e L R i 22
= R N
i NI st IO B A T A S
phoTES L L Lk
ey L E ﬁ:: ;F : o ,”z’ il £
! ? : AVI ST , X 8
I%I o %2‘% ' Ig%‘ x
*
i o e s % g oo ]% -
1 1.2 1.4 1.6 1.8 2
M

Figure 3: Lattice results fromN = 2 QCD for the quark number, Polyakov line, and quark numbsceso-
tibility as a function of the chemical potential, simulateula 64x 32 lattice with By = 2—'} =24,

The phase diagram in theR - TR plane can be obtained from the equations for the density
p(z) (eq. 4.5) and the contowux(s) (eq. 4.6) of the Polyakov line eigenvalues in the confining
regions. The equationg(u) for the lines of transition are obtained by calculating zhalues that
give p(z) =0, such that a gap is formed in the eigenvalue distributiod,then plugging these into
the equation foz(s) such that the gap in the distribution is constrained to ligh@ncontours’.

The results for small and large quark mass are presentedjime=2, indicating that the series of
confinement-deconfinement transitions is a low temperdéateire which is delayed as a function
of the chemical potential for non-zero quark mass, untit thass is (approximately) reached.

5. Latticeresults

Lattice results are obtained from simulation df= 2 QCD at non-zero chemical potential
and are presented in more detail in [7]. The main result isodyred here in Figure 3. These
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simulations were performed on a 8482 lattice with a gauge coupling @y = é—’;‘ = 24. The open

and closed data points refer to different initial configimas and indicate the existence of multiple
stable, or metastable, states. As seen for the theo§} arSe, the guark number exhibits a level
structure and the Polyakov lines show a deconfinement spéach level transition. Itis interesting
to note the differences though. From the lattice, the cuskepe of the steps in the quark number
and matching behaviour in the Polyakov lines could be duetmdlating the lattice theory on
the torus, or it could be a result of working at stronger cmgpl Another interesting feature,
which is also observable perturbatively &hx S° [7], is that the quark number susceptibility
Xq ~ T0.4"/0u follows the behavior of the Polyakov line, such that it alsoves as an indicator
of confinement-deconfinement transitions fog 0.

6. Relationship between the quark number and Polyakov line

Finally itis interesting to point out the relationship be®swn the quark number and the Polyakov
line which can be obtained in the large mass limit. From e®)(3he quark humber density goes
to

N _ MT 372 (u—m)/T
%= 2N Nf(z—n) e P, (6.1)

in the largem limit, which agrees precisely with what is obtained in thitid@ formulation ofN = 2
QCD at non-zero density in [11] It would be nice to explore this further.
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