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1. Introduction

Ny is the scale of strong interactions. This parameter has takesn from experiment and
can be determined from the running of the QCD coupling conistahis latter can be calculated
in a variety of non-perturbative ways on the lattice (see 2[13, 4, 5] and references therein).
In the guenchedtase [6] the comparison between the perturbative anddatterminations over
a large momentum window revealed the presence of a dimetsiA?) condensate, signaling
that momenta considered in lattice simulation are in a nenupbative region. Here we extend the
strategy of [7] to the case ®; = 2 twisted mass in the sea sector using configurations prdduce
by the ETM Collaboration [7], in order to study the effect bétquark mass.

2. Lattice computation of the coupling in the Taylor scheme

Following [6], we calculate the strong coupling constaotnirthe ghost-gluon vertex. Gluon
and ghost propagartors in the Landau gauge are defined as

ab G 2 V] a*b 27
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whereA = a~1(B) is the regularisation cut-offs andF are the gluon and ghost dressing functions
which can be determined by a non-perturbative renormaizgMOM). In the Taylor scheme [8],
where the incoming ghost momentum vanishes, the ghostigledex does not renormalize. This
allows for a simple determination of the renormalized cogptonstant in this scheme as
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in terms of only two-point gluon and ghost dressing functibleregy is the bare strong coupling
and u the renormalization scale. This definition can be used ittiedadetermination and is to be
compared with a theoretical formula in order to extragkp. As in thequenchedtase, using the
four-loops expression for the coupling constant in the Tagheme [9, 10]
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Extracting /At from the lattice data at eagh? using this perturbative formula does not lead to
a constant value. To understand the mismatch beetweerelattid perturbative determination, a
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non-perturbative OPE correction to the perturbative fdenisito be considered. This accounts for
the minimal power correction associated to the presencelmhansion-two({A?) condensate:

2 (02) (A2 )
ar(u?) = ap4s) (1+§—gi?ﬁ.l< _i>q> @5)

whered3 > Aqcp is some perturbative scale. This will cure the mismatch @adi lto a good
determination for\t in the Taylor scheme, which eventually can be be relatedewafue of the
scale in theMSscheme through
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3. Artefacts

We exploited data from ETMC configurations at maximal twistd variety of run parameters
(tab. 1) in order to study physical and systematic effecteun determinations. This have the
main advantage of reducing the discretization artefact§ (@f), wherea is the lattice spacing.
Nevertheless, artefacts are expected to came at diffexealsl A first kind of artefacts that can
be systematically cured [11, 12] are those due to the brgakinthe rotational symmetry of the
euclidean space-time when using an hypercubic latticerevtigs symmetry is restricted to the
discreteH (4) isometry group. It is convenient to compute first the averafgeny dimensionless
lattice quantityQ(apy) over every orbit of the groupi(4). In general several orbits df (4)
correspond to one value pf. Defining theH (4) invariantspl" = Zﬁ:l py;, if the lattice spacing is
small enough such that= a?pl¥ /p? << 1, the dimensionless lattice correlation function can be
expanded in powers af.

Q(a2 p2,a*p, a8plf), a2A2 o) = Q(a2p?, a2AZ dQ 2@
p.a’p™,a’p™, aAgep) = Q@ P, aAgep) + de | oa 02 +-- (3.1)
H (4) methods are based on the appearance®(a&) corrections driven by @ term. The basic
method is to fit from the whole set of orbits sharing the safthe coefficientdQ/de and get the
extrapolated value dp, free fromH (4) artefacts.

A second kinf of artefact could come from dynamical quark seas We will argue that this is
a ﬁ(azug) effect and therefore that it is a lattice artefact. We haveutated theH (4)-free ghost
and gluon dressing functions and combined in order to cateuheH (4)-free lattice coupling
through eq. (2.2). In Fig. 2 one can see the Taylor couplinigr &fypercubic extrapolation for
different Ly at fixed3 = 3.9 and 405. Indeed, a dependencetigis clearly seen. If it is an artefact
the dependence should beaﬁug. If it is an effect in the continuum it should be some unknown
function of the physical magg,;. Trying anﬁ(azug) dependence, we write the expansion :

_ o
a7 (ap?,a%u?) = ar (p?) + Ro(a2p?) a2, Ro(a?p?) -
d(a%Hg)

(3.2)

Provided that the first-order expansion in eq. (3.2) is bidiaa linear behaviour oazug has to
be expected for the lattice estimatesogffor any fixed lattice momentum computed from simula-
tions at any giver and several values qf;. We explicitely check this linear behaviour to occur
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for the results from oup = 4.05 andp = 3.9 simulations and show in Fig. 3 some plotsaaf
computed a3 = 4.05 (where four different quark masses are available) foresmpresentatives
lattice momenta in terms @fpig. In fig. 4, we plotRy(a?p?) as a function ofip computed for the
four lattices simulations g& = 4.05 with different quark masses and for the three ongb-at3.9.
Indeed, it can be seen that a constant behaviour appearsithiaeed fop > pmin ~ 2.8 GeV. We
will not risk an interpretation of the data beldap)min. The striking observation here is that above
Pmin both lattice spacings exhibit a fairly constaRy(a’p?) and a good enough scaling between
both B’s. The fact thaRy with our present data goes to the same constant for @stHeads us to
consider that the: dependence aff is mainly a lattice artefact (else it should be a functioruof
and not ofau).

The main result of this work is taking into account the effedtie to dynamical quarks in a
global analysis of the lattice determinations. This lead froper extrapolation to the continuum
limit, which can be compared with continuous formula in ortteextract/\ys.

B allq Volume | Number of confs.
3.9 (;)é)(;);l 243 « 48 12200 This paper| String tension
| ooto ) %0 a(3.9)/a(4.05) | 1.224(23)| 1.255(42)
0.003 5 a(3.9)/a(42) | 1.510(32)| 1.558(52)
0.006 20 a(4.05)/a(4.2) | 1.233(25)| 1.241(39)
4051 5 008 3264 20 Nusa(3.9) 0.134(7)
0.012 20 g?(A%a?(3.9) | 0.70(23)
42 | 0.0065 | 328 x64 20

Figure1: Left: Run parameters of the exploited data from ETMC colfation. Right: Best-fit parameters
for the ratios of lattice spacingéy;s and the gluon condensate (for whiafB.9)qo = 4.5 is chosen). For
the sake of comparison, we also quote the results from [E3]wiere obtained by computing the hadronic
quantity,ro/a(f3), and applying to it a chiral extrapolation.

4. Nys and the gluon condensate

The running ofat given by the combination of Green functions in eq. (2.2) draextrapo-
lation through eq. (3.2), provided that we are not far from tontinuum limit and discretization
errors are treated properly, depend only on the momentuogfexmaybe, finite volume errors at
low momenta). The supposed scaling of the Taylor couplinglies for the three curves plotted
in fig. 4 to match to each other after the appropriate conversf the momentum (in x-axis) from
lattice to physical units, with the multiplication by thetlae spacing at eacB. Thus, we can apply
the “plateau”™method described in [6] for the thi@'s all at once by requiring the minimisation of
the totalx?:

: i a2 (MBS s)
X <a(B0)/\W,C,m,m> = J;Z 52(/\i) ) (4.2)
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Figure 2: Left: The Taylor couplings estimates, aftéf(4)-extrapolation, atB = 3.9 for py =
0.004,0.0064 0.010. Right: The slopes for the mass squared extrapolatié@rims ofap computed for
the four lattices simulations @& = 4.05 (32 x 64) with aplg = 0. 003 0.006,0.008 0.012 and for the three
ones a8 = 3.9 (24° x 48) with aplg = 0.004,0.0064 0.010.
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Figure 3: We plot the values of the Taylor coupling @t= 4.05, computed for some representative values
of the lattice momentuna(4.05)p = 1.08,1.18,1.24,1.36,1.45,1.52, in terms 0f?(4.05)u2 and show the
suggested linear extrapolationa? = 0.

where the sum ovef covers the sets of coupling estimates for the th#se(3y = 3.9, 1 = 4.05,

B> = 4.2), the index runs to cover the fitting window of momenta to be contained fagion in
which the slopdzy ~ —90 was found to be constan; (3;) is obtained for anyB; by requiring the
best-fit to a constang results from the best-fit: it is the Wilson coefficient of tHa@n condensate
in eq. (2.5), where the leading logarithm correction is naket into account, whee $p)qo = 4.5
(this meangy ~ 10 GeV) was chosen. The functigff is minimised over the functional space
defined by the four parameters that are explicitly put in arvgnts for eq. (4.1)’s I.h.sa( o)/ \ys. C,
Zggé; : % Thus we obtain all at onoy;s and the gluon condensate, in units of the lattice spacing
for Bp = 3.9, and the ratios of lattice spacings for our three simutetiafter the extrapolation to
the limit ug — O (see tab. 1). The errors are calculated again by jackknédysis. The ratios of
lattice spacings can be applied to express the momental fineathree sets of coupling estimates
plotted in fig. 4 (left) in units of the lattice spacing At= 3.9. Thus they indeed match each
other and fit pretty well to the analytical prediction witletbest-fit parameters fakys and the

gluon condensate, in units of4(3.9) (see tab. 1), as can be seen in the plot of fig. 4 . A detailed
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Figure4: Left: The Taylor coupling, free dfl (4) and mass-quarks artefacts, for the thBee 3.9,4.05,4.2
and plotted in terms of the lattice momenta@B)p. Right: The scaling of the Taylor coupling computed
by for the threeB = 3.9,4.05,4.2 is shown. The lattice momentum@(3)p in the x-axis, is converted to a
physical momentum in units (the same for the thBé® of a(3.9)~1.

discussion about systematics can be found in [14] indigatiat main sources of errors are under
control. Assuming the valug(3.9) = 0.0801(14) fm [13], we quote our result as

0.0801 fm

Ay = (33042
s = (83023 x =

(@A 008011\ ¢ s
MeV , g°(dg) (A%)q = (24+£0.8) x < a(3.9) GeV- .

5. Conclusions and outlooks

We computed the renormalized strong coupling constanyainal a variety ofNs = 2 gauge
configurations generated in the ETM Collaboration. We peréxl an elaborated treatement of the
lattice artefacts and a precise estimate of the couplingseainfinite cut-off limit. The coupling
estimates for lattices at differefits were seen to match pretty well, as should happen if theffut-
limit is properly taken, when plotted in terms of the renolizetion momenta converted to the
same units by applying the appropriate lattice spacingssiailhese ratios could be either taken
from independent computations or obtained by requiringoist matching with pretty compatible
results. Thus, once we are left with the estimates of thelsayponstant extrapolated at vanishing
dynamical massgly, for every value of the renormalization momentym they were converted via
a fit with a four loops formula into the value dzs. As in th quenchectase a condensaté?)
is needed in order to get a constagfs. As an outlook, we want to apply the same analysis to
the case of lattice QCD withlf =2+ 1+ 1 andN + f = 4 dynamical flavors. This will lead to
give areliable lattice prediction for the coupling constaay atVz, to be compared with available
experimental determinations.
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