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1. Introduction

The self-coupling of gluons in quantum chromodynamics suggests theredste glueballs,
bound states of mainly gluons. A clear experimental evidence for their egesstemains however
elusive. On the theoretical side predictions for the glueball masses graliffcult to obtain.
They require a detailed knowledge of the QCD vacuum, which cannot tagnel by standard
perturbative techniques. The most reliable approach is provided byrinaingimulations of the
theory on a space-time lattice. In general, the mass of the lightest asymptotiwishategiven
set of quantum numbers can be extracted from the Euclidean time deperafem suitable two-
point correlation function computed on the lattice via Monte-Carlo simulations.cbhntribution
of the lightest state can be disentangled from those of other states by igdedisource fields
at large-enough time distances. The associated statistical error catinetes from the spectral
properties of the theory [1, 2]. Very often the latter grows exponentiallly the time separation,
and in practice it is not possible to find a window where statistical and systeearnatis are both
under control. This is the major limiting factor in numerical computations of the gluetasses
in the Yang—Mills theory. In the following we will review the “symmetry constraihapproach
we have introduced in [3] and present numerical applications, showatgttmdeed solves the
exponential noise to signal problem and it allows for a complete computatigniniciple, of the
glueball spectrum.

2. Symmetry Constrained Monte Carlo

The exponential noise to signal problem affects the standard precedwe for any given
gauge configuration all asymptotic states of the theory are allowed to @tepiagthe time direc-
tion, regardless of the quantum numbers of the source fields. Thetqguantum numbers are
recovered in the gauge average only and as a result of large canoaslldtispired by the transfer
matrix formalism, we have designed a multilevel algorithm in which the propagatiimeof
states with a given set of quantum numbers only is permitted. The exporgotiégm is removed
in the same way as originally proposed in [4] for the correlator of Polya&ops. For the sake
of simplicity we will here discuss again the case of the Parity-Symmetry Cornstrailgorithm
and generalize it to all lattice symmetries in the following. Hierarchical (or multijésegration
schemes are usually designed for specific (classes of) obseniabdes.case we want to compute

Z (T) = Tr{'T’T (“f) ﬁe} , (2.1)

i.e. the contribution of the parity odd states to the partition function. In the akmquationT is the
Transfer matrix, and T is the temporal extent of the lattfejs the projector on gauge invariant
states and] is the parity transformation operator. In order to build a hierarchical iategr scheme
starting form a local update procedure one needs to bring the obkemabfactorized form. We
consider an obvious factorized form Bfand generalize it td—. If we introduce thick time-slices
of temporal extent then in the configuration basscan be written as

Z(T)Z/TﬁlD Via] T4V 11, Vid] 2.2)
1] 3[Vid (i+1)d> Vid] » .
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with
T9 Vs Vo] = (Voo TP Vi) - (2.3)
By introducing
_ 1

(T )d[VXO-‘rd?VXO} = 2 {Td [VXO-‘rd?VXO] ~ T [VXO+dan€]} (2.4)
where the superscril means that the state has been parity transformed, equation 2.2 gets im-
mediately generalized td—(T). It is easy to see that the modified transfer matrix elements
(T7)9Vxo1d, Vi) vanish whenever either one of the stafigsandV, , 4 is invariant under parity, in
other words only parity odd states are transfered. The details of the iwaiigrplementation of
the resulting multilevel algorithm are discussed in [3]. Aiming at the fAtigZ, the basic quantity

to be computed for eacdubrlattice of time extend with Dirichlet boundary conditions is the ratio
of partition functions

xo+d
Td {vxﬁd,vm}
The product over the thick time-slices of a simple linear combination of thoses rigtithen in-
tegrated numerically over the boundary configuratidgsiqy generated with the usual Boltzmann
weight. An exponential error reduction is achieved because for largegh values ofl, sayd
of the order of the inverse critical temperature, each factor is of the sigae & 9, with E~ the

energy of the lightest parity odd state, on any gauge configuration andadtsdtions are reduced
to the same level.

Td [VD on}

2.1 Resultsfrom the parity constrained Monte Carlo

We have tested this strategy in the Wilson regularization of the SU(3) Yang-thitsy [5]
by determining the relative contribution to the partition function of the paritysiedtes on lattices
with a spacing of roughly Q7 fm, spatial volumes up taBfm?, and time extents up to. 2fm [3,
6]. We show in Fig. 1 the results for the ralo /Z as a function ofT /a for lattices of different
size, namelyL/a = 8,10 and 12. After tuning the parameters of the algorithm we found 50 to
100 measurements to be enough to reach the accuracy shown. We bdeetws level algorithm
for T/a < 10 and a higher, three level, scheme Tofa > 12. These results demonstrate that
the algorithm behaves as expected, and that the multi-level integration saieed achieves an
exponential reduction of the numerical effort with respect to the stdrmufacedure. We find quite
remarkable that we could follow an exponential decay over almost 7oodenagnitude and for
time separations of about 3 fm. In addition the agreement among the resultdognt values of
L/a shows that at these volumes torelon contributions, if at all present, gligibke.

3. Generalization to the complete set of lattice symmetries

Without fixing a complete set of quantum numbers particle identification is véigult, even
if T is large enough for the partition function restricted to a given sector totnéndded by a single
state. For example, in the parity odd sector a superposition of states as

(0B -0 -p) o= 2
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Figure 1. The ratioZ~/Z as a function ofT /a for different lattice sizes. The lattice spacing is always
a~0.17 fm.

is contributing and its energy may be smaller than the mass of the lowest parigjuedzill. Such
a contribution could of course be removed by projecting on zero spatial momeihe example
shows that for a precision study of the glueball spectrum it is necessdiy several quantum
numbers. The symmetry groups of the lattice SU(3) Yang-Mills theory are

e Charge and Parity conjugation. These are Abelian groups composeeléynants each.
e Spatial translations. This is again an Abelian group Witfa)® elements.

e Central Charge conjugation. This is a symmetry group of the pure gaugeytimea finite
volume with periodic boundary conditions [7]. The group is Abelian and isarafd27
elements.

e The Octahedral group of lattice spatial rotations. It is a non-Abelianmecomposed by 24
transformations.

In general elements from different groups do not commute and therefily a subset of the associ-
ated quantum numbers can be simultaneously fixed. In the following we will kb projectors
on irreducible representations of each of the above groups can bduot in the formalism
presented in the previous section [8].

Let us consider one symmetry group of orgeirhe phase space of the theory can be factorized
into regular representations constructed by starting from a [stagnd by applying on it all group
transformations to obtain the “vector™) = [j|V), i = 1...g. Group theory then tells us how
to construct the projectd?®) on the irreducible representatipnof the group, namely

~ n .
pH) — *“.in(“) F (3.1)
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wheren,, is the dimension of the irreducible representation, aﬁﬂ is the character of thigh
group element in that representation. The contribufih to the partition function coming from
the states transforming in the irreducible representation

zZW(T) = Tr{?Tﬁ(u)ﬁG} 7 (3.2)

can be re-written, in fully analogy to what has been done for the casesgfattition function
restricted to the parity odd states, as (cf egs. 2.2-2.4)

"=/

(T( )) Vi, Vi) = ZX. Td VXo+dan0] (3.4)

T/d-1

I DalVal (T Y M Vi (33)

where

which extends eq. 2.4 and reproduces it in the case of the non-singteseatation of the parity
group. The basic quantities to be computed in the multilevel algorithm are nowttbe r

I
Td [on+d7VXo}
Td {vxﬁd,vm} ’

and the product over the thick time-slices of proper linear combinationschf guantities is then
again integrated over the boundary configurations. When severafunanumbers are fixed the
number of ratios to be computed grows as the product of the dimensionsadgdbeiated groups.
The numerical cost of the algorithm however does not increase aogty,thasically because the
accuracy on each single ratio can be relaxed as their number beconszg§8rg

4. Numerical Results

As an explicit example we consider the projector on a given spatial momemturhat will
be used in most of the cases to project to zero momentum except for the tediopof the mass
of the lightest 0" glueball, where by projecting on a finite momentum we will get rid of the
otherwise dominating vacuum contribution. The relative contribution of sttesnomentump
in the system with Dirichlet boundary conditions is given 5‘{(5() representing translations By

(T ﬁ)d [on+d7on} Td [VXO(JF()j,VXO}

_ z flﬁx‘ )
Td {vxﬁd,vm} V L/a Td [vxﬁd,vm}

We have implemented the above projection together with the projection on thyeawrjugation
even sector for some of theg/a = 8 runs discussed in Section 2. This serves as a test of part of the
strategy we plan to follow to eventually compute the mass of the lowesglueball state. Results

are shown in Fig. 2. We plot the square of an effective energy, defise-(In(ZPc=*/2))/T
averaged over the number of momeftavith the samep|?, versus|p|? for different values of
T/a. As T becomes large enough f@P“=*/Z to be dominated by a single one-particle state the

(4.1)
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Figure 2: Effective energy from the ratiédPC=+ /Z (see text) versugp|? for differentT /a.

plot should reproduce a linear dispersion relation and the slope shquidzegh the speed of light
valuec? = 1. We see that such a situation is realizedTga = 6 and larger values of produce
consistent results tough with larger errors. By extrapolatinglttee= 6 data to zero momentum
we could estimate the mass of the corresponding state with a few percerd@cclo claim that

this state is the 0" glueball we however need additional computations in order to exclude parity
odd- and higher spin-glueballs [8].

5. Conclusions and outlook

The exponential growth of the noise to signal ratio is one of the main obstnsdiioprecise
computations in lattice QCD of observables defined beyond the mesonic. dadtee pure gauge
theory this problem can be cured by moving away from importance samplishgh@nstandard
approach relying on the computation of two-point functions. We havegsegban algorithm where
projectors can be introduced which allow the propagation in time of states vgitiesg quantum
numbers only on each gauge configuration. The approach has bashritamerically in the four-
dimensional SU(3) Yang-Mills theory by computing the relative contributioraenity odd states to
the partition function. In this way we could follow an exponential decay @vaders of magnitude
and up to time-separations of 3 fm and verify that the algorithm scales awexr pd the time
separation for a fixed precision on the rate of the exponential decay.

We are now performing a glueball spectroscopy study in this setup. Torttisve have ex-
tended the approach to include projectors on all lattice quantum numbers feasibility study
of a strategy for the computation of the mass of the lightést @lueball we have tested the pro-
jector on a finite spatial momentum. The results are encouraging, howerea qurojector is too
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expensive to be treated exactly and we are currently exploring the efficaf stochastic imple-
mentations [8].

Finally, compared to other approaches, the one we are following offegsabsibility to com-
pute in addition the multiplicity of a state, and even more interestingly, to hnumericalle fihe
existence of a mass gap in the pure gauge theory [8].
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