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1. Introduction: the string/field theory correspondence

The AdS/CFT correspondence implements the holographic principle, realizing the idea that
a quantum field theory in d dimensions is equivalent to a theory containing gravity in at least
d + 1 dimensions. Thus, the latter is supposed to describe all the degrees of freedom, and the
corresponding interactions, of the quantum field theory, at least in some regimes of parameters.
The master example is the conjectured equivalence between 4d .4 =4 SYM with gauge group
SU(N,) and Type IIB string theory on the AdSs x S° background [1]. The main interest of this
statement resides in the parameter regime of the field theory where the gravity approximation to
string theory is reliable: the planar limit N, > 1 at large "t Hooft coupling A ~ g#,,N, >> 1. That is,
affordable computations in a classical theory of gravity completely determine the strong coupling
regime of a quantum field theory.

The concrete realization of this correspondence requires that each ingredient in the field theory
(FT) has to have a dual description in the gravity theory. This determines a dictionary between the
two theories. Some of its main entries are the following:'

e For each operator & in the FT there must be a dual gravity field .
e A vacuum in FT corresponds to a background gravity solution.

e The RG scale is dual to some radial variable r in the gravity background: an asymptotically
Anti de Sitter manifold with a natural boundary at r — oo,

e Deconfined phases at finite temperature and charge density are realized by charged black
holes.

e Transport coefficients, i.e. the response to external perturbations in FT, are derived by per-
turbing gravity fields.

The actual way to compute correlation functions in FT from gravity is encoded in the basic formula
(2, 3]
(™ 07 = Serann(®0), (1.1)

where @y = lim,_,.. P is the boundary value of the gravity field ® dual to the operator &. Via the
gravity equations of motions and selecting an appropriate behavior of @ in the interior, the value
of @ is determined everywhere by ®q. The left hand side of the formula above is the generating
functional in FT of the correlations functions of the operator &, so essentially solves the FT; the
right hand side includes the gravity action on-shell on the solution of the equations of motion for
D.

As an example of this formalism, let us consider the strongly coupled .4 =4 SYM plasma at
temperature 7. The thermodynamically favored phase, corresponding to deconfined matter trans-
forming in the adjoint representation, is described by a black hole in AdS. Let us also consider one
particular operator: the T, component of the energy-momentum tensor. Its dual gravity field turns
out to be the g,, component of the metric. Then, the two-point function

[Ty (£,%), Ty (0,0)]) (1.2)

'We are quite cavalier with details.
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can be calculated from the on-shell supergravity action for the graviton g,,, determined by its
equation of motion on the AdS black hole.

At long distances, late times as compared to 1/7, the .4 = 4 SYM plasma admits as usual a
hydrodynamic description, whose basic equation is simply the energy-momentum conservation

VT =0. (1.3)

Up to second order in the derivative expansion, the hydrodynamics energy-momentum tensor reads
[4, 5]
T = eutu’ + pA*Y + v + AMVTT, (1.4)

where ¢ is the energy density, u* the velocity field, p(€) the pressure, A*Y = h*Y 4+ u*u¥ with h*Y
the 4d metric and

V.
v = —notV +n1, [(Do“v> + = MGHV} +x {R<‘”> - 2uauﬁR“<“V>B
+A G)L<“Gv>7L +}ng/l<ﬂgv>/l 4 A3Q;“Qv>l n K‘*ZuauﬁRa<“V>B

V.
—1—771;?”6“V+7L4V<” logsVY” logs, (1.5)

II = —C(V-u) + C’CHD(V'M) —i—é]G“vG”v +§2(V~M)2+§3QMVQNV
+&4V; logsV! logs+ &R+ Equ®uP Ry . (1.6)

For the precise definition of the structures in these expressions we refer to [5]. In principle, the
transport coefficients of the structures above are determined by the microscopic theory. The most
important transport coefficients are the shear and bulk viscosities 17, { and the two relaxation times
Tr, Tr1, which have possible implications for the elliptic flow measured at RHIC and LHC.

For a general strongly coupled theory, the theoretical determination of the transport coeffi-
cients is a daunting task. In the case at hand, on the contrary, they can be extracted with a reason-
able amount of work from gravity. The shear viscosity, for example, can be derived in FT via the
Kubo formula

1 = limg % [tz (10,9, 7o 0.0)) 17

The gravity calculation for the g,, component of the metric determines the correlator and finally
the value of the shear viscosity over entropy density [6]

n 1

riars (1.8)
It is by now well known that this result for ./” =4 SYM in the planar limit is surprisingly compati-
ble with the experimental results at RHIC and LHC, even though experimental errors remain large.
Other methods of obtaining this quantity, such as perturbative QCD or lattice, give higher values,
hardly compatible with experiments.

The result above shows both the relative simplicity of holographic methods and their possi-
ble relevance for a deeper understanding of experimental settings, whenever there are no reliable
direct theoretical calculations available in QCD. An extensive review of the applications of the
gauge/gravity duality to the physics of heavy ion collisions has appeared in [7].
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2. D3-D7 Quark-Gluon Plasmas

In the heavy ion scattering experiments at RHIC and LHC a Quark-Gluon Plasma is produced.
This is a thermalized system at finite (small) baryon chemical potential where the quarks and gluons
are deconfined. >From a theoretical point of view the investigation of the QGP is quite challenging.
In fact, the analysis of the experiments indicates that it is in a strong coupling regime, rendering
perturbative QCD not entirely suitable for the purpose. Lattice methods are clearly one of the best
instruments for this investigation, but they cannot be exhaustive. Apart from the sign problem for
chemical potential, which can be overcome in some way for small values, the main difficulty of
the lattice approach is that it is not very suitable for real time physics (transport coefficients, probe
physics), which plays an essential role in the experimental systems.

In this context, the holographic approach can furnish novel insight in the problem. It is au-
tomatically a strong coupling approach and, as we have seen above, it allows to access with ease
real time phenomena. Moreover, as we will review, it allows for the investigation of theories with
dynamical flavors at finite chemical potential. The obvious price we have to pay in this approach is
that we are investigating a theory, in the planar limit and very large "t Hooft coupling, which is not
QCD, but one of its relatives.

In this note, we are interested in reviewing the inclusion of dynamical flavors in the holo-
graphic approach to the physics of the .#" =4 SU(N,) SYM plasma. Flavors are studied by in-
troducing Ny explicit D7-branes in the AdS black hole background. In the strict 't Hooft limit
(N — oo with Ny fixed), the branes can be treated in the probe approximation, where their back-
reaction on the background is ignored and therefore the flavors are quenched [8]. This approach
allows to study a number of physical problems, but it misses part of the physics of the RHIC and
LHC QGPs, where a significant fraction of degrees of freedoms are dynamical fundamental quarks.

The problem with going beyond the quenched approximation is that calculating the backreac-
tion of the flavor branes is usually a very difficult task, involving the solution of systems of partial
differential equations. In order to overcome this difficulty, in [9, 10] a method was introduced,?
termed "smearing technique", which takes advantage of the parameter regime under consideration.
Since we are in the planar limit N. >> 1, the probe approximation breaks down when we introduce
many flavor branes, Ny > 1. Thus, these many branes can be homogeneously distributed in their
transverse space, recovering (part of) the original symmetry of the solution and typically reducing
the system to a set of ordinary differential equations. The main effect in the dual field theory is that
the considered flavor group is Abelian.

Employing this technique, the backreacted background corresponding to massless flavors can
be derived in the form

dsy = h~'"?[—bdi® +dx'dx;] + h'*[bS F2do® + S?dsky + F2(dT+Age )], (2.1

where "KE" indicates a Kihler-Einstein manifold, which in the .4/~ = 4 case is CP,, and Agg is
the connection one-form whose curvature is related to the Kéhler form of the KE base: dAxg =
2 Jkg. Using the invariance under diffeomorphisms we have chosen a radial coordinate ¢ which is
convenient to write the equations of motion of the system. The solution with zero charge has been

2For a review of this approach, see [11].
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derived in [12], while its generalization at finite charge appears in [13].> It can be expressed by
means of two parameters

Ny S L M 5.
& )“'“Nc’ 5 AhT<1 24) (2.2)

where U is the quark chemical potential and the subindex ;, means that the coupling is evaluated
at the temperature of the plasma. Up to order 8,3, 52 the perturbative solution can be derived in
analytic form and expressed in a new” radial variable r such that 2 = R*/r*, R being the radius of
the undeformed AdS space

4 8;,32 rh 2 7 r
b(r) = 1- 4 — = <<2—rj> <r§—log [Hrg]) —rZ(l—log2)>
252 2 4 6 4 2 4
€6 r, 291, S5r, 17 r, il 1771,
17 2 20 2L 2— ) jog |1+ 2|+ —L1og2
2 < 2T oA 2 2 P )R T T
1

9 ™
S(r) = [H24+h<1152_24lg )

8h52 r? r r% 1
80" (3 o _3(1-2" Viog |14+ | -2

+ 40 <3 ri 3 < r og |+ r2 2G(r)
2

h
g2 5> 7 4 r 11
S [ —33+422-2433(1-2- |log |1+ 2| +—
e (vt (-] o)
17 1. 7
Fr) = [1_24+’1<1152+241g )

8},52 2 2 }’4 2
+—— 13- 22 +5 1— log [ 14 1| +2G(r)
40 23 72

h

8232 rz 72 A )
“he [ 214154— —35-2 421 (1—-2= Jlog |1+ L] —14G
G (s o s 7] )

82 r rp rﬁ
D(r) = <I>h+£hlog— ~ 8 <8 <1+3log> log— —3Li [1 —4]>
rp rp r r

282 2
€26
ph <41—27r—26r2—

15r’%+G()+ 14185 ) 1og |14 72| 291092
2 r — |lo -1 —291o
120 2R Y e &)

h

where @ is the dilaton, G(r) = 2% % 2F1 (2, 5, 1,1 — —) is an hypergeometric function and Li» (u) =

Yo Z—; is a polylogarithmic function. The parameter r;, marks the (perturbative) position of the
horizon defined by b(r;,) = 0+ O/(&}, 5*). In addition to the metric and the dilaton there are non-
trivial differential forms and a U(1) field turned on in the worldvolume of the D7-branes, dual to
the chemical potential. We refer to [13] for details.

The regime of validity of this solution is limited to the usual range N, > 1,4, > 1 and, as we
have seen, Ny > 1; moreover, since the theory has a Landau pole in the UV, in order to decouple

3The zero temperature solution for massless flavors appeared in [14], the ones for massive flavors in [15, 16, 12].
“For the explicit form of the equations satisfied by the fields in the ansatz in the variable o, we refer to the original
paper [13].
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the IR physics from the UV we must require &, < 1; finally, in order to have an analytic solution
we required 0 < 1, an assumption that in principle can be relaxed.

3. Results

The solution described in the previous section allows us to study a number of effects of dynam-
ical flavors at finite baryon charge in a strongly coupled theory in a completely controllable setting.
As a first topic, let us exhibit the thermodynamic quantities (entropy density s, energy density &,
grand potential @, specific heat ¢,) in the grand canonical ensemble

1 2 a72 3_ 1 32 7 2 2
= —1N?T? |1+ = g,(1 —e2(1 1
s 27rNC _ +2sh( +6)+24sh( +07)], (3.1
3 2a72 4- 1 1\ 1 2 7’\2
€= NT" |1+ -g,(1420°)+ z¢g,(1+-07) |, (3.2)
8 2 3 4
1 1 | 7 o
w=—p= _§n2N§T4 [1+2sh(1+262)+6e,3(1+262)] , (3.3)
o = 2N 14 e, (148) + Lt (114782)
M R 24" '

Note that in order for the standard thermodynamic relations to hold it is essential that the following
2 « <
dependence is actually realized: fngh =7+ 0(g}), (Z—?)u = —% (1+2+0(gp)).
The breaking of conformality due to fundamental matter is a second order effect in &, and is
not affected by the finite charge density

1

e—3p = E7r2N3T‘he,f, (3.4)
1 1

e 3 [1 —684 , (3.5)

where c; is the speed of sound.

Another example of the interest of such kind of solution is provided by the study of energy
loss of a probe parton in the plasma. It is known that in the experimental setting the energy loss
is huge and it is very interesting to characterize such process from a theoretical point of view.
We will concentrate on one coefficient, the "jet quenching parameter” § which accounts for such
a characterization. It is defined as the transverse momentum squared transferred by the plasma
to the parton per mean free path. In string theory there is a very simple way of calculating such
quantity by means of a partially light-like Wilson loop [17]. In the case at hand the outcome of this
calculation is (neglecting O(e7) terms) [12, 13]

3203 2 A
é_r(sgzt)\/fhﬂ 1+ §n£;1(1+0.867552) . (3.6)
]

The naive interpretation of this formula is that both uncharged flavors and a finite charge enhance
the jet quenching, i.e. the energy loss of the parton.’ Although being a priori completely unjustified,

5Tn the uncharged case, this result was already obtained in [18] from non-critical string models, which on the other
hand suffer from uncontrolled approximations and so are not quantitatively fully reliable.



Holographic Flavored QGPs Aldo L. Cotrone

one can plug in the formula above quantities reasonable for the RHIC experiment, such as N, =
Ny =3,T =300MeV, 4, = 6m, u = 10 MeV, obtaining § ~ 5.3 (GeV)?/fm [12], as opposed to
G ~ 4.5 (GeV)?/ fm for the unflavored theory [17]. The most common values reported for RHIC
are § ~ 5 — 15 (GeV)?/ fm, so the naive extrapolation of the formula (3.6) is surprisingly close to
the real values. This fact could be a total accident, or else a signal that the energy loss process at
strong coupling is quite insensitive to the details of the theory under consideration, as it happens
for the shear viscosity over entropy density value.

The above statement of the enhancement of the jet quenching due to flavors and charge density
is definitively too naive, since it involves the comparison of two theories with different numbers
of degrees of freedom. Adding fundamental flavors and charge enhances the entropy density, so
the enhancement of the parton energy loss could be a trivial consequence of this fact. In order to
disentangle the two effects, one can compare the unflavored and flavored theories keeping fixed the
number of degrees of freedom, i.e. either the entropy or the energy density. This can be achieved
by adjusting the temperature 7, obtaining the result that flavors do enhance the jet quenching but
the charge density reduces this enhancement. Or, one can fix the number of degrees of freedom by
varying N, (at fixed 7). In the latter case, while again the flavors enhance the jet quenching, the
effect of the finite charge is to increase the enhancement.

All in all, the solid conclusion that can be extracted from the result above is that dynamical
flavors enhance the jet quenching; note that this is probably the only reliable computation of the
effects of dynamical flavors at strong coupling on the energy loss of partons in a plasma. Consid-
ering that flavor effects are often discarded as subleading in phenomenological estimates [19], the
result should give an important indication that the latter approximation is probably not justified.

4. On hydrodynamics of holographic plasmas

There are solid lattice indications that the QCD plasma is both nearly conformal and strongly
coupled in the temperature window relevant for the present experiments 1.57;. <7 < 47,.. Probably
the simplest way of modeling this situation holographically is by an AdS background deformed by a
scalar dual to a marginally relevant operator. The latter theory behaves effectively, at leading order
in the deformation, as a so-called Chamblin-Reall model. For these theories, all the hydrodynamic
transport coefficients up to second order can be extracted from the results in [20]. Thus, one can
give an estimate of the (initial behavior of) transport coefficients, up to second order, for RHIC and
LHC [21, 22]. With the definition®

§=1-3¢2, 4.1

where ¢, is the speed of sound, and referring to the hydrodynamic stress-energy tensor in (1.4),
the transport coefficients are given in Table 1.7 Considering the difficulty of dealing with such
coefficients in QCD, this information could be useful in numerical simulations of the hydrodynamic
evolution of the QGP. In particular, the behavior with the temperature and the speed of sound of
the shear and bulk relaxation times 7, 7ry is both potentially relevant and unexpected.

®Note that & and & are completely unrelated terms.

"The uncharged flavored .#" = 4 SYM plasma has these same coefficients with § = sﬁ /6. Unfortunately, the
Chamblin-Reall model is not able to describe the charged case due to the presence of extra fields in the gravitational
setup.
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Table 1: The transport coefficients at leading order in the conformality deformation parameter § = 1 — 3¢?.

5. Future directions

The technique employed above in order to study the dynamics of fundamental flavors is suit-
able for a number of possible interesting applications in the near future. Clearly, a first route would
be to extend the analysis above beyond the small 5 regime, exploring the large chemical potential
region of the phase diagram which could correspond to extremality of the dual black hole. More-
over, considering the results above, a deeper investigation of the probe parton physics would be
quite important, considering also the experimental possibilities of the LHC experiment. It would
be also interesting to explore the optical properties of the system along the lines of [23, 24]. Finally,
it would be worth exploring the condensed matter applications of this formalism in the context of
the holographic duality.
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