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1. Introduction

QCD sum rules (QCDSRS) [3, 4] constitute a very useful tdwht £nables us with a pow-
erful connection between QCD parameters and physical wdisiess. They have been widely
used during the last thirty years to study many importaneetspof both perturbative and non-
perturbative QCD. Here we will focus on QCD sum rules with tlum-strange LR correlator
N(e?) = N R(?) defined by

MiaLr(d /d4xequ (OT (LEg(0OR(0)7) [0) (1.1)
= (Mg’ o?) Mg a(?) + g e? Mg R(c?).
whereL!,(x) = Uy#(1- y5)d andR!,(x) = ty#(1+ y5)d. In the deep euclidean region, the corre-
lator can be calculated using the Operator-Product Expar{§)PE)
MOPE(s) — 5 M = ﬁzkk 7

k=3 (_S) k=3 (_S)
where (Ox)(v) are vacuum expectation values of operators with dimendien2k andCy (V)
their associated Wilson coefficients, that contain lobarit dependences withs. Notice that
both arev-dependent quantities, but this dependence cancels ingiteeluct&»c. This correlator
is an interesting object in the study of non-perturbativeDJ§&cause it vanishes identically to all
orders in perturbation theory in the chiral limit and so itBE)contains only power-suppressed
contributions from dimensiod = 2k operators, starting @& = 6, as already indicated in (1.2).

Therefore the OPE of the correlator is dominateddgyand &g, two quantities that have been
determined by several groups during the last decade witlewtiat contradictory results. Most of
these works are based on the use of QCDSRs with the LR camrétaextract the value ofs g
from hadronic tau data. Given that the data used by thesggrguhe same, the discrepancies
come from the exact implementation of the QCDSR and the atitimof the associated errors.

A QCD Sum Rule takes advantage of the analytic propertieh@fcorrelator to relate its
imaginary part in the positive real axis (where hadronsuiih its value in the rest of the complex
plane, where the OPE allows us to calculate it in terms ofkquand gluons. We can write a
general QCDSR for the LR correlator as

(1.2)

dsw(s) (9 + 5~ . SOdsv\.(s)l'lOPE s) +DV|w, 5o
= 2ffw(my) + Regw(s)M(s)], (1.3)

wherep(s) = ImM(s) is the LR non-strange spectral function that has been medgur decays
[5, 6, 7] (see Fig. 1) and w(s) is an arbitrary weight functibat is analytic in the whole complex
plane except in the origin (where it can have poles). The.rg¢ontains the pion-pole contribution
and the residue at the origin for negative-power weight tions, 1/s", which is calculable with
Chiral Perturbation Theory®T). The quark-hadron duality violation (DV) comes from DEE-
breakdown near the positive real axis [8] and using anatlyticcan be written as [9, 10, 11, 12]

DViw(s). ) = | dsws) p(s). (1.4)

that shows the DV as the part of the integral of the spectraitfan not included in the sum rule.
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Figure 1: Non-strange LR spectral functigm(s) = %Iml‘lﬁ?ﬁﬁ(s} measured from hadronic decays by

ALEPH [5].

2. Extracting '—10’ 87, Ue and 0g: FESRs and pinched weights

We will analyse the DV effects in different QCDSR-based astions ofL$T = —11(0)/8, CSf =
'(0)/16, O and Gg, whereTl(s) = MN(s) — 2f2/(s— m2). The first two quantities, that can be
expressed in terms of low-energyPT constants [13], are very well known with good agreement
between the different phenomenological and theoreticgrdenations and the DV contribution is
expected to be small. On an opposite situation we layg defined in Eq. (1.2), especially farg
where the different works do not even agree in its sign. Thaé€dviuch larger in this case.

The simplest sum rules that can be used to extract their waiuthe FESRs obtained with the
weightsw(s) = ", withn= -2, -1,2,3:!

ds? p(s) = 16CST — DV[1/€%, 5], (2.1)
A Tast p( s) = —8LSf — DV[1/s %), (2.2)
A * ds $p(s) = 2f2mf + O — DV, 0], (2.3)
* ds Sp(s) = 2f2md — g — DV[S®,50]. (2.4)

Sth

A more refined strategy makes use of the pinched weights (Ppggjnomial weights that
vanish ats = 55 and are supposed to minimize the DV [16, 17, 18, 14, 19]. Hew&qg. (1.4)
shows that things are more subtle [11, 12, 1] and that it dégpen the particular weight used and
on how fast the spectral function goes to zero. In our pdetatase and avoiding the introduction
of unknown condensates of higher dimension, we have thewoly PW sum rules:

S 2 2
Sth
s p(s) < S>2 frzr
s> (1-2) =—8L¢f _ 47 _pvw_ y ) 2.6
Sth S S 10 S W1, 20

(2.7)

1We neglect here the logarithmic corrections to the Wilsoeffitients in the OPE. The associated error is expected
to be smaller than other errors in the analysis, as was fogndreRefs. [14, 15].
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:dsms) (s—5)? = 2f2€+ G —DV|wa,, (2.8)

S
dsp(s) (5—5)° (5+25,) = 4ffs] — O — DV[ws, 5, (2.9)
Sth
where the negligible terms proportional to the pion mas® et been explicitly written for the
sake of brevity.

3. Estimating the quark-hadron duality violation
In Ref. [1] we studied the DV from the perspective given by Bc4), using the parametrization
p(s>s) = ke Psin(B(s—s,)), (3.1)

for the spectral function beyorsi ~ 2.1 Ge\? and finding the region in the 4-dimensional parame-
ter space that is compatible with the most recent experiahdata [5] and the following theoretical
constraints: first and second Weinberg Sum Rules [20] (W&RgXhe sum rule of Das et al. [21]
that gives the electromagnetic mass difference of pis®R). The parametrization (3.1) emerges
naturally in a resonance-based model [22, 23, 9] and hasusshrecently to study violations of
quark-hadron duality [11, 12, 24, 25], although without oajmg the previously explained theoret-
ical constraints in the numerical analysis.

Performing a numerical scanning over the parameter spaoef3,s;), we have generated
a large number of acceptable spectral functions, satgfglhconditions, and have used them to
extract the wanted hadronic parameters. Carrying out tegiials in Egs. (2.1-2.4) witky —
o, one obtains the results summarized in Fig. 2, which shoesstatistical distribution of the
calculated parameters [1].
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Figure 2: Statistical distribution of values g1, LS, 0 and &g for the accepted spectral functions, using
the sum rules (2.1) - (2.4). The parameters are expresseeNirt@the corresponding power.
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From these distributions, one gets the final numbers (fo683 probability region):

= (8.17+0.12)-10 3 GeV 2, (3.2)
:( 6.46700%) - 1073, (3.3)
Os = (—5.4738).1073 Ge\ﬁ, (3.4)
O = (—8.9773°%)-103 Ge\?, (3.5)

where the error includes both the DV and the experimentatriboions (see Ref. [1] for more
details).

In Ref. [2] we have applied the same procedure to study the BWrsiles, Egs. (2.5-2.9),
obtaining the results shown in Fig. 3. We can see that thedrsins are much more peaked
around their central values than those obtained in Ref. [t standard Finite Energy Sum Rules.

The corresponding numerical values are

Cel = (817+£0.12) 10 3 GeV 2 = (8.17+0.24) -10 3 GeV 2, (3.6)
Leff — (~6.44+0.05)-10 = (-6.4+0.1)-10 3, (3.7)
= (-4.3739).103 GeV = (-4.3721).10 3 Ge\?, (3.8)

= (-72725) 103 GeVP = (-7.2"30,)- 103 Ge\P. (3.9)

where the first and second results correspond to the 68% &agaibability regions respectively.
The errors shown include both the DV and the experimentatriboions (see Ref. [2] for more
details).
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Figure 3: Statistical distribution of values @gf, L$%, 0 and &g for the accepted spectral functions, using
the pinched-weight sum rules (2.5) - (2.9). The parameterexpressed in GeV to the corresponding power.
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4. Conclusions and comparisons

We have studied the possible high-energy behavior of theddrtsal function using a physi-
cally motivated model for the DV. Our analysis, that was akpd in great detail in Ref. [1], takes
into account the most recent hadromidata [5] and the known theoretical constraints. In this way
we have analyzed the error of different standard and pinereight FESRs, extracting the value of
several hadronic parameters. Our results for the low-gnawgstants gg and ng are in excellent
agreement with the precise determination of Ref. [13]. Weeldetermined the condensat€s
and 0g using the PW sum rules (2.8) and (2.9), checking that the Paesals in minimizing the
errors and concluding that the most recent experimental piavided by ALEPH, together with
the theoretical constraints (WSRs an8R), fix with accuracy the value @fs and determine the
sign of Jg. Our results are compared in Fig. 4 with previous deterrianat.

Our results agree with those of Refs. [17, 14, 18, 19], baksedoa pinched weights, Ref. [30],
based on the second duality point, and with Ref. [31] thdb¥ad a technique similar to ours. Our
analysis indicates that the DV error associated to the utieedirst duality point is very large and
was grossly underestimated in Refs. [27, 32]. In Refs. [8438] the numerical values obtained at
this first duality point are supported through theoreticalgses based on the so-called “minimal
hadronic ansatz” or Padé approximants, but our results shatthe first duality point is very
unstable when we change from the WSRs todlgg sum rules, indicating that the systematic error
of these approaches is non-negligible. Essentially theeszan be said about Refs. [7, 29] where
the last available poirgy = m? was used.

In summary our results agree within two standard deviatisitls previous estimates ofs
and they indicate thats is also negative.

i ! Ref.[2] (95%) ; ! Ref.[2] (95%)
M1 Ref.[2](68%) v (R | Ref.[2] (68%)
1|+ Amasyetal., 200 - ! Almasy et al., 200
—— | Masjuan & Peris, 200 ! |+ Masjuan & Peris, 20C
.t | Almasy etal., 200 | = Almasy etal., 200
LR | Bordesetal,, 20C | ! Bordes etal., 20C
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Figure4: Comparison of our results farg and g with previous determinations [5, 6, 7, 29, 30, 17, 14, 26,
27,31, 32,18, 19, 33, 34, 35, 36, 37].

2In Fig. 4 we have taken into account that in g determination of Refs. [26, 27] there was a sign error, as was
pointed out in Ref. [28].



Duality violation in QCDSRs with hadronicdata Martin Gonzéalez-Alonso

Acknowledgements

This work is dedicated to the memory of our collaborator aihfl Ximo Prades, who sadly passed
away. This research has been partly supported by the EU fefl@dVIAnet [MRTN-CT-2006-
035482], by MICINN, Spain [FPA2007-60323, FPA2006-05294 £SD2007-00042 —CPAN—],
by Generalitat Valenciana [Prometeo/2008/069] and byaldatAndalucia [PO7-FQM 03048 and
P08-FQM 101].

References
[1] M. Gonzalez-Alonso, A. Pich, and J. PradBbys. RevD81 (2010) 074007ar Xi v: 1001. 2269
[ hep-ph].

[2] M. Gonzalez-Alonso, A. Pich, and J. PradBsys. RevD82 (2010) 014019ar Xi v: 1004. 4987
[ hep-ph].

[3] M. A. Shifman, A. I. Vainshtein, and V. |. ZakharoMucl. PhysB147 (1979) 385-447.
[4] E. de Rafaelar Xi v: hep- ph/ 9802448.

[5] ALEPH Collaboration, S. Schael al., Phys. Rept421 (2005) 191-284,
ar Xi v: hep- ex/ 0506072.

[6] OPAL Collaboration, K. Ackerstafét al., Eur. Phys. JC7 (1999) 571-593,
ar Xi v: hep- ex/ 9808019.

[7] ALEPH Collaboration, R. Baratet al,, Eur. Phys. JC4 (1998) 409-431.
[8] E. C. Poggio, H. R. Quinn, and S. WeinbeRhys. RevD13 (1976) 1958.
[9] M. A. Shifman,ar Xi v: hep- ph/ 0009131.

[10] B. Chibisov, R. D. Dikeman, M. A. Shifman, and N. Uraksit. J. Mod. PhysA12 (1997)
2075-2133ar Xi v: hep- ph/ 9605465.

[11] O. Cata, M. Golterman, and S. Ped$]EP 08 (2005) 076ar Xi v: hep- ph/ 0506004.
[12] M. Gonzalez-Alonsoyaléncia Univ. Master Thesis (2007)

[13] M. Gonzalez-Alonso, A. Pich, and J. Pradelys. RevD78 (2008) 116012ar Xi v: 0810. 0760
[ hep-ph].

[14] V. Cirigliano, E. Golowich, and K. MaltmarkRhys. RevD68 (2003) 054013,
ar Xi v: hep- ph/ 0305118.

[15] S. Ciulli, C. Sebu, K. Schilcher, and H. Spiesberdghys. LettB595 (2004) 359-367,
ar Xi v: hep- ph/ 0312212.

[16] F. Le Diberder and A. PictRhys. LettB289 (1992) 165-175.

[17] V. Cirigliano, J. F. Donoghue, E. Golowich, and K. Malim Phys. LettB555 (2003) 71-82,
ar Xi v: hep- ph/ 0211420.

[18] C. A. Dominguez and K. SchilchdPhys. LettB581 (2004) 193-198ar Xi v: hep- ph/ 0309285.

[19] J. Bordes, C. A. Dominguez, J. Pefiarrocha, and K. Sehi)dHEP 02 (2006) 037,
ar Xi v: hep- ph/ 0511293.



Duality violation in QCDSRs with hadronicdata Martin Gonzéalez-Alonso

[20] S. WeinbergPhys. Rev. Letfl8 (1967) 507-509.
[21] T. Daset al, Phys. Rev. Lettl8 (1967) 759—761.

[22] B. Blok, M. A. Shifman, and D.-X. Zhandg?hys. RevD57 (1998) 26912700,
ar Xi v: hep- ph/ 9709333.

[23] M. A. Shifman,Prog. Theor. Phys. Supfl31 (1998) 1,ar Xi v: hep- ph/ 9802214.

[24] O. Cata, M. Golterman, and S. Pelijys. RevD77 (2008) 093006ar Xi v: 0803. 0246
[ hep-ph].

[25] O. Cata, M. Golterman, and S. Pefjys. RevD79 (2009) 053002ar Xi v: 0812. 2285
[ hep-ph].
[26] B. L. loffe and K. N. ZyablyukNucl. PhysA687 (2001) 437-453ar Xi v: hep- ph/ 0010089.
[27] K. N. Zyablyuk,Eur. Phys. JC38 (2004) 215—-223ar Xi v: hep- ph/ 0404230.
[28] B. L. loffe, Prog. Part. Nucl. Physs6 (2006) 232—277ar Xi v: hep- ph/ 0502148.

[29] M. Davier, L. Girlanda, A. Hocker, and J. StePhys. RevD58 (1998) 096014,
ar Xi v: hep- ph/ 9802447.

[30] J. Bijnens, E. Gamiz, and J. Pradé@dEP 10 (2001) 009ar Xi v: hep- ph/ 0108240.

[31] J. Rojo and J. I. LatorreddHEP 01 (2004) 055ar Xi v: hep- ph/ 0401047.

[32] S. NarisonPhys. LettB624 (2005) 223-232ar Xi v: hep- ph/ 0412152.

[33] S. Peris, B. Phily, and E. de RafaBhys. Rev. Let86 (2001) 14-17ar Xi v: hep- ph/ 0007338.
[34] S. Friot, D. Greynat, and E. de Rafa@#{EP 10 (2004) 043ar Xi v: hep- ph/ 0408281.

[35] A. A. Almasy, K. Schilcher, and H. Spiesbergehys. LettB650 (2007) 179-184,
ar Xi v: hep- ph/ 0612304.

[36] P. Masjuan and S. Peri3HEP 05 (2007) 040ar Xi v: 0704. 1247 [ hep- ph].

[37] A. A. Almasy, K. Schilcher, and H. SpiesbergEgyr. Phys. JC55 (2008) 237-248,
ar Xi v: 0802. 0980 [ hep-ph].

[38] O. CatafPhys. RevD81 (2010) 054011ar Xi v: 0911. 4736 [ hep- ph].



