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On the Sability of Rotating Nuclear Matter Cores of Sellar Dimensions

1. Introduction

In [1], [2] a degenerate globally neutral system at nuclear densily, efeutronsN, protons
andNg electrons in beta equilibrium constrained to a constant density distributiding@rotons is
described using the relativistic Thomas-Fermi equation. Then the resuéidban extended from
heavy nuclei to the case of nuclear matter cores of stellar dimensions i.allgloéutral systems
composed of degenerate neutrons, protons and electrons in beta aquilitith a mass number
A ~ 10°7 at nuclear density kept together by gravity. Despite the global neutralitgtibege
distribution turned out to be different from zero inside and outside thees @and consequently
they exhibit an overcritical electric field near their surface. In [2] thbikta against the Coulomb
repulsion of such configurations is shown within the Newtonian theoryadfigrand a new island
of stability is found. In [3] the analysis to investigate the magnetic field indugethd® charge
distribution of a nuclear matter core of stellar dimensions when the system idlkowotate as
a whole rigid body with constant angular velocity around the axis of symmaeasyhen presented
in the framework of classical electrodynamics. In particular it is showm fatating massive core
with a period of 10 milliseconds the existence of an overcritical magnetic fielditgeesurface. In
the present work the special attention is given to the stability of such rotaticigar matter cores
of stellar dimensions extending the results for stability given in [2].

2. TheReativistic Thomas-Fer mi equation

Itis well known that at mass densities larger than the "melting" densty,ef 1.5- 10*4g/cn?,
all nuclei disappear (see [4]). This allows us to adopt in the descripfiondear matter in bulk
the three Fermi degenerate gases of neutrons, protons and eleEuchgr

¢ we take the radius of the core proportional to the total nurg@f protonsR. = A [/ myC] Né/?’

andn, = 555 (PF)3 = %G(RC— r) (for details see [2]);
e we solve the Thomas-Fermi (T-F) equilibrium configuration assurifne:- [(PE ¢)? 4+ mPc]Y/2 —
mc? —eV =0;

e being the electron number density and the proton number density knowrgtesenine the
number of neutrons by the beta equilibrium equation and we compute, on tlkeob#ss
general principle, the relation between the proton numbeaind the mass numbg:

Using the Poisson equation and introducing the variabler /(A/mc), (xc = X(r = R)), we
obtain the relativistic T-F equation for extended nuclear matter (for detalELe

1d2x(x) 1 4 [x20 . mx]>?

wherey is a dimensionless function defined jgyr = €V /ch anda is the fine structure constant.
The boundary conditions of the functign(x) are x(0) = 0, x() =0, Ne= [y 471r2ng(r)dr.
These equations together with the beta equilibrium, form a close set of rear-llwundary value
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Figure 1: The electron number in the unit of the
total proton numbeN,, for selected values oA,

as function of radial distance is shown in logarith-
mic scale. It is clear how by increasing the value
of Athe penetration of electrons inside the core in-
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Figure 2: The normalized charge separation —
ne)/Np is plotted as function of the dimensionless
radial coordinaté. The maximum charge separa-
tion happens near the surface of the core where a
transition layer with an uncompensated charge is

creases (this figure is reproduced from [1]). located.

problem for a unique solution for the Coulomb potentaind electron distributione, as func-
tions of the parametek, i.e., the proton number-density. A relevant quantity for exploring the
physical significance of the solution is given by the number of electronsniatlyiven radiug,
Ne(r) = Jo 4m(r')%ne(r’)dr’. This allows to determine, for selected values of the mass nufber
the distribution of the electrons within and outside the core and to follow thegssige penetra-
tion of the electrons in the core at increasing value& (ee Fig.1). We can then evaluate the net
charge inside the comdnet = Np — Ne(R:) < Np, and consequently determine the electric field at
the core surface, as well as within and outside the core.

3. Theultra-relativistic analytic solutions

In the ultra-relativistic limit with the planar approximation the relativistic T-F equesidmits
an analytic solution. Introducing the new functigndefined by = 41/3(9m)~1/3Ax /x and the
new variablex = (12/mY®/an1x, & = x— %, wherex; = (12/m)*® /an1x, then Eq. (2.1)
becomes

d?p(€) ~ 213

digz:—H(—f)+€0(f) ; (3.1)

where@(&) = (€ +%:). The boundary conditions op are: p(&) — 1 asé — —%. < 0 (at the
nuclear matter core center) aqé) — 0 asé — . The functiong and its first derivativey

must be continuous at the surfafe= 0 of the nuclear matter core of stellar dimensions. Hence
equation (3.1) admits an exact solution
) 1-3[1+2"Y2sinha— V3)] " £ <0,
P(&) = V2 (3.2)
7T Kk E > 07
(E+b)
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Figure 3: The proton Coulomb potential energy Figure 4: The electric field is plotted in units of
eV, in units of pion mas#; is plotted as a func-  the critical fieldE; as a function of the radial coor-
tion of the radial coordinaté = X— X, for selected dinateé, showing a sharp peak at the core radius,
values of the density parametr for selected values df.

where the integration constartgndb have the valuea = arccosti9v/3) ~ 3.439,b = (4/3)v2~
1.886. The charge distribution inside and outside the core is defined by

: 2 (o) 146 € <o,
= -1
P () [-6©)7 . €0,

4\ myc

(3.3)

details are given in Fig. 2. The Coulomb potential and electric field functiomsrins of(i)(f)
given by

1/3 1/6
9"> Myc? - _<35"> Vame ey (3.4)

Ve = (5 we.  E@=- () H

Ae (
Details are given in Figs. 3 and 4.

4. Rotating Nuclear Matter Cores of Stellar Dimensionsin Classical
Electrodynamics

The magnetic field of a rotating spherically symmetric configuration along #vdés with
constant angular velocity is defined byB(r) = B;e + Bgeg, where

2wF 2w|F rd [F .
B = ??cose, Bo = o [r+2dr (r)] sing, 4.1
_ 1 ' 2 d A ! /
P =3 || rigu vl (4.2)

B; is the radial component arBy is the angular component of the magnetic figkdy) is the
superpotentialg is the angle betweeanandz axis, andeg is the unit vector alon@ (for details see
[3]and [5]). Consequently, the expression for the magnitude (thduwtbs@lue) of the magnetic
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Figure 5. The radial component of the magnetic Figure 6: The angular component of the mag-
field By is plotted as a function of the radial coordi- netic field Bg is plotted in units of theB.. Here
nate& in units of the critical fieldB, = méc3/eh ~ P=10ms, 6 = 1/2, A =1 andR. = 10 km. Note

4.5 % 1013 G. Here the period is taken to = that Bg is considered at the equator, where it has
10 ms, 6 = 0, A = 1 and the radius of the core  maximum value. Inside the star it has very small
R. = 10km. Note thatB, is considered at the poles  constant negative value. Outside the star first it be-
of star, where it has maximum value. Outside the comes negative (the value is very small) then even-
starB; has very small negative value and it tends to tually it tends to zero.

zero.

field can be written as

2 2
B(r,6) = 55 <2r5> + {fz; (f) + [:r Cﬂ }sin2 0. (4.3)

Using the relation betweenandé, r = R; + (1—"2)1/6%%5, one may estimate the value of the

magnetic field. Details are given in Figs. 5, 6,7,8 and 9. Examining the Fig. &aongee very small
value of B; which almost does not make a significant contribution to the magnitude of the field
except for the poles of the star. On the contr&gyhas values exceeding the critical magnetic field
near the surface of the core although localized in a narrow region beposgively and negatively
charged shells as expected (see Fig. 6). Outside the core the magnetiefieides negative with
very small magnitude. Fig. 7 shows spacial distribution of the magnetic fieldesutface of
the nuclear matter core. According to the figure the magnetic field has its maxiedum at the
equatorial plane and minimum at the poles. Fig. 8 represents magnetic limeseirfside, outside
and on the surface of the star. It turned out that the lines of force ahwhieritical magnetic field
are appressed between two shells along the surface of the core. 19 fhig.magnitude of the
magnetic field is presented as a function of the rotational pé&tiod the surface of the core at the
equator. Practically it demonstrates the upper limit of possible values of theati@afjeld in the
range between Ifisand 10G.

5. The stability of rotating nuclear matter cores of stellar dimensions

In the work [2] the gravitational stability against the Coulomb repulsion of deau matter
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Figure 7: The magnitude of the magnetic field Figure 8: A schematic illustration of the mag-
B(§ = 0,0) as given by (4.3) in the units of the netic lines of forces. Outside the star the magnetic
critical magnetic fieldB; is shown as a function field looks like a dipole field. Extra lines (arrows)
of the angular variabl@. It is seen from the pic- along the surface of the star indicate an overcritical
ture that the magnetic field has its maximum at the value of the field between positively and negatively
equatorial plane and minimum at the poles. charged shells.

core of stellar dimensions has been analyzed. In particular since in tissyise gravitational
energy increases proportionally 4’3 and the Coulomb energy increases proportionallpdc

the two cross at 3 1/2
N
AR — o.o39<mF;'r;”C"> <p> : (5-1)

A

wherempanck 1S the Planck mass am, is the neutron mass. This establishes a lower limit for the
mass numbeAr necessary for the existence of stable nuclear matter cores of stellar dimgens

We consider now the analysis of the gravitational stability against the Couleputsion of
a nuclear matter core of stellar dimensions when the system is allowed to rotatetase rigid
spherical object.

We know that the Coulomb energy, mainly distributed within a thin shell of wig ~
hb/ (v/amgc) with a proton numbedN, ~ 41m,R26R; at the surface, is given by

1/2 -1 2/3
Sy 015oT0"RC (AR No )™ p2rs, (5.2)
4/a  \mpc A
while the magnetic energy evolving due to rotation is given by
ncz Np 3 A4/3 Ah
Emagr0.223" e, ( > / (mnc> =z (5.3)
and the rotational kinetic energy of that thin proton shell is given by
Mhc? a3 O
™ (M) e (B1Y 54
To ensure the stability of the system, the magnitude of the attractive gravitatioe@y of the thin
proton shell
-1 1/3
&y ~ 36, (A Np AY3, (5.5)
Va \mgc A
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Figure 9: The magnitude of the magnetic field is  Figure 10: Energies of the system in the units of
plotted as a function of the period of the sRan the gravitational energy of the thin shell plotted as
the units of the critical field. at the surface of the a function of the period of the st&for A= 1 in the
core on the equator in the logarithmic scale. Here range betweenrtisand 10nsin logarithmic scale.
R. =10kmandA = 1.

must be larger than the repulsive Coulomb energy (5.2), the magnetiyg¢Bedgand the repulsive
rotational energy (5.4). Indeed, it is shown in the Fig. 10 that for thvgemore than ths, the
conditionéy > &y + Emag + &1t IS valid. This leads to

2 2
1+ <O.112+O.5Am”> <m'°'a”°k> N <M> w2] , (5.6)

Aw;«éO% w=0 _
R AR - My A\mgc/

which generalizes the relation given by Eg.(5.1). We can see that thextiorrterm
2 2
(0.112+ 0.5Amﬂn) (M> % (Lﬁ) ‘g—; for the pulsars with the period more thamdis of the

M myC
order of 103, so in this case the system is stable.

6. Conclusions

In this paper we have investigated the stability of rotating nuclear matter dostedlar dimen-
sions against the rotational kinetic energy and induced magnetic enerfact the whole system
is gravitationally bound and stable even for theslperiod. But for the periods less thamd the
centrifugal repulsive forces will prevail over the gravitational foritethat case the system can no
longer be stable.

Since the electric field and the magnetic field are mainly concentrated in the iregh#il on
the surface, compared to the radius of the object, we have consideetktigges of the system only
in that region. The magnetic energy has the order of one tenth of the retiagioergy irrespective
of the value of the period.

The results obtained in the work can have important consequences ondéestanding of
physical processes in neutron stars as well as on the initial conditiorisdeadhe formation of a
black hole.
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