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Introduction

In the past few years, there has been a growing interest in the noncommutative quantum field
theories (for a review, see [1]). These theories on “spaces” coming from noncommutative geometry
[2] are indeed good candidates for new physics behind the Standard Model of particle physics. At
the Planck scale, one can wonder wether events are not localizable with an arbitrary precision,
what could be modelized by a noncommutative space-time [3]. Noncommutative field theories
have also relationship with classical and quantum gravity [4, 5]. Moreover, field theories defined
on the Moyal space, one of the simplest example of noncommutative space, can be seen as an
effective regime of string theory [6] and matrix theory [7]. They also may have implications in the
description of non-local physics in the presence of a background field, like the quantum Hall effect
[8].

One of the key ingredients of quantum field theory is the renormalization. However, the stan-
dard ¢* real scalar theory and the Yang-Mills theory on the Euclidean Moyal space suffer from a
new type of divergence, the Ultraviolet-Infrared (UV-IR) mixing [9], spoiling their renormalizabil-
ity. Recently, this problem has been solved in the scalar case [10] by the addition of a harmonic
term in the action. Then, the resulting theory possess new features according to renormalization.
Such a change is also possible in the gauge case [11] (see [12] for a review). These theories with
harmonic term have later been interpreted in a supergeometric framework [13, 14, 15]. Note that
another interpretation for the harmonic term has been developed for the scalar theory [16, 17]. Non-
commutative quantum field theory with harmonic term has also been discussed in the Minkowskian
setting [18].

In this paper which is based on a conference given at the Corfu Summer Institute on Elemen-
tary Particles and Physics 2010, we present the scalar and gauge theories with harmonic term on
the Moyal space, and expose their supergeometric interpretation. Section 1 is devoted to the defi-
nition of the Moyal space, and of noncommutative scalar and gauge theories with harmonic term.
Then, we introduce in section 2 an important symmetry of the scalar field theory with harmonic
term, called the Langmann-Szabo duality, and expose its group reformulation. In section 3, the
supergeometric framework, namely the superalgebra Ay, its differential calculus and its theory of
connections, is defined and related to field theories with harmonic term. Finally, in section 4, the
Langmann-Szabo duality is discussed within the supergeometric setting.

1. QFT with harmonic term on the Moyal space

Let us first introduce the Moyal space. It is a deformation quantization (see [19]) of the eu-
clidean space R*, which means that the functions R* — C are endowed with a noncommutative
product depending on a deformation parameter 6 and coinciding with the usual commutative prod-
uct for 6 = 0. By setting the matrix

0-10 0
1 000
000-1]’
0010

(1.1
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and Oy = 6%y, the deformed star-product * satisfies the usual commutation relations:
[XH,XV]* == i@uv, (12)

where [f,g]« = fxg — g* f is the star-commutator. We also introduce the following notations for
x,y € R*:
XAY=200@0yy, Xy =20x,. (1.3)

Then, the Moyal star-product can be expressed on functions f,g : R* — C by

(fxg)(x) = ﬂ4194 / dlyd'z f(x+y)glx+2)e . (1.4)

Let us also recall two important properties of this product: the integral of a star-product of two func-
tions corresponds to the integral of the commutative product of these functions, and the derivatives
can be expressed with a star-commutator.

[ax(rrg)e) = [dxrat,  uf =5 fl. (1.5)

The extension of the real ¢* scalar field theory from the commutative euclidean space R?* to
the Moyal space consists to replace the commutative product in the action by the Moyal one:

/d4 D *0ud+ = ¢*¢+}L¢*¢*¢*¢>

By using the first property of (1.5), we see that the action is given by

/d4 2.0 ¢ +l¢*¢*¢*¢) (1.6)

so that only the vertex term is changed with respect to the commutative theory. Feynman rules can
be computed with the expression of the Moyal product (1.4), but this leads to a non-renormalizable
theory. Indeed, this model suffers from a new type of divergence called UV-IR mixing [9], due to
the non-locality of the Moyal product. This mixing of scales can be seen at the level of the relation
(1.2) which is verified by the product.

The first solution to this problem of UV-IR mixing has been discovered by H. Grosse and R.
Wulkenhaar by adding a harmonic term to the scalar action. The action becomes:

2 2
:/d4x(;(8u¢)2+£;)?2¢2+n;¢2+7L¢*¢*¢*¢), (1.7)

so that the theory is renormalizable to all orders in perturbation [10] when the parameter Q £ 0.
We recall that X, is defined in (1.3). A Connes-Kreimer Hopf algebra encoding its renormalization
has been constructed in [20, 21].

This theory has several remarkable properties. At the fixed point of the renormalization group
Q = 1, the beta function of the constant A vanishes [22], contrary to the commutative ¢* theory
where a Landau ghost appeared. The vacuum solutions of the theory with a negative mass term
(m? < 0) have been exhibited in [23]. Moreover, even if the choice of the matrix X (1.1) breaks the
rotational invariance of the model, it can be restored at all orders in the renormalization procedure
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by considering a family of actions labeled by matrices of the type of X [24] (this means that X has
to be considered as a tensor). Note also that there exists another solution for the UV-IR mixing
problem of the real scalar ¢*-theory [25, 26].

The setting of gauge theories can also be extended to the context of the Moyal deformation
(see [11, 27] for more details). We consider here a noncommutative U (1)-gauge theory: the space
is noncommutative because of the deformed product on functions, but the gauge group U(1) is
abelian.

Gauge potentials are real functions Ay : R* — R, like in the commutative setting, but the
product involved in the definition of the field strength F;, and of the gauge transformations has to
be replaced by the Moyal one:

F’u'v - (9“’14\/ - (9vA’u' - i[Au,Av]*7
Aft :g*A#*gT—i—ig*a“gT,

where g : R* — C is a gauge transformation, namely satisfying g" xg = g« g" = 1. Note how-
ever that there is a major difference with the commutative setting. Indeed, because of the second
property of (1.5), one can construct the following expression, called covariant coordinate:

1_
which can be checked to transform covariantly under a gauge transformation: ;zij = Aﬁ + %)7# =
gx ol *g'.
Like in the scalar case, the Yang-Mills action for the Moyal space

S(A) = /d4x(iFuv*Fuv>

suffers also from the UV-IR mixing [9]. The analog of the harmonic term for the gauge theory,
which has to be gauge-invariant, has been found by computing an effective action from the Grosse-
Waulkenhaar model [11, 28]:

1 Q2
S(A) =/d“x(zFuv*F#erT{%,dv}iJrK%*%), (1.8)

where {f,g}x = fxg+ g*f is the star-anticommutator, Q and Kk are real parameters, and we
recall that Fy;, and <7, directly depend on the gauge potential A,. It is therefore a candidate to
a renormalizable noncommutative gauge theory. By reexpressing this action in terms of Ay, one
obtains:

Q7 _ 1 QF
S(A) = /d“x(szx“A“ + KXy Ay — EAuazAu + 7x2AuAH + KA Ay

1 ~ .
- 5(1 —Q)(uAp)* + Q% (XuAu)” — i(IuAv) A, Av).
2~ 1 ), @ 2
+Q XAV {Ap, Ay} — Z[AuaAV]* + T{AuvAv}*>7

up to a constant term. We can notice that the harmonic term responsible of the removing of the
UV-IR mixing in the scalar case is present in this action. However, the presence of linear terms
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in the field A, indicates that there is no trivial vacuum solution for this action. Consequently, the
solutions of the equation of motion for this model have been exhibited in [29]. Note that the ghost
sector of a similar gauge model has been studied in [30, 31].

2. Langmann-Szabo duality

In this section, we review a special symmetry of the model (1.7) called the Langmann-Szabo
duality which seems to play an important role for its renormalizability, and its group interpretation
which will be useful in section 4.

The Langmann-Szabo duality can be expressed as a symplectic Fourier transformation on the
real field ¢:

d(p) = (nz)z [dtxowesinn @.1)

where p A x is defined in (1.3). Note that the sign in the phase depend on the place of the field ¢
in a product (see [14] for more details). Usual properties like the Parseval-Plancherel equality and
the exchange of derivative and multiplication by the coordinate under a Fourier transformation are
still valid, so that one can show that the action (1.7) satisfies:

~m A1
Slo:m, 2,0] = QS| 5. 555 )

9:m.2,0] =02 5[4, 2. 2 =
This property is called the Langmann-Szabo covariance [32], and is not verified by the standard
¢* action (1.6). For Q = 1, the action (1.7) is invariant under this duality. Thus, this symmetry
seems to be related to the renormalization of this theory. However, it is no more a symmetry for

the associated gauge theory (1.8).

Let us now expose the group interpretation of this duality. It has been given in [33]. We first
introduce the Heisenberg algebra hh = R associated to the phase space R® with symplectic structure

O 72 . . .
0= ( s o0 | Its commutation relations are given by: Vx,y, p,qg € R*, Vs,t € R,

[(xal’as)a (ya%t)] = (0>Oa—xuzuv9v —PuZuvyv), (2.2)

where X is defined in (1.1) on the configuration space R*. We also recall the definition of the
symplectic group for the phase space:

Sp(R8,w) = {M € GL(R®), M oM = w}.

Then, we consider the metaplectic representation of the symplectic group, which can be constructed
from the Heisenberg algebra (for mathematical details, see [14]):

w:Sp(RE @) — Z(L*(RY)).

This representation indeed associates to any phase space transformation a field transformation (on
the configuration space). Then, we will look at the Langmann-Szabo duality which is a field trans-
formation, at the level of the symplectic group with the representation u.
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041
ForM:g 6’
1 0

Fourier transformation (2.1), that is the Langmann-Szabo duality. Let us also consider the infinites-
_4?
OZ %2 in the Lie algebra sp(R®, ). The image by the infinitesimal

metaplectic representation du is exactly the operator involved in the quadratic part of the action
(1.7):

in the group Sp(R3, @), one can check that (M) is exactly a symplectic

imal generator Z = (

2idu(Z) = —d* + Q*%.

Then, the subgroup of Sp(R®, @) which leaves covariant the quadratic part of the action (1.7) with
the metaplectic representation corresponds to the subgroup of Sp(R®, @) which conserves the form
of Z by the adjoint representation. It is therefore easy to see that the symmetries leaving the model
(1.7) covariant by the metaplectic representation are only generated by M and the position space
transformations. This shows the particular role of the Langmann-Szabo duality.

Since Sp(R®, @) acts on the Heisenberg algebra b, we compute the action of M:

M.(x,p,s) = (%p, gx,s), (2.3)

as it will be useful in section 4.

3. Supergeometric interpretation

We expose in this section the supergeometric interpretation of the scalar theory with harmonic
term and its associated gauge theory, introduced in [13, 15].

By using the second property of (1.5) as well as the identity x-f = %{fu, f}+, one can reex-
press the action (1.7) into:

1. QZ ~ 2
$(0)= [ ate( = g0 + 5 (B 0+ 0%+ 20059 40).

In the same way, using the relation between the field strength and the covariant coordinate Fy;, =
(**);‘1, — i[9, ., the gauge theory (1.8) can also be reexpressed as

1 Q?
S(4) = [ atx(= 31 AL+ s A KA ) (1)

up to a constant term. One sees immediately a sort of symmetry between star-commutators and
star-anticommutators in both actions. This symmetry is reminiscent of a grading, and it motivates
the introduction of a superalgebra in the following.

The right superalgebra to consider here is the Moyal-Clifford algebra Ag, which is a deforma-
tion quantization of the superspace R*! (see [15]). Let Ag be the space of functions from R*! to C
with a certain regularity (smooth, with all derivatives bounded). For f € Ag, x € R* and & € RO,
one has the decomposition

f(x,8) = folx) + fi(x)s,

where we recall that & is an anticommuting variable, and f; are smooth functions R* — C. Ag has a
Z,-grading given by the power of the variable &, such that the degree of a homogeneous element f
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is denoted by | f|. The deformed product of Ag is compatible with the grading and can be expressed
in terms of the Moyal product (both are denoted by *): Vf,g € Ay,

(f*8)(x,&) = (foxgo) (x) + a(fi +81)(x) + (fo*&1)(x)& + (1 % 80) (x)&,

where « is a second parameter of the deformation of R*! called superization parameter. Indeed,
for o = 0, only the even part R* of R*! is deformed with deformation parameter 6. The unit of
the algebra is the function 1. We also endow Ag with an involution: f7(x,&) = fo(x) + f1(x)&, and
a (non-graded) trace: Tr(f) = [d*x fo(x). Note that the graded bracket of Ag is given in terms of
the Moyal commutator and the Moyal anticommutator:

£ 8l (x,8) = [fo,80)«(x) + ot{ f1, 81} (%) + [fo, 114 (x)& + [f1, 80] (x)&. (3.2)

Then, we introduce a differential calculus for the superalgebra Ag which will allow to obtain
the actions (1.7) and (1.8). This differential calculus is based on the graded derivations of Ay (see
[34, 13]), that is on endomorphisms X of Ag which satisfy Vf,g € Ag, X(f*g) = X(f)rg+
(—1)XI/1 £ % %2(g). Inner (graded) derivations are given by (graded) brackets: [f,-],.

Let us consider g the smallest graded Lie subalgebra of Ag containing —éfﬂ and —%fué
(whose importance will be noticed in the following). One can check with closure relations that
(1,i&, —éf“, —éfyé, éfufv) is a basis of g. Then, the one-forms of the differential calculus based
on the derivations X = [f,-],, for f € g, are linear applications ® : g — Ag which vanish on 1. We
denote their coefficients by:
w=0(t 1)), ou=0(-3%1),  Gr=o(37E 1), O = o(5EE. 1),

3.3)
The differential acts on the elements f € Ag as

(df)y = ufo+dufi& =duf, (df)g = ioxy fi + du fob,
; L ~ ~ ~
One sees that the derivation associated to —éfu is therefore corresponding to the usual differential
calculus of the Moyal space. —%3@5 is its graded counterpart.

We can now construct the ¢# scalar action for this differential calculus. Let us consider the
field (1+&)¢(x) on R*! (see section 4). We define the scalar action to be

2

=T (3 L+ TP+ (14 E)9) +A(((1+E)9)x (14 6)9)?), B5)
f

where the sum on f is over i§,—£X,,—4x,&. We will see in section 4 why f = £X,%, is not
considered. The action (3.5) can be simplified as

2 2
0)= [ax(20u07 + 202 1 (% 4+ 200 201+ 0P w050 49).

so that this model coincides with the Grosse-Wulkenhaar model (1.7) which is renormalizable.
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The theory of connections for this differential calculus leads also to the gauge theory (1.8)
associated to the Grosse-Wulkenhaar model. To each inner derivation of g, we associate a gauge
potential:

i i . i -
The gauge transformations of these potentials are:

(Az)g :g*Ag*gT+ig*8ugT, (AL)g :g*AL*gT—i-ig*augT,
[ - i ~
0 =gxpxg’  (Gu)f =gxGuyxg'— 1 (Tudvg") — 7g* (Fvaug"),

where g : R* — C satisfies g' xg = gxg" = 1. According to the gauge transformations, we can
perform the simplification: ¢ =0, Gy = %f#f\,, Ag :AL =:Ay. Then, the (graded-antisymmetric)
field strength .# (or 2-form of curvature) for this differential calculus can be computed:

yuv:Fuv, tu:Fuvg, ﬁW:*la{Mu,%\/}*,

Fuvp) =200, +20, 1y, Fup) = (20,9 +20,1)E, (3.6)

for the non-vanishing contributions, with the indices defined in (3.3). Remember that F,,, and %7,
have been defined in section 1. The gauge action which can be built from the differential calculus
writes

1
S(A) = Z Tr() Tt ), (3.7)
fg

where like in the scalar case, the sum for f,g is performed over i§, —éicvu, —%35#5;‘. By simplifying
the expression of (3.7), one obtains

S(A) = /d X(ZFHV*FMV'{'T{MM%V}*_‘_@WM *M/.L)a

which is exactly the expression of the gauge model (1.8).

4. Discussion

In this section, we will discuss the interpretation of the Langmann-Szabo duality in the super-
geometric context developed in the previous section. More precisely, we prove that the Langmann-
Szabo duality corresponds to the grading exchange, which can now be extended to the gauge the-
ory. To do that, we show the construction of the differential calculus of section 3 (namely the Lie
superalgebra g) from the Heisenberg algebra f (see (2.2)) used in section 2.

First, we consider an extension of the complexification of bj: h = C'° with commutation rela-
tions: Vx,y, p,q € C*, Vs,t,a,b € C,

[(x, p,s,a),(y,q,t,b)] = (0,0, —xXq — pLy, —iOxLy — iat0 pXq). 4.1)

This corresponds to provide noncommutative position coordinates with deformation parameter 6
as well as noncommutative momentum coordinates with deformation parameter oc8. We can then
see ) as a Lie subalgebra of Ag for the non-graded star-commutator:

i
2

- _ 1.
(»n,q,t,b) €h— ——yuxy — %quxué +i0tE +b e Ay. 4.2)
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The non-vanishing commutation relations of Ag (for [-,-] the non-graded bracket in Ag):
6  i6_ : i0_  i0_ .
[_3)(:#,_5)6\/] == _lezuv, [_5)(“,_3)(:\/5] = _lezuvé,

i0 i0 .
[_EX#g,_Eng] — _laQZuv,

are a reexpression of (4.1).
The next step is to superize , namely to replace the bracket of two odd elements (for the
grading of Ag) by the graded bracket of these elements in Ag. The modified relations hold:
i0 0 o

e i0_ . . ~ ~ 0 _
[l@i,l@é]*:—2a92, [—5@5,195]*:0:9@, [—Exﬂé,—?xvé]*: —Ex”xv,

where [+, ], is the graded bracket (3.2) of Ag. We see in the last relation that 6 is not closed for
this graded bracket. By adding the generator éfufv, one obtains a Lie superalgebra isomorphic to
g, defined in section 3. Therefore, g is constructed from b by an extension and a superization.

The symplectic group Sp(R®, @) which was acting on the Heisenberg algebra b (see (2.3)) is
no longer a symmetry group of g (it does not preserve the graded bracket). However, the matrix M
in Sp(R3, w), corresponding to the Langmann-Szabo duality, still acts on g as a linear application.
By using (4.2), we obtain

M.(F,) = gzug, M.(Fu8) = %fu, MAE) =&, M.(GuFy) = Fuy.
Thus, the Langmann-Szabo duality corresponds to the grading exchange for superfunctions of Ay
which are first order polynomials in the even variable x. Note that, contrary to the Langmann-Szabo
duality, the grading exchange can be extended to the gauge theory (3.7). In Equations (3.6), we see
that the grading exchange (i, Vv <> [, V) is a symmetry between the star-commutator term and the
star-anticommutator one, exactly like the one noticed in the action (3.1).

Moreover, one can make two remarks. The action of the matrix M is not a symmetry of g,
but one can restore it as a symmetry for the scalar field theory by identifying the even and the odd
part of the field, i.e. by taking (1+&)¢(x) as the scalar field, as well as for the gauge theory by
assuming Ag = AL (see section 3). Furthermore, the generator é)?”)?v can be viewed as auxiliary
since it arises only from the closure of the Lie superalgebra. Consequently, the scalar and gauge
actions are constructed in section 3 without taking the contribution of this generator.

To conclude, we have shown here how supergeometry could be used to interpret noncommu-
tative field theories with harmonic term. We indeed change the point of view. Instead of adding
terms (like the harmonic term) to the action in order to solve the UV-IR mixing problem, we con-
sider the standard action but in a superized framework: we have introduced Ag, the deformation
quantization of R*!, and constructed a differential calculus on Ag thanks to a superization of the
Heisenberg algebra (h — g). Then, we obtain the Grosse-Wulkenhaar model as well as the gauge
theory with harmonic term (1.8), as the standard actions for this superalgebra and this differential
calculus (with its theory of connections). Moreover, the Langmann-Szabo duality for the scalar
theory corresponds to the grading exchange in Ag and can be extended to the gauge theory. This
supergeometric interpretation of the removing of UV-IR mixing is interesting as potentially gener-
alizable to other noncommutative spaces also suffering from this mixing [35].
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