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Figure1: The self-energy interactions of the gauge field withABescalar fields.

In particle physics one of the major issues is to explain émmion mass hierarchy and their
mixings. A clear feature of the fermion mass spectrum giwed u2, 3]

MMM, Mg<Ms<< My, Me<< My <M, 1)

where a completely satisfactory theory of fermion massddfamrelated problem of mixing angles
is certainly lacking at present. However, there has beesiderable effort to understand the hier-
archies of these mixing angles and fermion masses in terthe eénormalization group equations
(RGE) [3, 4,5, 6, 7].

In general we use RGE as a probe to study the momentum dependéthe Yukawa cou-
plings, the gauge couplings, and the Cabibbo-Kobayastskiiaa (CKM) matrix elements them-
selves. In the Standard Model (SM), the one-loop correstionthe gauge couplings are given

by
16112% =bMg;3, 2)

whereb™ = (£, -2 —7), t = In(u/Mz), andM is theZ boson mass. These equations lead
directly to the well known gauge unification around‘4GeV scale.

With the commencement of the Large Hadron Collider (LHC)ygitists have begun to ex-
plore the realm of new physics around the TeV scale. Amonsgtimew scenarios the Universal
Extra Dimension (UED) model features a tower of Kaluza-KIg{K) states for each of the SM
fields, all of which have access to the extended spacetiméattaf#]. In the simplest case, there
is a single flat extra dimension of si compactified on af; /Z, orbifold. The zero modes of the
KK expansion of the SM fields in five dimensional spacetimei@deatified with the 4-dimensional
SM fields.

At each excited KK level the one-loop corrections to the gaaguplings arise from the di-
agrams exactly mirroring those of the SM ground states 8jéver, for the closed fermion one-
loop diagrams, one needs to count the contributions frotn tet left-handed and right-handed KK
modes of each chiral fermion to the self-energy of the gawajd)fiplus new contributions to the
self-energy of the gauge boson from the fifth component obihgauge field\y (M =0,1,2,3,5)
at each KK excited level as depicted in Fig.1

Between the scalR~! where the first KK states are excited and the cutoff sfalthere are
finite quantum corrections to the Yukawa and gauge couplirags the AR number of KK states.
Up to the scaldR~* the first step KK excitation occurs, the RG evolution is |dinic, controlled
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Figure 2: The evolution of the gauge coupling constants in the (lefighaSM, where the dotted line is for
03, the dashed line fay, and the solid line fog,; and the (right panel) UED model where the solid lines are
for theR™1 =1 TeV case, the dotted-dashed line is the 2 TeV case and thediéisk is the 10 TeV case.
The green lines are fay, blue forg, andg; is red.

by the SM beta functions. With increasing energy, that isgash KK threshold is crossed, new
excitations come into play and govern new sets of beta fonstiintil the next threshold is reached.
Therefore, to a good approximation, the structure of theloap RGE for the gauge couplings are
governed by

167799 5% 1 (st) - g, @

whereS(t) = €MzR, andb; = (8,7 —3), corresponding to each of the gauge couplings. We can

see that the dependence of the gauge couplings on the ematgydsastically changes the normal
one-loop running of the gauge couplings, and lowers theaatifin scale considerably.

As illustrated in the right panel of Fig.2, the extra spavetidimensions naturally lead to the
appearance of grand unified theories at scales substaitidiv the usual GUT scale. Specifically,
for the compactification radiR"* = 1, 2, 10 TeV, we find the gauge couplings meet at around
N ~ 30, 60, 330 TeV respectively.

Given that extra spacetime dimensions induce power lavections for the gauge couplings,
it is natural to ask whether the fermion mass hierarchy madg be explained in our scenario.
In fact, the Yukawa couplings also receive finite one-loopaxtions at each KK level and whose
magnitudes depend upon the cut off energy scale. Explitfiy one-loop RGE for the Yukawa
couplings take the following form:

16 T = B AR 16 TR < 4 Y0 1P E < g g ()

where the Yukawa coupling beta functioB§", BSEP, BV, BYEP, BM, andBYEP are defined in
[4]. The square of the up-type and down-type Yukawa couptiragrices can be diagonalized by
using two unitary matriced andV

UYIYuuT = diag(2, 2, 2), VYoV T = diag(h3,h?,h?) . (5)

The evolution equations of the eigenvaluigs f2, f2 andh3, h2 hZ have the following form:

2
16290 _ 212025 )T — 26y + 3512 - SSHWHIRE
J

d



Scaling of Yukawa and Quark Mixingsin the UED model Lu-Xin Liu

0.0020517
0.0020517 \
g 0.0020517 AN

0.0020516 N\

0.0020516

o
N
N
[¢]
[oe]

Figure 3: The evolution of the mass ratia,/m, where the solid line is for the SM, the dashed (green) line
is theR™1 = 10 TeV UED case, the dotted-dashed (blue) line is the 2 TeV UE2 ead the dotted (red)
line is the 1 TeV UED case. Note that we shall use the sameiaot@tr the figures that follow.

dh;?

16m° it

= hj2[2(2S— 1)T — 2Gp + 3> - 38y fi2|Vij|°], (6)
|

wherei = u,c,t andj = d,s,b. The Yukawa coupling of the lepton sector can be further ri¢gtem
as

16n2d

2
o —ya*[2(25- 1)T — 26 + 3527 ™)

with Ye = diag(Ye, Yy, Yr). Also, note thaGy = 803+ 503 + 2502 + (S—1)(2g3 + L2 + 191¢?)

Gp =803+ 305+ 707 + (S— 1) (505 + F05 + 15097) - Ge = (303 +39]) + (S—1) (P + 2090 »
andT = Tr[3YJYy + 3Y2Yo + Y2 Yg] . Thus, together with Eq.(8), we have obtained the full set of
one-loop coupled RG equations for the Yukawa coupling, tK&Gnatrix, and the gauge cou-
plings. From these we can obtain the renormalization groogy @f all observables related to
up and down quark masses and the CKM matrix elements. As sgsli3: 6, 7, 8) constitute a
complete set of coupled differential equations for thedHeamilies.

For the hierarchy between the first two light generationghinleading order approximation,
one finds that the running behaviors of the mass ratios arerges by the combination of the third
family Yukawa couplings and the CKM matrix elements. Thipli®s that the mass ratios of the
first two light generations have a slowed evolution well befthe unification scale. Beyond that
point new physics would come into play (for example, see3yigQuantitatively, similar to the
conclusions found in the SM [7, 9], here we find the scalingetejence ofny/ms andme/my, is
also very slow.

On the other hand, in Grand Unification Theories, such asSthg) theory, we place the
qguark and lepton fields on the same footing when we fill out thkl fimultiplet for the group
representation. From the mass matrix relation we haye= me, ms = m,, andm, = m; at the
unification scale. These relations hold such that the diffees of their mass values at the electro-
weak scale are understood as a running effect. In the UED Imege to the power law running
of the Yukawa couplings, the renormalization effect on ¢hedations can be large. In Figs.4 we
present the numerical analysis of the one-loop calculatfcihe mass ratiosng/me, ms/m,, and
my/m; respectively.

As illustrated, the mass ratios evolve in the usual logarithfashion when the energy is
below 1TeV, 2TeV, and 10 TeV for the three different caseswéier, once the first KK threshold
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Figure4: The evolution of the mass ratio (left paneq) /me, (centre panekhns/my,, and (right panebn, /m;.

is reached, the contributions from the KK states become m@odemore significant, at which point
their running deviates from their normal orbits and begirewlve rapidly. As observed, the
mass ratios all decrease with increasing energy, whicheagmgth what is observed in the SM,
however, the mass ratios decrease at a much a faster ratee WBD model the mass ratios for
the three families have a sizable variation, which is moent60% across the whole range, and
this is almost twice as great as that of the SM. This is anéstarg feature that distinguishes these
two models. Also, a flavor dependent interaction can bediited to the Yukawa couplings and
this flavor dependence need not be very strong, since therdaweeffects of RGE can easily
amplify the effects of even a relatively mild flavor depenck(6]. Therefore, due to the fast power
law running the unification of the Yukawa couplings is verwgidgble, where this feature has the
potential to address the problem of fermion mass hierarchy.

From Eq.(5) it follows that the CKM matrix describing the gkiflavor mixing in the charged
current is given byckm = UVT, where from Egs.(4, 6) the RGE of the CKM matrix elements are:

1

2 2
. (2 Vi

1(5712—C“\$'tJ| = S(t) {3|vi,-|2(fi2+hj2— Z 2 Vi |* — thz\vikyz) —3fi2|;

- 2(2fi2|\/il|2|vii‘2+§_flzviklj)}v (8)
| kI

2y, ) _ 2h:2
+I; hy \/Iklj) 3hj l; hjz—h
2 2 2
whereVigj = 1— [Mi|? — [V |* = [Mig|* = [Vij| “+ Vi1 [Ma |+ [Via [V
Since the mixing matriX/ckm satisfies the full unitary conditions, we have the following
constraint

‘ 2

VudVih + VeV +VaVip, = 0, 9)

that is, we have a triangle in the complex plane, composebreétsides with length®/,q| |Vu*b\,
Mial V5|, and [Vea| [V|- The areaA is related to the Jarlskog rephasing invariant paraméter
through the relatiod = 2A. Therefore, we can identify its three inner angtes3 andy from the
area and its sides

J s
Ml [Vip | Ve [V

J
[Vl [V | Veal V3]

sinf3 = iny (10)
anda = m— B —y. The shape of the unitarity triangle can be deemed as an tamdool to
exploring new symmetries or other interesting propertias give a deeper insight into the physical
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Figure5: The evolution oBinf.

content of new physics models. So it is of great interest t fitodels in which the CKM matrix
might have a simple, special form at asymptotic energiedrign 5 we plot the evolution of the
inner angle from the electroweak scale to the unificatiotedog using the one-loop RGE for the
UED model, and demonstrate that the angle has a small wariatjainst radiative corrections.

More specifically, the relative deviation for $8ns only up to 0.01% in the whole range from
Mz to the GUT scale. Similar analysis can also be found for tlggesimr andy. This result makes
sense, since both the triangle’s sides and area become kmgelarger when the energy scale
increases, the unitarity triangle (UT) is only rescaled @m@hape does not change much during
the RG evolution. The fact that inner angles are rather statphinst radiative corrections indicates
that it is not possible to construct an asymptotic model witime simple, special form of the CKM
matrix from this simple scenario. The stability againstatide corrections suggests that the shape
of the UT is almost unchanged from RGE effects. In this regattite UT is not a sensitive test of
this model in current and upcoming experiments.

On the other hand, in the quark sector, both the mass ratwsraxing parameters exhibit
rather large hierarchies. At the electroweak scale therebdepattern of fermion masses and
mixings

My
O13~ — s B3~ — s 11
13 M 3 (11)
does not look accidental. In [3] a set of renormalizatioraiants is constructed
_ : My . , My
Ri3 = sin(2643) sinh [In E} ~ congtant , Rpz = sin(26,3)sinh {In E} ~congant. (12)

These invariants exhibit explicitly the correlation beémequark flavor mixings and mass ratios
from the electroweak scale to the GUT scale in the contexh@f3M, the double Higgs Model,
and the Minimal Supersymmetric Standard Model. The welivkm@mpirical relations Eq.(11)
at the electroweak scale can thus be understood as the eéseitormalization evolution toward
the infrared point, where the low energy limits will natlydlead to the correlations of Eq.(11).
This suggests that relations between mass ratios and naxigigs are dynamical in origin, where
it is found that the scale dependence of these quantitiegefoeral three flavor mixing follows
these invariants up to the GUT scale closely. We quantébtianalyze these quantities in the UED
model from the weak scale to the GUT scale.
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Figure 6: The evolution of the (left panehys, and (right panelR,s.

As an exemplary example, we take the input values from [4] glod their evolution. As
depicted in Fig.6, the energy dependencR@fandR,3 are weak. Since the increase of the mixing
angles are compensated by the deviation of the mass rdtmset RGE effect oRy3 andRy3 is
not considerable; it only counts up to a relative variatiboroer A4 andA ® respectively.

To conclude, UED models with compactification radius nearf@V scale promises exciting
phenomenology for collider physics. It is found that thelation of the gauge couplings has a
rapid variation in the presence of the KK modes and this léadsmuch lower unification scale
than the SM. As discussed, due to the power law running of thikkawa couplings, the rapid
decrease of the Yukawa couplings with energy is in clearrashto the slow logarithmic running
predicted by the SM. The UED model has substantial effectthermierarchy between the quark
and lepton sectors and provides a very desirable scenargrdad unification. However, we also
find that the radiative effect on the UT is not great and nohaitige test of this model, as the UT is
rather stable under the evolution. Finally, to a good appnation, the renormalization invariants
Ri13 andRy3 describe the correlation between the mixing angles and natiss very well, with a
variation no more than the ordaf under energy scaling.
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