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1. Introduction

Excited meson spectroscopy is a keystone experimentalipuimich is essential for under-
standing of quark-antiquark interaction. The dynamicg®tonstituents is dominantly driven by
solely known strongly interacting quantum field theory- ouan chromodynamics. The explana-
tion of confinement of constituents and all other colorectoty is one of the great challenge of
theory of strong interaction. The confining forces betweeark antiquark inside mesons should
lead a large degeneracy which emerges from the spectra ahthdarly and radially excited res-
onances. As reported in [1, 2, 3, 4] such degeneracy is abdempp annihilation by the Crystal
Ball collaboration at LEAR in BERN [5]. Similar can be deddceom heavy quarkonia produc-
tion in ete~ anihilations. Recently, BABAR, Belle and BESS experimasuatinue collection of
various meson experimental data.

Heavy quarkonia, as relatively simple bound state systeaderof the quark and antiquark of
the same flavour, attract many theoretical and experimattehtions [6]. Following ideas of Ref.
[7], confinement in heavy flavor hadron sector has typicadlgrbassociated with a linearly rising
potential between constituents [8]. The spin degenerasgrobd in heavy quarkonia spectrum tell
us that the main confining part of the interaction should logellg spin independent. A various
lattice fits leaded to various predictions for the potenbetween quark-antiquark states. A well
known is Cornell parameterization of the static Wilson lafgpived potential [9, 10],

V(r)=-a/r+or (1.1)

which appeared to be suited for description of the first feeited mesons.

In the absence of dynamical quarks the nonrelativistiécgatential shows up a linear asymp-
totic of the interquark potential. Recently in Refs. [11, 13] it has been found that the meson
spectroscopy is better described by "confining" potentiaictv is bounded from above. The po-
tential is flattened in large distance due to the string bngaknd the screening mass effectively
describes the inverse of string breaking range. To thistgbanexponential potential can be re-
garded as a screened version of the linear potential in tierrémportant for a few lowest states.
The screening effect - the flatness of linearly rising pasmtrises form the string breaking sce-
nario: including light quarks into the game then the creatibthe quark-antiquark pairs, i.e. pions
and other light mesons is energetically favorable. Theesing is necessarily included to explain
observed high radially excited heavy mesons- without anybtiahe spectrum deviates from the
linear Regge trajectory. Recall, the deviations from thedr Regge trajectory is expected in the
light meson sector as well [14].

On the other side screening of Coulomb potential is mordeutwtter, which could be related
with soft gluon mass generation [15, 16] through the YangsMBchwinger mechanism. Actually
the dynamical gluon mass generation is suggested by fisgeniethe lattice gluon propagator in
the deep infrared, which fact is apparently pronounced éréeent lattice data [17]. Both scales,
the first given by the inverse of soft gluon mass and the sedbedscreening mass characterizing
string breaking, are independent in principle, albeit cateirally expects their similar size/\c‘géD.

Using two models based on Bethe-Salpeter equation we shedgftect of retardation in the
slopes of radially excited vector mesons. In one of the magaetompletely ignore the spin degrees
of freedom in order to see the effects of retardation andceitoff-shellness of the constituents
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scalar propagators in fully Lorentz invariant BSE approathe second model is based on quite
standard assumptions- the (anti)quarks have sf@wiith the scalar confining part of the interac-
tion and effective vectorial one gluon exchange.

For bound states which lie above the naive quark-antiquaméshold, the BSE kernel be-
comes singular, which causes that many usual numericairtesas fails and/or become impossi-
ble in practice. To authors knowledge, theoretical exglanaof plethora experimentally identified
heavy quarkonia masses has been obtained only in relatigisantum mechanic [18] or by solv-
ing various phenomenological 3D reduction of BSE [19, 20he Thain motivation is to fill this
missing gap and thus present our BSE study of above threskoittd bound states as a necessary
step towards our better understanding of excited mesotgindture.

2. Modéd with spinless quarks

In traditional quantum mechanical wisdom the spin inteéosicbetween quark and antiquark
inside the mesons is necessary for relatively small hypedplitting and thus neglection of the
quarks spin one should reproduce Regge trajectory foradipiind radially excited mesons as
well. Such picture has been confirmed in refs [21, 22] wheirdesgs quarks has been considered.

In the first model we just consider spinless quarks intevactiirough the relativistic invari-
ant generalization of exponential and Coulomb(Yukawagepiial (see the Section next for the
discussion of the nonrelativistic limit). To accomplislistive solve the following BSE

M(p,P) = —i/ ﬂV(k p,P)GP (k,P)r (k,P) (2.1)
’ (2m4 ' '

whereG is two body propagators

G (k,P) = D(k+P/2,md)D(—k+P/2,m})

1
DM = e i

wherem is constituent quark mass and the interaction kernel isashesch that

V - V5+Vv
C
Vela) =
and effective OGE ,
g
V() = o (2.2)

with g = k— p and whereu = g ~ (0.1 — 0.3)m, for simplicity (m is the constituent charm
quark mass). Recall here that BSE considered here (andtiimféite next section as well) thus
represent generalization of nonrelativistic model comi®d [12, 11] where the potential (3.4),
complemented by coulombic term and constant positive shift, provides quantum mechanical
model describing experimentally known charmonium spectru
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The BSE has been solved after performing Wick rotation ategnation over the 3d space
angles. It transforms the 4-dimensional BSE into the 2-dsianal one which has been solved by
the method of the iterations by the similar method describdbe recent paper [23]. The 2d BSE
we have actually solved reads

F(p,P) = [wdh/() dk ' (k,P)G2 [Ks+Ky] ; (2.3)
«_ C 5
T A [ + PR+ 2kapat 2] — k22
Pk, (KPP —2kapa = 2KIP ] a1 2 o2 2 12p2
K= 4713p|n[k2+p2—2K4|04+2|k|||0ﬂ12 Gy = (ke —P7/4+ )+ IGP

(2.4)

Let us only mention here that the kernel of BSE becomes sandoi the bound states heavier
then sum of constituents, which requires certain numecias¢ when is solved numerically.

For expected values of the paramet€rg the ground state appears near , but allays bellow
the threshold GeV . This s-state corresponds with degenerate experimentalgoa ofn. andJy
mesons. We attempted to fit the distribution of other knoveteses states, e.g. by adjustidgy, u
to get Y(2S),Y(39), etc... In order to ensure the numerical stability we alsgedaintegration
volume (in p-space) and the number of points as well. In awlget optimal density of integration
points the upper boundav is introduced in the momentum integrations. Let us strésswiave
function is exponentially decreasing and we always tAksuch that cut contribution is largely
negligible ensuring that the main role Afis to adjust the density of integrations points and not to
regulate the finite integrals. More precisely, for the Valek we map single integration interval
(0,1) into (0,A) by simple rescaling (an@-1,1) into (—A,A) for variableks).

The results are shown in figures 2 for different volumes amdéneral features do not change
considerably when changing the parameters in a rat®f#6. While it is not difficult to fit two or
three states we have failed to reasonably describe theime@nlly knowns— statesas a whole,
the obtained discrepancy is tedious since one allays gewiskribution of the states considerably
dense then one can deduce from the known experiments. Fandes decreasing does not lead
large decrement of the density of the states , instead ofjuhmerical stability is lost, see Fig. 2.
Increasingg? one can shift the intercept, but the rest of the energy lewanly slightly changed
(also the numerical value is limited from the above by soniticat value, above which the BSE
spectrum become continuous).

3. Modd |1, Vector BSE for mesons

In principle the framework of Schwinger-Dyson and Bethép8&r equations in QCD should
offer unigue fully Poincare invariant generalization ofliown quantum mechanical picture of
guarkonia, however a solution is always incomplete dueddriimcation of the equations system.
For instance how to truncate the set of equations in ordeefgooduce Wilsonian loop potential
still remains unclear. Due to this fact we rather phenonagio&lly estimate what should be the
form of the BSE kernels here.
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Figure 1: Solution of BSE foiIC = 6GeV*, g° = 0.5 (2m)?GeV2, u = 0.15GeV. m, = 1.5GeV and various
cutoff A. \nliime increaces from the left tn the rinht
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Figure 2: Showing instability. The same as in fig.1 but @r= 1.6GeV* .

In what follows we consider "confining" interaction kernéltioe form

C

Vs(q) = A (3.1)

which couples as a scalar in the quark-antiquark scattéengel in the meson BSE. The second
considered part of the interaction kernel has the Dirac mgosition identical with the one gluon
exchange~ ygBV\,ygﬁ‘.
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For clarity we write down the BSE completely here

4

S @+ P/2X(P.0S @ +P/2) = i [ Gl (KPIKGH (k—a)

4
-1 [ X PVek—a);

2~UV
99" . (3.2)

GH'(k—q) = gV, = :
( q) J ' (k—CI)Z—IJg

In words, scalar functiongs andV, are Poincare invariant generalization of quantum mechan-
ical potentials. Here, clearl” represents Gluon propagator in Feynman like gauge, where th
effective soft gluon masgy has been introduced. Like in the previous scalar case, thielepole
scalar interactioVs leads to regular exponential potential in the position epdctually, in heavy
guark limit one can consider three dimensional potential

VM) = /mdrMV(r)
0

k
g (3.3)
(K2 + p2)2
where the potential in position space reads
e Hf
V(r)y=-o m (3.4)

Sin Eq. (3.2) stands for charm quark propagator, which in thipkest approximations reads
St =y-me, (3.5)
andxy represents the Bethe-Salpeter wave function which hasahergl form:

Xv(0,P) = £Xxvo+ Pe.axvi+ gE.axv2+ £.0Xv3
+[/é7 /P]XV4+[/£7A]XV5+[¢17 /P]XVG—’_IVEJ I/XV77 (36)

with t,, = €,,459"P9€P, €2 = —1,e.P=0.

Munczek and Jain [25] shown th&D component is dominant for the all ground state mesons,
which dominance is particular for mesons made form heavyfflanti)quarks. We assume the
same apply for excited states as well and we neglect all athreponents in presented study.

Within the approximation the Bethe-Salpeter equation értkst frame reads

—pg —n¥ —P?/4
(—PE — M2+ M2/4)2 + M2

Xvo(Pe,P) = (3.7)

where

4
lg = —/%[—Zvﬁvs]xvo(keﬁ);
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g
g +H2’
e

(g8 +u?)?’

VV:

(3.8)

where we have performed Wick rotation into the Euclidearcepéor Euclidean momenta: =
(ka,K), k& = k2 + k2, while the total momenta is kept timelike? = —PZ = M2 as required for
the bound states. Again an extra problem arises for bound wtaich are heavier then sum of
constituents quark masses. As we are using propagatorsinwgte real poles, the BS wave func-
tion becomes singular since being proportional to the prbdfiquark propagators. For the vertex
function, the threshold like singularity should appeartfee solution withP? > 4m§. Due to the
presence of the kernel singularity more or less standardxmagthods [26] fail since the inversion
of numerical matrices is not possible. Also we do not expiooge or less conventional expansion
into the orthogonal polynomials which loses its efficiendyen, as one expects, relatively large
number of polynoms is necessary. Instead of, we rather shivdull two dimensional integral
equation by the method of simple iterations. For this puepwes discretizé®? and step by step we
are looking for the solution of the BSE with givé?f. Performing several hundred iterations for
eachP? we identify the solutions as those for which difference lesiwiterations vanishes.

Without loosing the generality the BSE can be transforméd ihe 2dim integral homoge-
neous equations. It requires normalization, Instead ofgyshysical one, to achieve a good numer-
ical stability of the iteration process we implement norgation condition through an auxiliary
function A (P). We choose) (P) such that it makes BSE nonlinear but mainly numerically Istab
and such that the BSE solution has been identified wh@) = 1. Simultaneously the integrated
differenceo between consecutive iterations must vanish at the same iradéound that these two
conditions happen simultaneously, while for other valuegasameters? A (P) # 1 the numerics
do not provide vanishing difference between iterationsr iRterested readers the details of the
numerics is described in the paper [23].

As in the previous case of spinless BSE the numerical coamesyofA — 1 and the resulting
numerical solution itself crucially depend on the densityntegration point. Therefore, similarly
to the previous treatment we introduce cut@ffor the purpose.

For clarity we restrict ourself to the dynamics of charmanithis paper. The numerical values
of the models are the following

C = 5.418GeV? ;a5 = g?/(4m) = 0.2 (3.9)
me = 1.5615GeV, u = lg = 36435MeV

and we use the mass &fW meson to fine tune the correct scale at the emd<£ 1.5; C = 5 in units
whereM (J/W) = 2975). The results presented in the Tab. 1 have been cadutat\ = 1000GeV
where the numerical stability has been (almost) achieveslaMb compare with the experimental
data in the Tab. 1 and Fig. 3.

As one can see in the Table 1. there are two more BSE solutidthsmasses situated in
betweeny” andy”, while the rest of calculated excited states quite nicetgagyith the data. We



Excited charmonium Vladimir Sauli

5000 T T T T T T T T T T T T

4500

X X X XX

4000—

M [GeV]

x
d* %k Nk koK kK
1

3500— —

x *
e, P I I B B P T

Figure 3: Comparison of BSE solution with PDG data for vector charraomi

have not found possible way (by varying parame&rs, mu,m;) to exclude these two additional
states from the solutions.

4. Discussion of theresults

We have formulated two BSEs models for vector quarkonia.origg the spin degrees of
freedom and treating quarks as spinless particles is ntfigasapproximation when using BSE.
While the presented numerical results do not represemhalé numerical search we argue here
that the retardation effects can be largely different imlgsis and spin-incorporated BSE. In the

| Mes | Megs | PDG [ n/l |
3097 ] 3097 | 3097 1s
- | 3639 3686 2s
3724 3733 3772 1d
3866 | 3855 | -—
3908| 3980 -
4053 4033 | 4039 3s
4160 4149 | 41531 2d
- | 42431 42631 4s
- | 4365 4361 3d
- | 4503 4421 5s

Table 1: Comparison of calculated BSE spectrum with PDG data (ttdhdran). The first column represents
preliminary results presented at the talk at QCD-TNT201heyThave been calculated on the grid with
A\ = 1000GeV and 64*128 number of points. The second column represeatedtv results published in
[23] which has been obtained with 96*192 points. Quantum lpers correspond with assumed quantum
mechanical assignment [13].
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second model -with two aforementioned exceptions of twateadl states- the resulting spectrum

is comparable with the experiments whenever the experaheata are available. The agreement
between our results for higher states and the one measuted experiments is impressive, re-

maining difference between theory and experiments is duilkeet@pproximations, e.g. due to the

interplay of quark and¥, D«) mesonic degrees of freedom, such couple channel effextiféicult

to incorporate into the Bethe-Salpeter analysis presdraesl

At given stage the question of confinement is beyond scopbeoptesented work, however
we expect some changes when confinement is correctly inigab First of all, we expect the
quark propagators should not have a free particle pole amefttre the BSE could not posses
ordinary threshold singularity in this case. In the papenedealing with BSE where the propa-
gators describe free -instead of confined- quarks. Thezefa threshold singularity unavoidably
appears as an artefact here. The lowest lying excited chd@anzoe the one closest to the naive
guark-antiquark threshold and we naturally must expectesdeifects in the calculated spectrum.
We argue two more states which appear are the artefact gbriopgate usage of the free quark
propagators. Numerical solution and an implementatiorhefdonfinement at this level remains
for future study.

Furthermore, we expect that the knowledge of off-shell biglgqg, dependence) of the BSE
amplitudes can be important in various hadronic procesBeg. to this it is worthwhile to study
not only the static property like the spectrum here, but tles< sections of a processes including
studied mesons.
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