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A theory of interacting gravity, vector and antisymmetric third-rank tensor field with a 
spontaneous compactification solution of Freund-Rubin type in seven-dimensional space-time is 
presented. A class of models is studied, which admit Freund-Rubin type of compactification and, at 
the same time, possess nontrivial solutions for the vector field. We obtain the mass spectrum of four-
dimensional modes, which appears after dimensional reduction. We also demonstrate the absence of 
tachyon modes and the presence of additional  massless vector and scalar modes. 
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1. Introduction 

Theories with extra spatial dimensions are very popular in searches of new physics 
nowadays. But there is a well known problem of inconsistent of mass and charge scales. If the 
extra dimensions are compactified into a manifold with the scale r of the Planck order, then we 
usually have the realistic charges (of the order about 1 in dimensionless units) but the typical 
masses (having order close to 1r − ) are close to the Plank scale also [1]. 

Nevertheless, theories with extra dimensions of the Planck order have some mechanisms 
such that we are able to obtain realistic charges and masses. But such mechanisms require 
special approaches [2]. In this paper we discuss one of such approaches. For the set of seven-
dimensional fields mentioned below we perform dimensional reduction and obtain the mass 
spectrum of four-dimensional modes. We also demonstrate the absence of tachyon modes (when 
certain relations between theory constants are valid) and the presence of additional  massless 
vector and scalar modes. 

2. Action of the theory and self-consistent spontaneous compactification solution. 

In this section large Latin indices  take the values from 0 to 7, with the exception of 4,  
small Latin indices run from 0 to 3 and small Greek indices  run from 5 to 7. The summation 
over the repeated indices is implied. The action of the theory is 

7

1 | |
X

S k L G dx= ∫ ,  3
2

1 1
4 2 48

AB A ABCD
AB A ABCD

kL R k F F V V P P= − − − −                                    (2.1) 

where 4
C

AB AB ABCF F k V≡ + α , 5
BC

A A ABCV V k F≡ + α                                                                (2.2)   

and     [ ]AB A BF V≡ ∂ , [ ]ABCD A BCDP Q≡ ∂ , 1
24

ABC ABCDEFG
DEFGPα ≡ − ε                                           (2.3)     

This set of equations has a self-consistent spontaneous compactification solution of the 
form AdS4

xS3. The ansatz for the metric looks as follows: 
( , ) ( )qG x x xµ µ

αβ αβ≡ η , ( , ) ( )q q
ab abG x x g xµ ≡                                                                           (2.4) 

where ( )q
abg x  and  is the metric tensor on 3-dimensional sphere S3 

and ( )xµ
αβη  is the metric tensor of 

For the Ricci tensor and for the curvature we obtain  

4
KRαβ αβ= η , 22ab abR r g−= , 26R K r−= +                                                                               (2.5) 

where r is the curvature on 3-dimensional sphere S3 (radius of the sphere) and K is the curvature 
of 

For the vector field AV we have: 

( )V a const≡ , ( ) ( )a aV g a V a=                                                                                                  (2.6) 

( ) ( ) ( ) ( ) 0q
qV a V a a V a∇ =∇ = ∂ = , 1 c

a b abcV r V−∇ = ε                                                                (2.7) 
1( ) 2 ( ) ( )F ab r abc V c−= ε , 1

[ ] 2 c
ab a b abcF V r V−= ∇ = ε                                                                  (2.8) 
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where ( )qg a  is a left-invariant frame on 3-dimensional sphere S3 such that  
1[ ( ), ( )] 2 ( ) ( )a b r abc c−∂ ∂ = ε ∂                                                                                                     (2.9) 

Here indices in the brackets are frame (vielbein) indices, which run from 5 to 7, and the 
summation over the repeated indices is implied. 

For the antisymmetric third-rank tensor field BCDQ  we obtain: 

Q Qµ
αβγ αβγµ= ε                                                                                                                      (2.10) 

6P Qµ
αβγδ αβγδ αβγδ µ= ε α = − ε ∇ , ( ) ( )abc abc⇒α = ε α  and constα ≡                                       (2.11) 

All the other components of all fields and their stress tensors are trivial (are equal to zero). 
If we take values of the constants, such that  

2 24 5
4

k K−
α = , 2 24 3

16
k Kr− −

= , 1
4 2k r−α = − , 1

54 1r k− α = −                                                (2.12) 

then we get a solution  for the metric tensor corresponding to the desired  direct product 
structure  M4

xS3 and solutions for vector and  antisymmetric third-rank tensor fields of the form 
(2.6)-(2.11) mentioned above [3].  That is to say, such values of the theory constants allow 
Freund-Rubin type of compactification (with anti de Sitter space and the other dimensions 
compactified into 3-dimensional sphere) and, at the same time, admit nontrivial solutions for the 
vector field [3]. 

3. Dimensional reduction and mass spectrum of four-dimensional modes 

3.1 Equations for the small field fluctuation above the Freund-Rubin  background 

7-dimentional equations for the small field fluctuation above the Freund-Rubin 
background can be obtained from the equations of motion [3] for such systems with the action 
(2.1)-(2.3): 

( )

2

2
1

3

2
1 3

( ) ( ) ( )

2

1
2 24 2

1 0
2 12 2

AB AB AB

lpq l
AB l pq l

lq PQR
l A B q A B A B PQR A B AB

R r G

G R P G r V F k V V

kr V F V V P P G

−

µνλτ µν −
µνλτ µν

− µ ν µν
µν

≡ δ − δ +

⎧ ⎫α α
+ −δ + ε δ + η δ + ε δ + δ +⎨ ⎬

⎩ ⎭
α

+ ε δ − δ − δ + δ δ − η η δ =

x

                       (3.1) 

1 3
3 0

2
pq P q

A A pq A PA PA q
k rr F k V F V− ⎛ ⎞≡ ε δ − δ +∇ δ − ε δ =⎜ ⎟

⎝ ⎠
y                                                           (3.2) 

14
3 5 [ ]

2

2 0
2 6

XY
ABC ABC XY

P XYl xyQ l
PABC l XY PABC xyl Q PABC PAB C

G G

k V F r k k V V P G

µ
µ

− ν
ν

α
≡ − ε ∇ δ +

α⎛ ⎞+∇ − ε δ − ε ε δ + δ − ε δ =⎜ ⎟
⎝ ⎠

z
                (3.3) 

For the sake of brevity we consider a 3-index antisymmetric tensor such that ABCε  is equal to 

zero if one of its index has 4-dimensional value, and ABCε is the Levi-Chivita tensor on 3-

dimensional sphere if all its indices corresponds with additional coordinates. 
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3.2 Dimensional reduction 

To obtain an effective 4-dimentional theory, it is necessary to expand all the fields of the 
7-dimentional theory into series of full sets of functions, depending on additional coordinates. 

 Suppose we use sets of eigen functions of the Laplass, Maxwell and Lichnerowicz 
operators on 3-dimentional sphere for the scalar, vector and tensor fields of the 7-dimentional 
theory correspondingly. By definition, we have for these functions  

2q
q r−∇ ∇ Ω ≡ ∆Ω = − ∆ ΩJ J J J ,  ( 2)n n∆ ≡ +J                                                                          (3.4) 

2
[ ]

q
q a ar−∇ ∇ Ω = − λ ΩK K K                                                                                                        (3.5) 

( )

[ ] 2 2
( )

2

4 2q q q p q q
q a b a b q q ab ab q p ab ab q

q
ab ab q

g r r g

r g

− −

−

∇ ∇ Ω −∇ ∇ Ω −∇ ∇ Ω − ∇ ∇ Ω − Ω + Ω =

= − κ Ω − Ω

L L L L L L

L L L

                    (3.6) 

These functions are characterized by three numbers ( , , )n m l such that 
0,1,2,...n = , , 2,...,m n n n= − − +  and , 2,...,l n n n= − − +  

Furthermore, for Maxwell and Lichnerowicz eigen functions some relations are valid  
0a

a∇ Ω =K , 0q
q b∇ Ω =L , 0q

qΩ =L                                                                                            (3.7) 
1

[ ]
c

a b abcr−∇ Ω = λ ε ΩK K K                                                                                                      (3.8) 
The expansions for the small field fluctuation are given by 

G hαβ αβδ = Ω∑ J
J

J

 

a a aG h aβ β βδ = Ω + ∇ Ω∑ ∑K J
K J

K J
  

{ }( )ab ab a b a b abG h b c d gδ = Ω + ∇ Ω + ∇ ∇ + Ω∑ ∑ ∑L K J J
L K J

L K J
  

V vα αδ = Ω∑ J
J

J
 

a a aV v uδ = Ω + ∇ Ω∑ ∑K J
K J

K J
                                                                                                  (3.9) 

Q qµ
αβγ αβγ µδ = ε Ω∑ J

J
J

 

a a aQ q fβγ βγ βγδ = Ω + ∇ Ω∑ ∑K J
K J

K J

 

q
ab ab q qQ u wγ γ γ

⎧ ⎫
δ = ε Ω + ∇ Ω⎨ ⎬

⎩ ⎭
∑ ∑K J

K J
K J

 

abc abcQ qδ = ε Ω∑ J
J

J
 

where the fields hαβ
J , hβ

K , aβ
J , hL , bK , cJ , d J , vα

J , vK , uJ , qµ
J , qβγ

K , fβγ
J , uγ

K , wγ
J , qJ  

depend on 4-dimetional coordinates xµ only. Antisymmetric second-rank tensor fields qβγ
K fβγ

J  
can be expressed as  

[ ]q µν
βγ β γ βγ µ ν≡ ∇ σ + ε ∇ ωK K K , [ ]f µν

βγ β γ βγ µ ν≡ ∇ ρ + ε ∇ θJ J J                                                       (3.10) 
Hence, after dimensional reduction we have the effective 4-dimentional theory with sets of 
scalar, vector and symmetric second-rank tensor fields. 

Substituting expansions (3.9) for the small field fluctuation in (3.1)-(3.3), we get 
0αβ αβ≡ Ω =∑ J

J
J

x x  
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I II 0β β β≡ Ω + ∇ Ω =∑ ∑K J
K J

K J
x x xa a a                                                                                       (3.11) 

{ }I II ( ) III IV 0≡ Ω + ∇ Ω + ∇ ∇ + Ω =∑ ∑ ∑L K J J
L K J

L K J
x x x x xab ab a b a b abg  

This is equivalent to the set of 4-dimentional equations: 
0αβ =Jx  

I 0β =Kx , II 0β =Jx                                                                                                                   (3.12) 

I 0=Lx ,   II 0=Kx , III 0=Jx , IV 0=Jx  

For example, let us write down the detailed expression for 0αβ =Jx (For the sake of brevity the 

curvature K is equal to zero) 

( ){ }
( ) ( )( ){

( ) ( ) ( ) }
( )( ) ( )

[ ] 2
( )

2 2
( )

2 2 2 2 2

2 2

1
2

1 12 3
2 2

2 3 4

1 1 14 4 4 | |
2 2 2

pq

h h h h r h h

r a a r c d

r r c d V r c d V h

r V V

µ µ µ ν µ − µ
αβ µ α β α β µ µ αβ αβ µ ν αβ µ αβ

− µ −
α β αβ µ αβ α β

− − −
αβ

−
αβ

= ∇ ∇ −∇ ∇ −∇ ∇ −η ∇ ∇ − ∆ η − +

− ∆ ∇ − η ∇ + η −∇ ∇ − ∆ + +

⎡ ⎤+ η ∆ − + κ − ∆ + + + κ χ +⎣ ⎦

+ η − + κ ϕ + − κ λ

J J J J J J J
J

J J J J
J J

J J J J J L
J J L

J

x

( )2 2 0v m u⎧ ⎫⎡ ⎤− ζ − =⎨ ⎬⎣ ⎦⎩ ⎭
J K J

K K J

        (3.13) 

where | |Ω ≡ ζ ΩJ
K K J

q
qV V , 2Ω ≡ χ ΩJ

L L J
p q

pqV V V , | |Ω ≡ ξ ΩK
L L K

p
pq qV V                               (3.14) 

and 212 3µ µ −
µ µϕ ≡ − ∇ − − ∆ +

α
J J J J J

Jq h r c d                                                                              (3.15) 

For the sake of brevity all the other equations (3.12) can be written as follows 
[

2
] 0µ −

βµ β+∇ Ψ Ψ =∇A BI I
J J

J Jr                                                                                                    (3.16) 
2 0−+ =DCI J I J

J JU Ur                                                                                                            (3.17) 
where { }, , , , , , , , ,β γ γ γ β αβ µ γ γ νΨ σ ω≡ ρ θK K K K J J J J J JJ h u a v q w is a column consructed from vector 

fields, { }, , , , , ,≡ L K K J J J JJ v dU h b c u q  is a column of scalar field. A I
J , B I

J , CI
J , DI

J are nfinite-

dimensional block-diagonal matrices. 

3.3 Mass spectrum of four-dimensional modes 

For example, let us consider the vector field system (3.16). The number of equations in the 
system (3.16) doesn’t correspond to the number of vector fields and some equations are 
algebraic. These algebraic equations are just equations of constraints, and allow us to exclude 
some fields from the system. The general purpose is to reduce the system (3.16) to a new system 
with a less number of pure dynamic equations 

2
[ ] 0i ji

jrµ
µ

−
β β∇ ∇ Ψ Ψ+ =M                                                                                                        (3.18) 

where i
jM - is a diagonal  matrix. Obviously, the eigenvalues 2r− λ  of the matrix 2 i

jr− M are 

squared masses of the vector fields.  
Loosing some details, we’ll list diagonal elements λ of this matrix i

jM for all 4-

dimentional modes. As far as all these equations are linear, the expansion in eigen functions of 
the Laplass, Maxwell and Lichnerowicz operators separate modes with the same number n, i.e. 
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system is valid for every n separately.  Suppose 2
3k rκ ≡ ; then we have the eigenvalues λ of the 

matrix Mi
j for 

Vector sector: 
1. n=0 
λ=0                                                                                                                     (1 singlet state) 

λ= ( ) ( ) ( )( )22 2 2 2
2

2 8 1 8 1 8 4 1
4

V V V V
V

⎧ ⎫⎡ ⎤+ κ + ± + κ + − κ − κ +⎨ ⎬⎣ ⎦− κ ⎩ ⎭
        (2 singlet states) 

λ= ( ) ( )( )22 2 2 2
2

2 2 2 4 1 3 4
1

V V V V
V

⎧ ⎫− ± − − − +⎨ ⎬− ⎩ ⎭
                                    (2 singlet states) 

There are no tachyon modes if 20 1< <V  and 24 /κ < V   
2. n=2 
λ=0                                                                                                                     (1 triplet state) 
λ= 0 ( 2)n n∆ ≡ + =8                                                                                            (2 triplet states) 

λ=
( ) ( ) ( )

( )

2 2

2

22 2

22

32 1 3 32 4 1
1 1

2
2

32 1

1
4

4 3

V V V V
V V

⎧ ⎫+ κ − + κ − − κ +⎪ ⎪± −⎨ ⎬− κ ⎡ ⎤⎪ ⎪+ κ −⎣ ⎦⎩

⎡⎣ ⎦

⎭

⎤
              (2 triplet states) 

λ= 
2 2

28
1
m V

V
+

−
                                                                                                     (1 triplet state) 

3. n > 0, n 2≠  
λ= 0 ( 2)∆ ≡ +n n                                                                                                   (2 n-let states) 

λi                                                                                                                         (3 n-let states) 

where λi are solutions of cubic equation 

( ) ( )
( ) ( )( ) ( ) ( )

2 3 2 2 2
0 0

2 2 2 2 2
0 0 0 0 0 0

( ) 4 2 16 6 2

12 32 1 8 16 4 8 1 0

λ − λ +

+ + +

⎡ ⎤λ = − κ − ∆ + κ + + ∆⎣ ⎦
⎡ ⎤ ⎡ ⎤+ ∆ κ + − ∆ ∆ λ + ∆ ∆ ∆ − κ =⎣ ⎦⎣ ⎦ + +

f V V V

V V V V
 

We see that there are no tachyon modes in vector sector if 20 1< <V and 24 /κ < V . In 
addition, in vector sector we have four massless modes (one singlet and one triplet state). All 
the other modes have positive squared masses of the Planck order (of the order 2−r ). 

Scalar sector: 
1. n=0 
λ=0                                                                                                                   (2 singlet states) 
λ=8                                                                                                                   (3 singlet states) 
λ= ( ) 28 4+ + κ V                                                                                                (2 singlet states) 

2. n=2 

λ= ( ) ( ) ( )( )22 2 2 2
2 4 1 4 1 4 1

4
1 ⎧ ⎫⎡ ⎤+ κ + ± + κ + − κ − κ −⎨ ⎬⎣ ⎦− κ ⎩ ⎭

V V V V
V

          (2 triplet states) 

3. n > 0, n 2≠  
λ= 0 ( 2)∆ ≡ +n n                                                                                                   (1 n-let states) 
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λi                                                                                                                         (3 n-let states) 

where λi are solutions of cubic equation  

( )( ) ( )
( ) ( )

2 3 2 2

2 2
0 0 0 0

( ) 4 1 2 16 1

8 2 841 1 02

⎡ ⎤λ = − κ − + κ +⎣ ⎦
⎡ ⎤ ⎡ ⎤+ − κ ∆ λ + ∆ ∆ ∆

λ − λ +

+ + + − =⎣ ⎦⎣ ⎦

f V V

V V
 

As we can see there are no tachyon modes in scalar sector if 20 1< <V and 24 /κ < V . In 
addition, in scalar sector we have two massless singlet states. All the other modes have positive 
squared masses of the Planck order (of the order 2r− ) 

4.Conclusions 

It was shown in this paper that the model with interacting gravity, vector and 
antisymmetric third-rank tensor field has some interesting properties: 

1. It has a spontaneous compactification solution of Freund-Rubin type in seven-
dimensional space-time such that the metric has direct product structure  AdS4

xS3  
2. This spontaneous compactification solution is stable (there are no four-dimensional 

tachyon modes), when certain relations between theory constants are valid.  
3. After dimensional reduction we obtain additional massless vector and scalar four-

dimensional modes (one singlet vestor state, one triplet vector state and two scalar 
singlet states). 

4. The model possesses a nontrivial background solution for the vector field such that it 
depends on additional coordinates only.  Such property seems to be useful to obtain left-
right asymmetry solutions for models with fermion fields [4]. 

We suppose that such model will be useful for constructing theories with realistic charges 
and masses and with axial currents. Such currents arise as a result of interaction between seven-
dimensional fermions and aforementioned nontrivial background solution for the vector field. 
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