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We describe the calculation of the two—loop massive operatdrix elements with massive ex-
ternal fermions in QED. We investigate the factorizatiortiud O(a?) initial state corrections
to e"e~ annihilation into a virtual boson for large cms energies g into massive operator
matrix elements and the massless Wilson coefficients of te#-¥an process adapting the color
coefficients to the case of QED, as proposed by Berends etin &ef. [1]. Our calculations
show explicitly that the representation proposed in Ref.warks at one-loop order and up to
terms linear in Iis/mg) at two-loop order. However, the two-loop constant part aovst a few
structural terms, which have not been obtained in previiestcalculations.
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Ever since the operator product expansion formalism wabeapiw the analysis of deep in-
elastic scattering (DIS), there has been a lot of interetbtarcalculation of massive operator matrix
elements at higher order in perturbation theory. Heavy flasorections to DIS structure functions
are very important at small values of the Bjorken variabl@vhere they contribute on the level
of 20-40%), and can be calculated in the li@f > n? as a convolution of the corresponding
massive operator matrix elements and the light flavor Witsmefficients [2]. Her&)? denotes the
virtuality of the gauge boson exchanged in DIS amis the mass of the heavy quark.

The scaling violations of the heavy flavor part in the streetiunctionsF, (x,Q?) are very
different from those of the light flavor contributions, arftkir knowldge is very important for
precision measurements Bocp and the extraction of light parton densities. A semi-analyt
calculation of the heavy flavor contributions was done in. R8f at next-to-leading order for the
full kinematic range, and a fast numerical implementatiofMiellin space was given in [4]. Full
analytic results in the asymptotic regi@? > n? for the structure functioF2?(x, Q%) at O(a2)
were derived in Ref. [2], and recently recalculated in [B]tHe same kinematic regioR2%(x, Q?)
was obtained aD(ad) in Ref. [6].

The O(af) massive operator matrix elements are required in both casehis way, all but
O((m?/Q?)%), k> 1 contributions are found. In this approximation, the s functionF» (x, Q%)
turns out to be very well described f@° > 20Ge\?, while for F_(x, Q%) this approximation only
holds at large scale®? > 1000 Ge .

More recently, there has been considerable progress inallealation of theO(a?) heavy
flavor contributions to the Wilson coefficients of the sturetfunctionF,(x, Q?) and the massive
gluonic operator matrix elements. First, in Ref. [7] tBéaZe) corrections to these matrix ele-
ments were given. These corrections are required to perfloencorresponding renormalization
procedure aO(ad). Later, the calculation of these contributions for a numifefixed moments
N =2...10(12 14) atO(ag) has also been achieved in [8], a@dan;) contributions were given
in Ref. [9]. O(a2) andO(ag) heavy flavor contributions to transversity have also bedainéd in
[10].

On the other hand, massive operator matrix elements, andriicgar those with a massive
outer fermion line, can also be applied to a different kingpafblem, namely, the calculation of
initial state QED corrections of scattering processes) sise™ e~ annihilation into a virtual gauge
boson, using the renormalization group technique. A weaftimformation about the Standard
Model has been obtained in the past from electron—posididing beam experiments at different
facilities around the world. In the future, projects likedl11] and CLIC [12] are planned to put
the Standard Model to even more decisive tests and to reegalphysics [13]. In this context
high-luminasity machines which operate at a harrow eneegymme as DAFNE [14] and GIGA-Z
[11, 13] at thez-peak will offer much higher precision on rare processes.

The QED intial state radiation causes large correctionsvémious differential and integral
scattering cross sections, depending on the sensitivifyeofub—system cross section with respect
to kinematic rescaling of variables and has to be known dicgrit precision. Both foe"e™ an-
nihilation at resonance peaks and the wings of resonaneesyahigh luminosities, the knowledge
of the O(a?) corrections is mandatory to cope with the experimentaligi@t. While theO(a)
corrections are known for large amount of reactions, theections beyond the universal contri-
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butionsO((arL)¥),1 < k < 5, see [15, 16], to higher orders, were only calculated ohbtsaloop
order in Ref. [1]. Besides the logarithmic ordeéd$a?L? a?L) with L = In(s/mZ) and me the
electron mass, the constant ter®@?) are of interest.

The renormalization group technique allows to decompasechttering cross sectiar{iee™ —
V), V = y*,Z* into massive operator matrix elements and massless Wileeffidents. The
fermion mass effects are contained in the former, while thesystem hard scattering cross sec-
tions are calculated for massless particles. The correlpgrmassless Wilson coefficients are
known from the literature [17, 18] for the Drell-Yan proceds[1] this method was used to derive
all terms up to Qa®L) in addition to the direct calculation.

The differential scattering cross section can be writteth@limit s>> mé as a sum of three
contributions [1]:

dogre dol, dol, doll )

ds ds ds dg ’
where the labels I, Il and Il refer to the flavor non-singletrtis with a single fermion line, those
with an additional closed fermion line, and the pure-singgems, respectively. Here, denotes
the invariant mass of the virtual vector boson aride cms energy of the process.

It is convenient to write the scattering cross section inlMelpace by applying the integral
transform

do 1
3—Z(N):/o dx N1 :—Z(xs). @3)

Using the renormalization group method it can be shown Heatttree contributions in Eq. (1)
can be expressed as [1, 19]

—
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whereL = In(s/mg) +In(x), ando9 is the Born cross section. The quantitléjg) and&i(j0> are the

LO splitting functions and LO Wilson coefficients, respeely, while at NLO they are donted by
Péé) and 5&). Fi(jo> and Fé}a) are the one-loop and two-loop constant terms of the masgiesator

matrix elements, respectively. The labels I, Il and Il agpi Péé), &éé) and Fét) corresponding
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Figure1: The self-energy diagrams.

to the three possible contributions. The consf@is the first coefficient in the expansion of the
QED B-function.

The splitting functions up t®(a?) are well known [20], and as we mentioned before, so
are the massless Wilson coefficients [17, 18]. Here we ptdeemmissing ingredient needed to
complete the decomposition of the scattering cross seeatioonrding to Egs. (4-6), namely, the
O(a?) massive operator matrix elements. Details on the calamatan be found in Ref. [19].

The bare operator matrix elements are given by

Aj <@5,5,N> :dj+ZéA(jk) <@5,5,N> , 7)

H & H

whered’is the unrenormalized coupling constant. The double hanm#et the quantity is com-
pletely unrenormalized. The complete renormalizatiorceduire includes charge renormalization,
wave function renormalization and the renormalizationh&f tomposite operators. We need the
inclusion of some counterterm diagrams in the case of psdcd$e electron mass is renormalized
on-shell, p? = mg, with p the momentum of the external fermion, which means that niinealr
singularities will appear.

The wave function renormalization was performed using tfi@cors coming from the fermion
self-energy, see Fig. 1. Since we have a massive fermioriaxternal legs, the coupling constant
was first obtained in thMOM-scheme, after which we transform to &S scheme using

VoM :aerﬂln <@> aszrO(amg) . (8)
3\ u?

We perform the calculation iD = 4+ ¢ dimensions. It can be shown that after wave function
and charge renormalization, keeping the charge iMB#-scheme, the two-loop OMESs, denoted
by a single hat, are given by

g/2
A m 1 _
Ao = a"Ms, <—> [—Epé? +r&d+ sré?}

2

| aMoMZg? (%) i {2_12&@ = 2_15 P arlepl| + fé?"} SNC)
Al — ghom2g? <§>8{2_§2230pg2> o [P apor ] 1} (10)
I _ gMom2g (%)8{2_3;9 P [P 4 rD R +f<ele>»"'} BNCEN

For the final renormalization step, i.e., the renormalaatf the composite operators we just
need to include the corresponding inverse Z—fath;?jQ, after which the completely renormalized
OMEs are given by
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Figure 2: Feynman diagrams for the calculation of the massive tw-tmmerator matrix elemenﬂﬁ)".
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Figure 3: Counterterm diagrams. The black stars represent the avemmtevertices.

MOM = & 4 gMom [Ai(jl) +Zi7—jl,(1)} JraMOMZ [Ai(jz) +Zi7—jl,(2) +Zi]1’(l)Ai(jl) +O(aMOM3) (12)

The Feynman diagrams required for process | are shown ir2Figys it was mentioned before,
in order to renormalize the corresponding OMEs for this pss¢ we need to include also the
counterterm diagrams shown in Fig. 3, where the black stgmesent the counterterm vertices in
QED. The diagrams are calculated using the standard FeyrutesTor the operator insertions, and
projecting the resulting numerators in the integrands tighfactor(g+ m) /4, after which we take
the trace. The prograffORM[21] was used to decompose the diagrams as a linear cormrinati
of integrals with different powers of propagators, whicksarafter canceling as many terms as
possible in the numerator against the propagators. The ooogplicated integrals appearing in
the expressions are those where all five propagators arenpre$hese can be computed using
integration by parts identities to express them in term gir@dpagator integrals. The resulting
integrals were checked by several means, including thpresentation in terms of Mellin-Barnes
integrals, cf. [19].

The constant contributions to process | in Eq. (9) is givergpace by [19]

Fr — 11+ 3 [6Z2In(x) — 8In(x)Li2(1—x) —4In2(x)ln(1—x)] + <%2 X+ 22+ i) &
Ji); [2Li3(—x) — In(x)Li2(—x)] + ) +56(1+x){2In(1—X) + <%2x+ 32
64 51 16 178 64
T30 %z Tox 31 x)3> In*(9 = 92+ 209 In*(1—x) + <T 31 x2
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Figure4: Feynman diagrams for the calculation of the massive tw-tiqmerator matrix eIemenA{fe)’".
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where Li(x) and S, p(x) are the well known polylogarithm and Nielsen functions, and

+

[BZzln(x) —2445In(1+4X) + 363 — % In3(x) 4 40Li3(—x) — 4In*(x) In(1+x)

Lig(l—X)

+4x (13)

For process Il we need the diagrams in Fig. 4. These arevaglgasy to compute, since they
involve a one-loop insertion. The result for the constarmtef process Il in Eq. (10) is given by
[19]

FO 76 572 ( 4 8 32 160 64 128

R R T v AT v Rl 9(1—x)4> N+ 51—

e T 27" 27

2
+27(8132 X 9(16_4x)3 - 23((11+_):<)) 0 + 514 ('n(l_x) HL=+ 711(2)
+ <%‘_ gzz> Tolx) — 2 (1() + Zo() + <ng— 100, + %) 5(1-x). (14)
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Figure5: Feynman diagrams for the calculation of the massive twg-tmmerator matrix elemenaé%)""

In the case of process Ill, we need the pure singlet diagréimsrsin Fig. 5. These can be
calculated using the corresponding one-loop operatortings, which were given in Ref. [22].
The result for the constant term appearing in Eq. (11) is [19]

. 2 1 304 80, 32
PN = Z(1— %) (@ + 13X+ 4){o+ = (8C + 1358 + 75X+ 32) IN3(X) + | = — —x% — =X
X 3X 9x 9 3
32 64(1+2X) 224 , 182 32 64 800
108— - | 50— 2502 — % — ——
108 T~ B | M0 X s T 3z T o

4—1613;)()((x2 +4x+ 1) [2In(X)In(14X) — Li2(1—X) + 2Li2(—x)] + (1+X) [452 In(x)

+1—:In3(x) —32In(x)Li2(—x) — 16In(x)Li2(x) 4+ 64Liz(—x) + 32Li3(x) + 16(3} . (15)

Our calculations show explicitly that the operator matiieneents satisfy the relations given
in Egs. (9-11) for the pole terms, which automatically guéeas that the decomposition given in
Eqgs. (4-6) holds for the logarithmic terms, as found in Rdf. [Furthermore, we have verified
that the first moment of the operator matrix elements vasisineluding the constant terms given
in Egs. (13-15), so they obey fermion number conservaticdhe@sshould. This provides a highly
non-trivial check of our results. However, when we asserttiddinal result for the constant terms
in Egs. (4-6) by including the massless Wilson coefficiemts,observe that, although many of
terms appearing in Ref. [1] appear in our results, a few giratterms, such as terms proportional
to 1/(1—x)3 and Inx)/(1—x)*, also appear, which were not present in the result givenlin [1
This result appears in contrast to the case of masslessiakiermions and boson lines, where the
corresponding cross sections have been shown to factandeding the constant terms, as can

be seen in Refs. [2, 3, 5, 6, 23]. The issue requires furthestigation in order to elucidate the
reasons for this.
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